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Abstract

We consider here passive mechanical wrists, capable of
imparting a desired damping matrix to a grasped workpiece.
Previous work [12, 13] has shown how to select a damping matrix
such that an assembly operation can be made force-guided. The
passive mechanical wrist is programmable -- it can adopt a wide
range of damping matrices -- by virtue of a number of tunable
dampers which interconnect the joints.

We have been studying the range of damping matrices that such
a wrist can adopt, purely by tuning its dampers. A kinematic
Jacobian relates the task-space damping matrix to a similar matrix
in the hydraulic space of the tunable dampers (joint-space). We find
that a redundant wrist has a broader range of realizable damping
matrices than a non-redundant wrist.

However for redundant wrists the transformation of damping
matrices between task-space and joint-space is not straightforward.
In this paper we identify the causal directions along which the
transformations are linear. We show that the joint-space matrices
which are obtained as linear transformations of desired task-space
matrices are all singular. Many realizable joint-space matrices
(corresponding to a desired task-space damping matrix) are shown to
exist which are not discovered by linear transformations.

I. BACKGROUND AND MOTIVATION

The motion with which a robot responds to forces
encountered during assembly may move the workpiece closer to
or farther from correct assembly. We have been studying
methods of designing the accommodation (inverse damping)
properties of a grasped workpiece, such that the forces arising
during assembly always cause motions which move the
workpiece closer to correct assembly The design of an
accommodation matrix for force-guided assembly was described
in[13].

Implementing a suitable accommodation behavior isaform
of force control [7]. Force control schemes in which the robot
mimics a passive physical system are found to enjoy inherent
advantages in interactive robotic tasks such as automated
assembly. Colgate and Hogan showed that only a passive
system remains stable at all frequencies when coupled to an
arbitrary passive environment [3]. Robot controllers may
emulate a passive system in order to take advantage of this fact
[1, 11, 14].

Unfortunately, the speed of a software-controlled system is
limited by the control system bandwidth [17]. This motivates
the use of mechanical elements, such as springs, dampers etc.,
in order to implement force control.

One of the well known mechanical devices used for a class
of assembly tasks is the remote center of compliance (RCC)
device [16]. Work on the analysis and design of compliance,
accommaodation, or inertia matrices suitable for different classes
of interactive tasks are found in [2, 6, 9].

A suitable force control law is task-specific. An
accommodation matrix that is suitable for a particular task is not
necessarily useful (in fact it may be detrimental) for another.
Accommodation matrix requirements vary with the geometric
properties of the tasks. Therefore, robots must be able to adopt

a broad range of accommodation matrices in order to perform a
variety of tasks.

A disadvantage of mechanically implemented force control
is the loss of simple software programmability. This motivates
the need for mechanical elements with programmable
parameters, e.g. spring stiffness, damping coefficient etc.
Cutkosky and Wright developed a programmable RCC wrist for
introducing variable compliance in arobot [4].

We have been studying the range of accommodation
matrices attainable by coupling the joints of a robot (or more
practically of awrist) via a passive network of programmable
dampers. The network directly determines the wrist's joint-space
accommodation matrix. This matrix describes the force-velacity
relationship of the individual joints and does not involve their
geometry or interconnections.

The accommodation matrix of the workpiece as viewed by
the environment is called the task-space accommodation matrix.
This matrix relates the forces on and the velocities of a firmly
grasped rigid workpiece. The task-space matrix is related to the
joint-space matrix by the manipulator's Jacobian.

Our objective is to achieve a wide range of task-space
accommodation matrices by programming the network of
dampers that couple the joints. However we find that passive
networks may adopt only a particular class of accommodation
matrices [5]. We have proposed kinematic redundancy as a
means of increasing the range of force control laws that may be
implemented by a passive device.

I1. OBJECTIVE AND SUMMARY

In this paper, we study the relationship between
accommaodation (or damping) matrices in joint-space and task-
space for passive redundant manipulators. Our analysis can be
immediately applied to networks of springs (imparting a
compliance) or of masses (imparting an inertia matrix).

Just as we use a manipulator's Jacobian matrix to transform
forces and velocities between its joint-space and task-space, we
can imagine similar transformations between the spaces for its
accommodation or damping matrices.

By analogy to the term "forward kinematics," the
computation of the task-space accommodation matrix for agiven
joint-space accommodation matrix will be called the forward
transformation problem. The problem of determining the joint-
space accommodation matrix for a desired task-space matrix will
be called the inverse transformation problem.

The inverse transformation problem is relevant when, as
described above, a desired accommodation matrix is specified in
task-space in order to make an assembly operation force-guided.
The desired matrix is transformed to the robot's joint space. To
implement the resulting joint-space accommodation matrix one
still has to program the network appropriately as described in
[5].

The tasks-space accommodation (or damping) matrices of a
manipulator are related to their joint-space counterparts through
a congruence transformation. This is a linear transformation



involving the manipulator's Jacobian and is sensitive to the
manipulator's pose. For non-redundant manipulators in non-
singular poses, the forward and inverse transformations are
simple one-to-one mappings between joint-space and task-space.

For redundant manipulators, however, the transformations
are not always straightforward. Kinematic redundancy imposes
constraints on joint-space velocities (in parallel manipulators) or
forces (in serial manipulators). These constraints give rise to
preferred causal directions along which linear transformations of
accommodation and damping matrices may take place. The
causal directions depend on the structure of the manipulator
(serial or parallel) as well as on the type of matrix being
transformed (accommodation or damping).

For example, in a parallel manipulator, an accommodation
matrix maps linearly from task-space to joint-space but not in
the reverse direction. A damping matrix, on the other hand,
maps linearly from joint-space to task-space. Dual results exist
for serial manipulators.

For redundant manipulators some of the transformations are
many-to-one. For instance, for a serial redundant manipulator,
many joint-space accommodation matrices map to a single task-
space matrix. To implement a desired task-space matrix, one
has a choice of many joint-space matrices, and hopefully some
of them are realizable by a passive network of dampers.

Unfortunately the causal linear transformations do not
directly identify all of the corresponding matrices in the case of
many-to-one transformations. As an example, the inverse
transformation (which is alinear congruence transformation) of a
desired task-space accommodation matrix for a parallel
manipulator yields only one matrix. However, infinitely many
joint-space matrices exist that also correspond to the given task-
space matrix. In order to take full advantage of redundancy, one
must therefore look beyond the linear transformation. In the
next section we give a simple physical example to point out
some of the important characteristics exhibited by redundant
passive mechanisms. Section 1V discusses the nature of force
and velocity transformation between joint-space and task-space
of redundant manipulators. An understanding of force and
velocity transformation is important for identifying the causal
directions in which accommodations and damping matrices
transform. We discuss the latter in Section V. Findly, in
Section VI we apply our results to passive force control.

I1l. AN EXAMPLE

Fig. 1 shows a parallel arrangement of two hydraulic
cylinders that are connected to a massless cart. The cylinders
have damping coefficients of d1 and d2. This mechanism may
be thought of as a redundant parallel manipulator with a 1- DOF
task-space and a 2- DOF joint-space. The joint-space damping
matrix Dj isa2x2 diagonal matrix® with dq and ds as the
diagonal elements. The task-space damping matrix Dy (ascaar
here) is the apparent damping of the cart as seen by the
environment, which we know to be (d1 + d2).

Although this example may appear a bit trivial, it exhibits some
important characteristics of redundant mechanisms. For

1Cross—coupling of the hydraulic cylinders gives rise to the off-
diagonal terms in the damping matrix, see [5]
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Fig. 1. A simple parallel mechanism to illustrate the basic features
of redundant parallel manipulators.

instance, we can observe many-to-one mapping of damping
matrices from joint-space to task-space in this manipulator.

IV. REVIEW OF VELOCITY AND FORCE TRANSFORMATIONS
A. Velocity Transformation

The velocity transformation relationship v; - v for a
paralel manipulator is expressed as:

Jv; = Vj @

where vt is an (mx1) task-space velocity vector and v; is the
corresponding (nx1) joint-space velocity vector. mand n'are the
degrees of freedom of the task-space and the joint-space
respectively. For a redundant manipulator n>m and J is an
(nxm) Jacobian matrix transforming a task-space velocity to a
joint-space velocity.

Contrary to the impression the word 'redundancy' might
generate, there is one and only one joint-space velocity
corresponding to a given task-space velocity in a redundant
parallel manipulator. If the velocities of any m-independent
joints are known, the velocities of rest of the n-m joints are
uniquely determined. The left nullspace of J correspond to those
velocities which are physically impossible. The pseudo-inverse
of the Jacobian J* = (J73)"1 JT may not be used to obtain a v
for a given v; unless one restricts the set of joint-space
velocities to be the physically possible ones.

For the manipulator in Fig. 1, the Jacobian J = [1 1]T.
The dampers must always have equal velocity. The left
nullspace of J corresponds to physically impossible unequal
damper velocities.

B. Force Transformation

In our ideal lossless mechanism, the virtual power in joint-
space and task-space are equal. The force transformation f; - ft
is dual to the velocity transformation expression of (1), and is
expressed as,

T =1, )

where fj is an (nx1) joint-space force vector, ftl_is the
corresponding (mx1) task-space force vector, and J' is the
Jacobian transpose.

Equation (2) maps an n-dimensional space (of fj )toa
smaller m-dimensional space (of f; ) in a many-to-one fashion.
A joint-space force fj is decomposed into two components, fjr
and f;,, the row space component and the nullspace component
of f; (with regard to JT), respectively. In (2), the matrix JT
effectively transforms the row space component fjr into its
column space and reduces the nullspace component to zero as
shown in the following equation,



IT=3T (fjp+fip) = f+0=f; . &)

Every force vector in the nullspace of JT maps to zero.
Infinitely many physically possible joint-space forces2,
combinations of a unique row space component and arbitrary
nullspace components, may therefore map onto the same task-
sq_ ace force. Joint- spaceforces lying entirely in the nullspace of

are not manifested in the task-space. These are the internal
forcesin amechanical system.

Although many joint-space forces may result in a single
task-space force, a force applied in the task space of a physical
system results in a unique joint-space force. The pseudo-inverse
(IT)* cannot correctly depict this ft—>f mapping. Although a
mapping through the pseudo-inverse produces auniquefj fora
given fi , the mapping is based on an ad-hoc mathematical
assumption that nullspace forces are zero, which is not
necessarily satisfied by redundant manipulators.

For the redundant manipulator in Fig. 1, we may write out
(2) as, fj1 +fjo ="ft, wherefj, and f;, are the forces in the
two dampers. “An unequal joint-space force generated in this
mechanism (which happens whenever d1 # d2) corresponds to a
non-zero nullspace component. Given only fy, it isimpossible
to predict the joint-space forces from (2). However, if we know
the accommodation propertl% of the manipulator, we can easily
compute fj; = dq (d1+ d2)° 1, andf; j2 = d2(d1+ d)” 1f, . This
we do by u5| ng the velocity constrai nt (vj1 = vjp) and the task-
space accommodation matrix (d1 + d2)” 1 In Section V. A we
generalize this method to obtain a physically meaningful one-to-
one ft—»fj mapping.

C. Serial Manipulators

The velocity and force transformation relationshipsin serial
manipulators are dual to those in parallel manipulators. For
serial manipulators the transformation equations are,

Vi =JVY, @
fj=3T ft, (5)

where J is an (mxn) Jacobian matrix. Considering the nature of
the mappings, (4) and (5) are dual to (2) and (1), respectively.
Note that the Jacobian matrix J in a serial manipulator
transforms a joint-space velocity to a task-space velocity. Ina
parallel manipulator J represents the inverse transformation.
Serial redundant manipulators may have infinite number of
joint-space velocities, all mapping onto a single task-space
velocity. Joint-space velocities lying in the nullspace of J are
not manifested in the task-space. There are joint-space force
congtraints in serial redundant manipulators as opposed to joint-
space velocny constraints in paralel manipulators. The left
nuIIspace of JT (in Eq. 5 above) corr%ponds to the physically
impossible forces which would require infinite joint velocities.

V. TRANSFORMATIONS OF ACCOMMODATION AND
DAMPING MATRICES

In this section we use the causal transformations equations
of force and velocity (Equations 1, 2, 4, and 5) to obtain the
causal relationships of accommodation and damping matrices
between task-space and joint space of redundant manipulators.
Our discussion in this section will mainly relate to parallel

Zan (n-m)-infinity combinations of fj

manipulators. Unless explicitly stated, the Jacobian J will
imply the v; -V mapping.

A. Force-Velocity Cycle

Wefirst start with the two causal kinematic transformations
Jive - and JT: f; - f; asseenin (1) and (2), respectively.
We have'two other gransformati ons expressed as At : fi - v; and
Dj :vj- . These four transformations may be
simultaneouslly illustrated with the help of aforce-velocity cycle
diagram, as shown in Fig. 2. Mussa-lvaldi et al. described
similar causality cycles in biological networks as K-nets [10].
Kim et al. described similar cycles to derive optimal control
strategies for redundant manipulators[8] .

There are two types of parametersin aforce-velocity cycle. The
first type corresponds to aforce vector or avelocity vector. This
includes f ft, UK and v; . The second type of parameters

includes the matrices J ,JT AJ , DJ , At, and Dt. Each of
these matrices represents a transformanon and is therefore
associated with an input vector and an output vector. The vector
parameters are located at the nodes of the cycle whereas a matrix
is positioned on the directed arc connecting the input and the
output vectors. The direction of the arc specifies the causality of
the mapping. Notice that for non-singular damping and
accommodation matrices, the relationships ft - v; and fj <V
are bi-directional. The relationships v; -V and fj - ft are on
the other hand, unidirectional for redundant parallel
manipulators. This is because the inversion of the non-square
Jacobian (or its transpose) is not always physically meaningful
as we have observed in the last section. These unidirectional
branches are responsible for specifying the general direction of
the force-velocity cycle.

Start Start

Passive
Parallel Redundant
Manipulator

Fig. 2. The force-velocity cycle for a passive parallel
redundant manipulator. The cycle may start from task-space
velocity or task-space force only.

Since passive systems consist of unpowered joints, they
may only respond to forces or velocities imparted in the task-
space. Thus, there are only two starting nodes in the force-
velocity cycle of passive manipulators, those corresponding to
v; and fy . SeeFig. 2.

Now consider the question: What joint-space force f;
results from a given task-space velocity v; ? We are looking
for the vt—>fj mapping here. The general rule is to start from
the given input vector v; , travel in the causal direction (shown
by the arrowheads) of the force-vel ocity cycle, get pre-multiplied



by the encountered matrices until the output vector f; is reached.
Following this rule we obtain the desired relationsIJup f = (Dj
J) vy .
tAIthough any two vectors may be related this way, only
those relationships which represent mapping from one of the
starting vectors are physically meaningful for a passive
manipulator. For mstance one may express the mapping
Vj-Vp asvp = = (At JT Dj ) Y. Since joint-space velocities
are generated only as consequences of task-space velocities, and
not the other way around, Vi- vt is not a meaningful mapping
for passive manipulators.

The force-velocity cycle also helps in answering a typical
matrix transformation question such as the following: How to
compute the task-space damping matrix D¢ for a given joint-
space damping matrix Dj ? The representative mapping here is
Dj - Dt. From the forcevelocity cycle of Fig. 2, we see that
Dt represents the mapping v;- ft. This mapping may be
represented in an alternative way if we follow the route
Vi Vj - fj - ft. One may obtain this alternative relationship
as,

ft=@TDj J)v; . (6)

Comparing (6) with the relationship f; = Dt v , we may
derive the well-known expression:

Dt=JTDjJ, )

which linearly maps a joint-space damping matrix to the
corresponding task-space damping matrix.

We complete this discussion by illustrating the force-
velocity diagram for serial redundant manipulators. Asshownin
Fig. 3 this diagram is dual to that for parallel manipulators. It
is interesting to note that the general causality direction of Fig.
3 is clockwise, which is opposite to that for parallel redundant
manipulators (Fig. 2).

B. Linear Directions of Matrix Mapping

There are four different mappings of accommodation and
damping matrices in a manipulator. These are Dj - Dy,
At- Aj., Aj - At, and D¢- Dj We will show that for
parallel redundant manipulators only the first two mappings are
linear whereas for serial manipulators only the last two are
linear.

From the force-velocity cycles we can see that only if there are
two different valid routes between two adjacent vectors, we get a
linear relationship between the associated matrices. For
example, the mapping Dj - Dy, (see Eq. 7) was derived We
observing that there are two different routes from v; to f;. One
may obtain an A¢{— Aj mapping by exploiti ng two different
routes between f; and vi . The first route is direct and it
mvolves Aj only (see l|:|g 2). The other route is along

-fi-vp - Y. Following the procedure used for obtaining
(17) we get

Aj=JAIT. )

One can check that for a parallel manipulator it is
impossible to obtain the other two linear mappings, Aj — At
and Dt- Dj , without |nvert| ng the Jacobian. We WI|| show
that |nver5|on of J or JT produces physically meaningless
results.

Start Start

Passive
Serial Redundant
Manipulator

Fig. 3. The force-velocity cycle for a passive serial
redundant manipulator. The cycle may commence from task-
space velocity or task-space force only.

For the manipulator in Fig. 1, we can obtain the linear
relationships (7) and (8) as3,

0a &
Uay a ' ®

where Aj and at are the joint-space and task-space
accommodation matrices respectively. at isascalar in this case.

0a 00O
00 ap [
and ao= 1/d2, we can compute A = Dy = (3T Dj It =(Vay
+ 1/ap)™1 JaA) - A relat|onsh|pthal involves nonllnearlty

If we invert (8) and use At = J* Aj @T ) this would
produce wrong results. This is because it assumes a linear
A;j - A¢ relationship where no such relationship really exists.
Aiso the process of pseudo-inversion of Jacobian matrices looses
the information about task-space velocity constraints.

We compute, J* {_05 05] and 3T)* =T, and
caculate A;=J" Aj (3T)* = 0.25(a; +ap). One can easily
check that thisresult i |s incorrect.

For serial manipulators, we have dual results that follow
from Fig. 3,

Dt=d1+d2 ad AJ=

As another example, for agiven Aj = wherea;= 1/d1

At =3 A} JT, (10)
and D =JT Dy J, (12)

which are the only linear relationships between
accommodation and damping matrices in a serial redundant
manipulator. One should remember that the Jacobian J in (10)
and (11) represents the Vi~ Vi mapping.

Notice that for non-redundant manipulators, serial or
parallel, one may obtain all of the four transformations given by
(7), (8), (9), and (10).

C. Flexibility in Programming a Task-Space Matrix

Flexibility in programming a task-space matrix in a
redundant manipulator results from the extra choice of joint-
space force (in paralel) or joint-space velocity (in serial). In

3For this manipulator, impedance matrices and admittance matrices
are replaced by damping matrices and accommodation matrices,
respectively.



Fig. 4 we show how the existence of nullspace forces in a
parallel manipulator gives rise to a set of joint-space
accommodation matrices, al of which map to a single task-
space accommodation matrix.

Physrcally ~
Possible
Velocities

Fig. 4. An abstract illustration depicting the redundancy of
accommodation matrices in a parallel manipulator. An infinite
number of combinations of Aj is equivalent to a specified At.

Consider the effect of a particular task-space accommodation
matrix At on a particular task-space force ft ., The
transformation of this force takes place accordlng tovy = At
ft This task- space velocity corresponds to a unique joint-space
velocity vt =J vt We know that there are an infinite
number of joint-space forces fi", each of which maps to ft
under the transformation of JT (see Section IV. B). These forces
are composed of a unique row space component of JT and
arbltrarlér nullspace components. From Fig. 4, we can infer that
any Aj" that maps one of the f|' to v¢ is equivalent to At
Consequently we have an |nf|n|te number of joint-space
accommodation matrices all of which are equivalent to Af. All
different joint-space forces that are resulted from a given ft by
maodifying the accommodation/damping characteristics in a fixed
geometry mechanism, have a unique row space component given

(JT) f —ft This is true since all thef must satisfy (2)
which i |saconsequence of invariance of power in joint-space and
task-space.

For a serial manipulator the situation is reversed. For a
given ft and v¢ we will have a unique ft and an infinite
number of combinations of V-

VI. APPLICATION

Recall that our main interest is the implementation of
passive force control laws by a low-inertia unpowered
mechanical device. Such adevice may be used as the wrist of a
robot connecting the workpart and the robot body. The wrist
may be a miniature parallel mechanism in the form of a
hydraulic Stewart platform.

From electrical network theory we know that a network of
passive programmable resistors (potentiometers) may be
systematically programmed to possess a class of symmetric
conductance matrices (analogous to accommodation matrices)
called dominant matrices. The diagonal elements of dominant

matrices are greater than or equal to the sum of the absolute
values of all other elements in the same row (or column) [15].
For a specified task-space accommodation matrix, a set of
equivalent joint-space matrices exist in a redundant manipulator,
although not all of them are accessible by the linear
transformation of the task-space matrices. In fact, we show that
joint-space matrices that are images of task-space matrices under
the linear transformation (8) or (11) are all singular matrices of
rank m, where mis task-space DOF. Thisis due to the fact that
Ay is of rank m, and no linear congruence transformation on it
(here, with full rank Jacobians) may change the rank of the
resulting matrix. We have illustrated the transformation of
accommodation and damping matrices with the help of Venn
diagramsin Fig. 5. We explain this figure with the help of our
simple parallel manipulator of Fig. 1. Asseenin (9) every Aj
which are images of task-space matrices under linear
transformation are singular with

Dt At

—

INVERSE

Dj

Fig. 5. An illustration of the fact that the image of task-space
accommodation matrices under linear mapping consists of

singular joint-space accommodation matrices only. Area ~
corresponds to Aj matrices of rank m. Area# corresponds to Y;
matrices of rank n. Area - corresponds to Dj matrices of rank n.

Area V corresponds to Dj matrices of rank less than n. mand n
are the task-space DOF and the joint-space DOF, respectively.

equal elements. This is a marginally dominant matrix and is
implementable. These matrices belong to area™ in Fig. 5. Any

_m0
10 a
matrix At = (1/a; + 1/ap)™L belongsto area # . There are other

more general non-singular matrices which go to area # . For
the specified Aj above, area = will contain matrices of the

[dh O

o0 do [0
matrices which would fall in the category of area —.
given A; = Dt , atypical matrix of areaV is of the form Dj=

matrix of the form Aj = there the specified task-space

form Dj = There will be other non-singular damping

For a



d17 d
gdg d12 %Where Dt = dq1+ 2d11 + dop and dp10doo—d122 =0
(to render Dy singular).

In order to justify the search for appropriate joint-space
accommodation matrices beyond area * , we give a simple
example to demonstrate that for a given Ay equivalent dominant
matrices may exist beyond area”. Imagine a parallel redundant
mechanism with three hydraulic cylinders arranged in the same
pattern as in Fig. 1. The Jacobian matrix for the mechanism is

J=[111]T. Now, for a given a{ = 3, the joint-space
33
accommodation matrix given by (8) isAj=[B 3 3[J
(B33l

This resulting Aj is not a dominant matrix, and therefore
we don't know a systematic way to implement it. However one
00

=[P 9 0 []that can be easily
(booll

implemented. This matrix belongs to the area #. We may

verify that the later Aj indeed corresponds to the given a by
transforming it as follows: Aj - Dj - di— a.

can easily find out a dominant Aj

VI. CONCLUSIONS

This paper investigated how physical quantities such as
velocities, forces, and accommodation and damping matrices
transform between task-space and joint-space of redundant
manipulators.

We found that parallel redundant manipulators have joint-
space force redundancy. The joint-space velocities are subjected
to constraints, the violation of which would regquire mechanical
failure of the manipulator. Serial redundant manipulators, on
the other hand, have a higher DOF only in joint-space
velocities. The joint-space forces, in this case, are subjected to
constraints, the violation of which would require infinite joint
velocities.

By virtue of their force or velocity redundancy, redundant
manipulators may exhibit an increased range of task-space
accommodation and damping matrices. This makes them
valuable for the implementation of force control.

Redundancy dictates the causal directions in which
accommodation and damping matrices may linearly transform
between the joint-space and the task-space of a manipulator.
These causal directions result from the fact that the inversion of
non-square Jacobian matrices are not physically meaningful.

Joint-space matrices are mapped in a many-to-one fashion to
the task-space matrices. This provides a manipulator the
flexibility to choose from a set of joint-space matrices in order
to achieve a specified task-space matrix. However this is
complicated by the fact that this mapping is not always linear.
Also, the linear transformation that maps task-space matrices to
joint-space matrices result in singular joint-space matrices only.
Therefore one has to look beyond these linear mappingsin order
to exploit the full potential offered by kinematic redundancy.
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