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Stable Limit Sets in a Dynamic Parts Feeder

Kevin M. Lynch, Michael Northrop, and Peng Pan

Abstract— We describe a one-joint planar arm which re-
peatedly throws and catches parts on its surface, and we
demonstrate that proper choice of the throw velocity and
arm geometry guarantees that the part will enter a unique
recurrent motion pattern from a large set of initial configu-
rations. The resulting system resembles an open-loop stable
juggler of polygonal parts. Combined with a simple one-bit
sensor, the system can be used as a parts feeder.

Keywords — Parts feeding, robotic manipulation, throwing
and catching, dynamic grasp, impulse, stable limit sets.

I. INTRODUCTION

The problem of parts feeder design is to design an envi-
ronment that reduces the uncertainty in the state of a part
(or set of parts). The feeder may rely solely on the geom-
etry of specially designed fixtures interacting with a part
on a conveyor belt or in a gravity field [8], [10], [29], [31],
[20], [3], [5], [25], [32], [33], or specially designed motions
of generic surfaces [11], [26], [12], [34], [7], [1], [6], [19],
or some combination of geometry, materials, and motion
(open-loop or sensor-based) design. In all cases, the goal
1s to collapse the possible initial states of the part into a
smaller set (ideally a singleton).

We describe a simple planar parts feeder consisting of
a one joint robot arm that repeatedly throws and catches
parts in a gravity field (Figure 1). A “catch” consists of
letting the part impact on the stationary arm and come
to rest. We show that by the proper choice of the throw
velocity and the geometry of the arm, a unique recurrent
motion pattern of the part emerges. This behavior emerges
without sensing for a large set of initial configurations of
the part. Instead of collapsing the possible part config-
urations to a single point, the device collapses the initial
configurations into a stable forward limit set similar to a
limit cycle.

We are motivated by the possibility of using very simple
hardware and sensors for parts feeding. The ability of min-
imalist [4] robotic manipulators to feed parts is determined
largely by natural dynamics (impact, friction, etc.), as the
manipulators lack sufficient control authority to arbitrar-
ily control part motions. Unfortunately, analysis of such
systems is difficult, especially with complex part geometry
and multiple impacts. As dynamical systems, however, we
might expect the appearance of features such as stable and
unstable fixed points, stable limit sets, etc. It may then
be possible to tune simple sensors to these features of the
dynamical systems to create parts feeders. For our system,
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Fig. 1. A throw and catch.

a one-bit sensor can be used to recognize when the part
has reached the goal orientation.

The inspiration for this work comes from the 1JOC parts
feeder (Akella et al. [1]) and work on vibratory parts feed-
ing. In the 1JOC (one joint over conveyor) parts feeder,
a one joint revolute robot pushes parts on a constant
speed conveyor, and a set of primitives is defined that al-
lows polygonal parts to be moved from any random ini-
tial configuration to a desired goal configuration. In this
paper, the conveyor belt is replaced by gravity, and the
quasistatic pushing mechanics are replaced by dynamically
stable throws and impact mechanics. By analogy to the
1JOC, our system could be called the 1JAG (one joint and
gravity), with the goal being a faster version of the 1JOC.
Although we could define planning primitives similar to
those for the 1JOC, our purpose is to study the asymp-
totic behavior of the system under repeated, identical, low
amplitude throws.

The repeated high velocity, low amplitude throws are
reminiscent of vibratory motion. One commercially suc-
cessful vibratory parts feeder is the Sony APOS system
(Hitakawa [15]). The problem is to design a tray of nests,
and a vibratory motion for the tray, so that parts only
remain in the nests if they are properly oriented. Krish-
nasamy el al. [18] have studied a simplified example of the
APOS design problem. Unfortunately, the complex dy-
namic behavior of a part with non-trivial geometry on a
vibrating surface is extremely difficult to analyze and sim-
ulate, much less design to yield a desired behavior. Our
device differs from vibratory feeders in that the arm’s mo-
tion is impulsive, and the arm is motionless while the part
settles. This assumption makes the system more amenable
to analysis while remaining physically realistic.

Related in spirit to our work is the design of a vertically
oscillating table to capture a vertically bouncing ball in a
stable periodic orbit (Swanson et al. [27]). More generally,
the stable discrete-time dynamics of our throwing-catching
system brings to mind juggling and hopping systems [17],
[9], [28], [22], [30]. Ome difference in our work is that the
geometry of the part plays an important role in determining
the behavior of the system, as is the case for any parts
feeder. The key 1s to show that the mechanics of the throw-



SUBMITTED AS A REGULAR PAPER TO IEEE TRANS. ROBOTICS AND AUTOMATION, DEC. 2001, REVISED APR. 2002 2

catch mapping sends a compact set of the configuration
space back to itself—the part cannot escape to infinity.
Recurrence follows from this observation. With a weak
assumption on an approximated version of the throwing-
catching system, it can be shown that all points in the
compact set converge to the same forward limit set.

We believe that as the dynamics of a parts feeder become
more complex, involving multiple parts, multiple impacts,
or complex 3D geometry, it becomes intractable to design
parts feeders from “first principles” such as C-space kine-
matic analysis and friction and impact laws, as is common
in many recent works in algorithmic design and program-
ming of parts feeders. As a result, design of most industrial
vibratory parts feeders is based on trial and error. In an
effort to speed up the design process, design approaches
have been proposed based on statistics on the part state
collected through extensive dynamic simulation [2], [13],
[23], [24]. These statistics form a high-level description of
the behavior of the dynamical system, which can be mod-
ified by changing the design parameters. In this paper we
study an intermediate-level description based on recogniz-
ing design-parameter-dependent features of the dynamical
system and tuning simple sensors to these features. The
existence of recognizable features may be stable for a wide
range of parameter choices (e.g., pattern formation in ro-
tating drums of dissimilar particles [14]).

We introduce the notation for the system in Section II,
the mechanics of throwing and catching in Section III, the
existence of stable limit sets in Section IV, and simulation
and experimental results in Section V.

II. NoTATION

We define an z — y frame F at the pivot point of the
throwing arm (Figure 2). The gravitational acceleration in
Fis (0,9),9 < 0. The angle of the arm is @, and a throw
begins with the arm horizontal (# = 0) with the part at
rest on the arm. The arm throws the part by rotating
counterclockwise to a state (6,,6,) and releasing, where
6,68, > 0. The top surface of the arm is a line at y = A
when 6 = 0. h is called the offset and may be positive or
negative. The part center of mass is located at (z, y).

The polygonal part has n edges and n vertices, labeled
E" and Vi, i = 0...n — 1, respectively. The boundary
vertices of E* are V! and Vi*! (where V" is identified with
V9), and i increases as we move counterclockwise around
the part. Because the part interacts only with the flat
throwing arm, nonconvex parts are treated as their convex
hull. The Coulomb friction coefficient between the arm and
the part is g > 0.

When the part rests on £’ under gravity with the arm
angle § = 0, we define a u’ — v’ reference frame F' at
the center of mass of the part, where the +v* direction is
opposite gravity (see Figure 2). The location of the left
vertex of E* is written (uf,v!) in F?  and the right vertex
is written (ul,vl). Note that v} = v% < 0. We define
the height of the center of mass above the arm surface
d' = —vi = —vl. E¥issaid to be a stable edge if ui < 0 and
u’. > 0. The part will stay at rest on a stable edge under

Fig. 2. Notation for the throwing and catching arm.

small perturbations of the gravitational force or arm angle.
The set of stable edges is denoted & = {i|E" is stable}.
The mass of the part is m and its inertia is mp?. The
resting state of the part is specified by (¢, R), where { is the
edge number (i € §) and R is the throwing radius, or »
location of the center of mass when the arm is horizontal.
The part radius r is the distance from the center of mass to
the most distant part vertex, and d™" = min;es d’ is the
distance to the closest point on the boundary. We assume

that the center of mass is in the interior of the part convex
hull, so d™"™ > 0.

III. THROWING AND CATCHING
A. Throwing

A throw consists of a phase where the manipulator is in
contact with the part, called the carry, followed by a release
and a free flight phase. In this paper all carries satisfy the
necessary condition for a dynamic grasp.

A.1 Dynamic grasp

Definition 1I1.1: A dynamic grasp occurs when a manip-
ulator in contact with an object moves so that there is no
relative motion between the object and the manipulator
surface (Lynch and Mason [21]).

Ezxample I11.2: A coin resting on an open palm, facing
upward, is in a dynamic grasp if the palm is not acceler-
ating downward faster than gravity. A coin in an inverted
palm (as when slapping the coin on the back of the other
hand after a coin toss) is in a dynamic grasp if the palm
accelerates downward faster than gravity.

We assume that throws are accomplished with a dynamic
grasp to ensure the repeatability of the release state. It is
easy to ensure that a dynamic grasp is robust to variations
in the part center of mass location, radius of gyration, or
friction coefficient with the thrower. If the part rolls or slips
before release, however, differences in these properties will
result in different release states.

To test for a dynamic grasp, we assume that the object
remains fixed to the manipulator and check if the required
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forces of motion can be supplied by the manipulator con-
tact. If so, then a dynamic grasp is a consistent solution
to the motion of the object.

We can express the necessary condition for a dynamic
grasp in the frame F! corresponding to the resting edge
E?. If the arm’s angle, angular velocity, and angular accel-
eration are given by 6,6,6, respectively, then the wrench
w = (fui, fui, 7)T the arm must apply to the part to main-
tain the dynamic grasp is expressed in F* as

| =m(h+ di) ) -mR —mgsinf
w=2_0 mR + 62 —m(h+d")| + |:—mgcos€:| .
0

mp 0

To check if this wrench can be applied by the manip-
ulator contact, we construct the cone of possible contact
forces. Assuming Coulomb friction with friction coefficient
u, the cone of contact forces W' is all positive linear com-
binations of the wrenches wi, ... wj in F' where

wio= (= Ly 4 )t
wh o= (1 u— pop)”
wy o= (1w — )’
wh o= (= Lup+ pep)T

Note that because W' is expressed in the part-fixed
frame F?, it is independent of the arm configuration. The
wrench w is contained in W' if w’'(w? x wi) < 0 for the
(4, k) pairs (1,2),(2,3),(3,4),(4,1). These four inequality
constraints may be viewed as constraints on the location of
the line of force, and they imply that (1) the line of force
passes to the right of the left vertex, (2) the line of force is
not outside the right edge of the friction cone, (3) the line
of force passes to the left of the right vertex, and (4) the
line of force 1s not outside the left edge of the friction cone.
These inequality constraints may be solved explicitly as in-
equality constraints on @ given the arm state (#,0). Any ¢
simultaneously satisfying these four constraints will main-
tain the dynamic grasp. .

The part is released at (6,,6,). As 6, and the total time
of the carry approach zero, with 8, > 0, the throw becomes
impulsive with an impulse p. For the impulsive throw to
be in a dynamic grasp, p = (—m(h+d*)8,, mRo,, mp?0,)T
must be contained in W?, now considered as an impulse
cone. The line of action of p is independent of 8, > 0, so
the test reduces to a simple test on the throwing geometry
(Figure 3). We would like to know if the throw is in a
dynamic grasp as a function of the throwing radius R.

For a stable edge, the four impulse cone constraints can
be written

p*—v(h+d)

> . 1
R > y (1)
—(h+d
R > —(ht+d) (2)
I
2 _ zh dz
R > L(Z—F) (3)
uT
h+d
R > ¢ (4)

7

impulse line of action
)
p/a
v
A

Fig. 3. The line of action of the impulse is perpendicular to
the line through the thrower pivot and the center of mass,
and located a distance p?/a from the center of mass, where

a = /R2 + (h +d")? is the distance between the pivot and the

center of mass.

Proposition I11.3: For any stable edge L', any offset h,
and any friction coefficient 1 > 0, there exists a finite radius

Rgmsp such that impulsive throws are in a dynamic grasp

for all release velocities 6, > 0 and all R! > Rgmsp.
Proof: Since p > 0 and uf, u’. # 0 by the definition of

a stable edge, the lower bounds in the constraints (1)-(4)
are finite. The constraints are also independent of 8, > 0.
|

In the rest of the paper, all throws will be assumed to
be impulsive throws. We will also assume that the entire
part is to the right of the y-axis of F; this will eliminate
the possibility of the part “stubbing its toe” at the release
(left vertex of the resting edge moving downward initially).

A.2 Free flight

After an impulsive release at 8, = 0 and time ¢ = 0, the
motion of the frame F* in F can be written

R— (h+d)6,t
h+d + ROt + 591° |, (5)
0,

where ¢(t) denotes the angle of the u’-axis of F* relative
to F. The motion of the vertices will also be of interest. If
a vertex V is located at (w,v) in F7, its motion in F is

i ]= L ]+ Il

y(t)
(6)
zv (t) is monotonic decreasing if vu? +v? < h+ d, and it
Is monotonic increasing if vVu? 4+ vZ < —h — d".

cos(ért) — sin(.ért)
sin(f,.t)  cos(6,1)

B. Catching

A catch occurs when the part impacts with the station-
ary horizontal arm and settles to a stable edge. This can
be a very complex process consisting of many impacts. To
simplify the analysis, we assume that friction at the impact
point 1s sufficiently high, and the restitution coefficient suf-
ficiently low, that the post-impact velocity of the impact
point on the part is zero. This assumption closely approxi-
mates actual behavior when the arm is covered with a thin
sheet of a highly damping material, such as slow-recovery
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foam. Besides simplifying the analysis of the system, these
“sticking” impacts also ensure that the part quickly settles
to rest, reducing throw-catch cycle time.

Let (ry, ry)T be the vector from the part center of mass
to the impact vertex as measured in F. The pre-impact
velocity of the part at the center of mass is (2=,y7,¢7)%,
and the post-impact velocity is (#%,y%,¢7)T. The pre-
and post-impact velocities satisfy

it =t = 0 (7)
ittt =0 ()
re(yt —y7) =y (@t —27) = PPt —¢7), (9)

where equations (7) and (8) ensure that the post-impact
velocity of the impact vertex is zero, and (9) ensures that
the 1mpulse passes through the impact point. Equations
(7)-(9) can be solved for the post-impact velocity.

After the initial impact, the part rolls without slipping
about the impact vertex, with an initial angular velocity
of ¢T. Rolling continues until another vertex impacts the
arm. We solve for the new impact and continue until the
part can no longer escape a particular edge. Then the part
is considered to have settled to that edge.

In the analysis of Section IV, we will assume that during
rolling the part comes to rest at the first stable edge that
comes in contact with the arm. Hence the & motion of
the center of mass during rolling is bounded by a constant
L. While this assumption is not strictly necessary for the
subsequent results, it greatly simplifies the analysis.

An impact is called a sweet spot catch if the post-impact
velocity is zero (¢ = 0). The impulse does not change
the direction of velocity; it only changes the magnitude (to
7€T0).

C. Throwing and catching

For given design parameters h and 6% the throw map
f i (f0, Ro) — (41, R1) maps the initial part configura-
tion (4p, Ro) to its final configuration (i1, Ry) after throwing
with a dynamic grasp, impacting, and settling. f is only
defined for (4o, Ro) such that E' is stable and Ry > RIo.,...
We distinguish between two results of the mapping f:

o Jog. The part comes to rest on the same edge (ip = 1)
after a zero net rotation during flight and settling.

+ Flip. The part comes to rest on a different edge (iy # 1)
(or on the same edge with a net rotation equal to a nonzero
integral multiple of 27).

The throw map f is a nonsmooth mapping which cannot
be computed in closed-form.

IV. STABLE LIMIT SETS

The first question we might ask is whether we can choose
h and 6, so that f has one or more stable fixed points
(i*,R*) = f(i*,R*). Let fN(i,R) represent N itera-
tions of the map f applied to the point (¢, R). Then a
fixed point (i*, R*) of f is stable if for every neighbor-
hood U = (¢*,B(R*)) (where B(R*) is an open inter-
val containing R*) there is a neighborhood Uy C U of
(i, R*) such that fN(i,R) € U for any (i, R) € U; and

any N > 0. Better yet, if U/; can also be chosen so that
limy 00 Y (i, R) = (i*, R*), the fixed point is asymptoti-
cally stable. In most cases, however, it is not possible to
choose design parameters to yield any stable fixed points.
For example, the following result precludes the existence of
stable fixed points for parts with all edges stable.

Proposition IV.1: Assume all edges of the part are sta-
ble, and during a catch the part comes to rest on the first
edge that contacts the arm. Then, for any 6, > 0 and any
h, any fixed point (¢*, R*) (where f(i*, R*) is a jog) of the
map f is unstable.

Proof:  Let 2;(0) be the position (in F) of the left con-
tact vertex V?  of edge E'" when the part rests at the fixed
point (¢*, R*), where f(i*, R*) is a jog. By Equation (6),
during flight we have

) =R —(h+ di*)ért + u;* cos Ot — vli* sin 0, (10)

Let s = \/uf*z + vli*z and 8 = atan2(v} ,u} ), the angle to
Vi'in F (=7 < 8 < —71/2). Then Equation (10) can be
rewritten

2(t) = R* — (h+d" )0t + scos(0,t +5).  (11)

Since all edges are stable and the part comes to rest on
the first stable edge, Vi must impact first for the motion to
be a jog. If the flight time of the part is 7', let o = 8,7 >
0 be the total rotation during flight. Both a and T are
implicitly functions of the throwing radius R, and both are
monotonically increasing with R (da/dR > 0,dT/dR > 0),
as larger values of R give higher throws. Also, o must
satisfy the constraints

—T<a+f<—71/2, (12)
which say that at impact, V" must be below and to the
left of the CM. If it 1s not to the left of the CM, then after
impact the part will roll CCW to a different edge, resulting
in a flip.

We define the function

y(o) = —(h + di*)a + scos(a+ §) — u;* = x(T) — 1(0),

the = position of V" at impact relative to 2;(0). For a
satisfying the constraints (12), we have
d?y
v —scos(a+ ) >0, - r<a+p<-—n/2. (13)
A fixed point (¢*, R*) must satisfy the condition
y(a(RT)) =0. (14)
If the fixed point also satisfies the condition
dy(a(R))
g lanRY >0, (15)

then (¢*, R*) is unstable. This condition says that if R
deviates slightly from R*, a jog by f will only increase the
deviation.
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Because (0) = 0 and by (13) we have d*y/da? > 0
everywhere in the valid « range, Equation (14) can be sat-
isfied at most once in the range 0 < o < —m/2 — 3. This
defines the fixed point (¢*, R*). At this point, dy/da > 0.
Since da/dR > 0, we have dvy/dR = (dy/da)(da/dR) > 0

t (¢*, R*), and the fixed point is unstable. o n

Instead of searching for design parameters A and 6, to
yield stable fixed points, we look for the existence of sta-
ble forward limit sets. First we provide a definition and
a result from dynamical systems theory (e.g., Katok and
Hasselblatt [16]).

Definition 1V.2: Consider amap b : Z — 7. ¢ € Z is
an w-limit point (or forward limit point) of z € Z if there
exists a sequence of positive integers Ny, Ny, ... going to
+oo such that b™Vi(2) approaches ¢ as i goes to infinity.
The w-limit set for z, written w(z), is the set of all w-limit
points for z.

Theorem IV.3: If b : Z — Z and Z is compact, then any
point z € Z eventually reaches any given neighborhood of
its forward limit set w(z) and stays there.

With Theorem IV.3 as motivation, we search for a design
parameters h and 6, and a compact set of part states Z
such that f : 7 — Z. Then, with an approximation to
the dynamics of the system, we can show that the forward
limit set w(z) is the same for all z € 7.

Proposition IV.4: For any polygonal part, there exists
a 6, > 0 and an h satistying 0 > h > —d™™" such that
for each stable edge E’) there exists an Rfl ;p and Rt .
satisfying Rgmsp < Rfllp < R where the following
properties hold:
1. a throw at Rgmsp < R < Rj;hp results in a jog with
f(&,R) = (i, R1),R< Ry < Rimw, and

max’

2. a throw at R}, < R < Ri .. results in a flip with
f(la R) = (ila Rl)a Rgrasp < Rl < R;}Lax

Proof:  Plugging the left contact vertex (u!,v!) into
Equation (6), differentiating with respect to time, and set-
ting ¢ = 0, we find that the initial velocity of the vertex in
the @ direction after release is #;(0) = —0,h. Since 0, > 0,
by choosing h < 0, we are guaranteed that the initial mo-
tion of the left vertex is in the +& direction. By choosing 6,
sufficiently small, we ensure that a throw at Rgmsp yields
a sufficiently small flight time ¢;, hence sufficiently small
flight rotation angle ¢, that the left vertex is guaranteed
to make first contact with the arm at a point further to
the right on the arm, and the part will settle again to the
same stable edge. The result is a jog with Ry > R.

As R increases from Rgmsp, 9(0) = f, R increases, yield-
ing a larger amplitude throw, and the above differential
analysis 1s insufficient. During flight, the « velocity of the
center of massis ¢ = —Hr(di—i—h) < 0for h > —dp,. If the
total rotation angle in flight is ¢ and the throw is a jog,
then after impact the part rolls about one or more vertices
an angle —¢; (clockwise) until it comes back to rest on the
same edge. Since no local minima of y(¢) are encountered
during rolling until the part comes to rest on the initial
edge (otherwise the part would stop on the corresponding
stable edge), we have (y — h) > d' during rolling. Since

= é(y — h) during rolling and (y — h) > d° at all times,

the total x distance covered by the center of mass to the
left during flight is less than the the distance to the right
during rolling. Therefore, for all jogs, R; > R.

As R is increased, the larger amplitude of the throw re-
sults in a larger ¢; and eventually a flip to a new sta-
ble edge at R > R;}lip. For a sufficiently large amplitude
throw, the time of flight ¢; can be calculated approximately
by setting y(0) = y(t;) in Equation (5). This results in
ty = —26,R/g. Plugging into (5), we get

202(d’' + h)
g

z(t;) = R(1 +

).

Since g < 0, z(t;) < #(0) = R if h > —d'. The center of
mass moves to the left during flight an amount proportional
to R and to 92 The center of mass may then roll up to
a distance L in either direction. Provided L < [202R(d’ +

h)/g|, which will always be true for sufficiently large R,
R; < R for the throw and catch.

Therefore, for any h satisfying 0 > h > —d™" and a
sufficiently small 8,, for each stable edge ¢ the part will
jog outward (R; > R) for sufficiently small R > Rgmsp
Also, the part center of mass moves to the left during flight
an amount proportional to the part radius R. This acts
as negative feedback on R, allowing us to place an upper
bound R! _ for each stable edge. It remains only to choose
0, sufficiently small so that a flip never goes to a state (i, R)
such that R < R;msp |

Proposition IV .4 leads easily to the following result.

Theorem 1V.5: For some choice of A, g, such that 0 >
h > —d™n and 6, > 0, there exists a set Z7 =
UzES( [Rgmsp,RinM]) such that, under repeated map-
pings f, any point z € Z eventually reaches any given
neighborhood of w(z) C Z and stays there.

Proof: By Proposition IVA4, f: 7 — Z. The set 7 is
a union of compact spaces, and hence compact. The result
follows by Theorem TV.3. ||

This 1s our first indication of recurrent behavior in open-
loop throwing and catching, as points in a forward limit
set w(z) must recur. There is more structure to the throw
map f that can be exploited, however, that indicates that
for all z € 7, w(z) is the same; all points share the same
forward limit set.

For an appropriate choice of h and 6% we define an ap-
proximated system characterized by the following behav-
iors:

o Atstates (i, R}, <R < Rfllp) the part slides outward

with continuous motion R > 0. The small discrete ] jogs are
replaced with continuous motion.

o The part flips to a new edge when R > Rf;,.

¢ The part neither jogs nor flips indefinitely.

This last assumption is based on the fact that as a part jogs
outward, the upward release velocity increases linearly with
R while the angular velocity i1s unchanged, hence the part
will eventually flip. Since the center of mass moves to the
left during flight, flips tend to decrease R, and the part
eventually moves back into a jogging range.
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(2.75, 2.3)

=

(-2.67,4) (-2.25,2.3)

p=194 _1 /(275,03)
o |
(-2.67,-2) (5.33,-2) (-2.25,-2.7) (0.75,-2.7)
Fig. 4. The two objects used in the simulations (distances in cm).

Note that edge 2 of the bracket is unstable.

This approximation to the actual system is a hybrid sys-
tem with continuous motion along edges and discrete jumps
between edges.

Theorem IV.6: The approximated hybrid system is
guaranteed to enter the same forward limit set from any
state (4, R) such that E' is stable and R} ,. < R< Rl ..
for some R > R;Hp.

Proof:  States (i, R), Ry, ., < R < Rj;,, will even-
tually reach the same state (¢, ;lip) by jogging. At that
point the object will flip, and all future trajectories of the
system will be identical. Because the system cycles be-
tween jogging and flipping, and because there are only a
finite number of stable edges, the system must eventually
re-enter a previously visited jog range. At this point, the
system will retrace its trajectory; the system has entered
its forward limit set. |

V. SIMULATIONS AND EXPERIMENTS

A. Sitmulation

We have created a simulator based on the mechanics out-
lined in Section III, with full rolling simulation. Two test
objects, a triangle and a bracket, are shown in Figure 4.

In the simulations shown, g = —966cm/s?, h = —0.5¢m,
and 6, = 320°/s for the triangle, and g = —220cm/s?,
h = —0.25em, and 6, = 320°/s for the bracket. The

values of h satisfy Proposition IV.4 in both cases. A dy-
namic grasp 1s guaranteed for all edges of the triangle for
R > 5.68¢m and p > 0.382, and for all edges of the bracket
(except unstable edge 2) for R > 13.83¢m and p > 0.177.

The forward limit set for the triangle is shown in Fig-
ure 5. The cycle consists of a series of jogs on edge 1, a
flip to edge 0, a flip to edge 2, zero to three jogs on edge
2, and a flip back to edge 1 where the cycle repeats. Each
cycle is about 13 throws. Note that the cycle has a thick-
ness associated with it because of the finite distance of the
jogs, unlike the limit set for the approximate system where
discrete jogs are replaced by a continuous motion. Figure 7
shows that the system is attracted to this cycle from a large
range of initial conditions.

Convergence to a cycle for the bracket is shown in Fig-
ure 8.

B. Ezperiment

Figure 9 shows a line drawing and photo of our experi-
mental system. A rotating actuator contacts the end of a
40 cm long horizontal arm and rotates it clockwise about

Triangle Cycle A

Edge

Radius

Fig. 5. Starting from (1,12cm), the triangle falls into a repeated
motion pattern, consisting of a series of jogs on edge 1, a flip to
edge 0, a flip to edge 2, zero to three jogs on edge 2, and a flip
back to edge 1 where the cycle repeats. The cycle consists of
about 13 throws, and 300 simulated throws are shown.

-
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Fig. 6. A sequence of states in the recurrent motion pattern of Fig-
ure 5. The triangle first jogs out on edge 1. Note that the distance
of the jogs increases as the radius increases, since the part flight
time increases. Finally the throw magnitude is sufficient to cause
the triangle to flip to edge 0. The triangle then flips to edge 2,
where it jogs once before flipping back to edge 1 and beginning
the cycle again.
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Triangle Convergence A

40 50

Radius

Fig.

7. All initial states of the triangle converge to the same cycle.
100 throws are simulated from each diamond.

Bracket Convergence

(o)
2 2
w
1
0 ST
0 20 40 60 80 100 120
Radius
Fig. 8. All initial states of the bracket converge to the same cycle

consisting of jogs on edge 4, flip to edge 3, jogs on edge 3, flip to
edge 1, flip to edge 0, and flip to edge 4, where the cycle repeats.
The cycle consists of about 25 throws. 100 throws are simulated
from each diamond.

a pivot (which can be adjusted to change the value of
h). This stores energy in a return spring. The actua-
tor eventually breaks contact with the arm, releasing it to
spring back and impact a mechanical stop, at which point
the part resting on the arm breaks contact with the arm,
free falls, impacts on the horizontal arm and settles. The
steel arm 1s covered with a thin layer of high-friction slow-
recovery foam (Lendell Mfg., type PHS-14) to approximate
the sticking assumption in the impact analysis. The actu-
ator then comes back around and repeats the process. The
release velocity 6, 1s controlled by tensioning the spring.
The deflection of the arm is small (approximately 5 de-
grees) as energy is stored in the spring, so the return mo-
tion and impact of the arm approximates an impulse to the
part.

The arm and actuator are mounted on an acrylic back
plate which keeps the laminar part flat in the plane.
The back plate is nearly upright, inclined about 80°
from horizontal, giving a gravitational constant of about
—981em/s?(sin80°) = —966cm/s? in the plane of the
back plate. The laminar part is made of acrylic, and
the coefficient of sliding friction of the part against the
back plate is approximately 0.1. As a result, the magni-
tude of the unmodeled frictional force resisting motion of
the part in the plane is f; = 0.1m|g|cos80°, where m

T

spring
mechanical
stop -+

arm

actuator

Fig. 9. Line drawing and photo of the throw and catch experimental

setup.
A Triangle Experiment
) -
§7 1 N\
w
o N
0 5

Radius

Fig. 10. Experimental results for the triangle. 300 throws are shown,
and each cycle consists of 13-15 throws.

is the mass of the part and g 1s the gravitational con-
stant. The magnitude of the gravitational force in the
plane of the back plate is f; = m|g|sin80°, meaning that
ft/fs = 0.1cot80° = 0.018 — the unmodeled frictional
force resisting motion is approximately 2% of the gravita-
tional force in the plane.

Experimental results for 300 throws of the triangle of
Figure 4 are shown in Figure 10, where the throwing ra-
dius 2 was measured at 0.5 cm resolution. The experimen-
tal release velocity 6, offset i, and gravitational constant
are approximately the same as in the simulations of Fig-
ures b and 7. The experimental behavior of the part is
qualitatively similar to that in the simulations, with the
exception that jogs rarely occur on edge 2 in the experi-
ment, and there are typically one or two more jogs on edge
1 in the experiment. The experimental cycle consists of
13-15 throws.

A simple one-bit sensor (for instance, an optical prox-
imity sensor) embedded in the arm can be used to detect
if the part is above it. By placing the sensor at a radius
greater than 25 cm, we can be certain that when the part
is detected, it must lie on edge 1, provided we have first
executed a few throws to make sure the part has entered
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its forward limit set. (In our experiments, the triangle typ-
ically enters the cycle within four throws.) Other edges
only appear in the forward limit set at smaller radii. For
many parts, a parts feeder can be constructed from a simple
sensor tailored to the limit set of the part-arm dynamical
system.

We can alter the limit set of the part-arm dynamical
system by changing the parameters h and 0,. Larger values
of 6, move the limit set closer to the pivot. Smaller values
of || result in shorter jogs and reduce the thickness of the
limit set. In general, stable limit set behavior is evident for
a wide range of parameter choices.

VI. CONCLUSIONS
By choosing repeated throws and catches, instead of vi-

brations, as a method for open-loop manipulation of parts,
we have shown that strong predictions can be made about
the asymptotic behavior of parts with non-trivial geometry,
and that parts can be forced to enter a unique cyclic pat-
tern from a large set of initial configurations. By changing
the control parameters 8, and h, we can modify the cyclic
pattern. A simple sensor tailored to the dynamical system
limit set can be used to construct a parts feeder.

This system is our first step toward more complex dy-
namic parts feeders which are difficult to analyze using low-
level models of contact, friction, and impact. Starting with
a description of the nonlinear dynamical system in terms
of its features such as stable limit sets, stable and unstable
fixed points, etc., we will study the issue of sensor design
to complement the mechanical behavior; sensitivity of the
features with respect to the shape and motion parameters;
choosing sequences in the motion space, in an open-loop or
sensor-based fashion, to funnel the system to a desired limit
set or fixed point; and the possibility of provably complete
feeder design algorithms despite bounded nondeterminism
in the behavior of the system.
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Figure captions.

1. A throw and catch.

2. Notation for the throwing and catching arm.

3. The line of action of the impulse is perpendicular to
the line through the thrower pivot and the center of mass,
and located a distance p?/a from the center of mass, where
a =+/R?>+ (h+ d%)? is the distance between the pivot and
the center of mass.

4. The two objects used in the simulations (distances in
cm). Note that edge 2 of the bracket is unstable.

5. Starting from (1, 12¢m), the triangle falls into a repeated
motion pattern, consisting of a series of jogs on edge 1, a
flip to edge 0, a flip to edge 2, zero to three jogs on edge 2,
and a flip back to edge 1 where the cycle repeats. The cycle
consists of about 13 throws, and 300 simulated throws are
shown.

6. A sequence of states in the recurrent motion pattern of
Figure 5. The triangle first jogs out on edge 1. Note that
the distance of the jogs increases as the radius increases,
since the part flight time increases. Finally the throw mag-
nitude is sufficient to cause the triangle to flip to edge 0.
The triangle then flips to edge 2, where it jogs once before
flipping back to edge 1 and beginning the cycle again.

7. All initial states of the triangle converge to the same
cycle. 100 throws are simulated from each diamond.

8. All initial states of the bracket converge to the same
cycle consisting of jogs on edge 4, flip to edge 3, jogs on
edge 3, flip to edge 1, flip to edge 0, and flip to edge 4,
where the cycle repeats. The cycle consists of about 25
throws. 100 throws are simulated from each diamond.

9. Line drawing and photo of the throw and catch experi-
mental setup.

10. Experimental results for the triangle. 300 throws are
shown, and each cycle consists of 13-15 throws.
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