318 IEEE TRANSACTIONS ON ROBOTICS AND AUTOMATION, VOL. 15, NO. 2, APRIL 1999

Locally Controllable Manipulation by Stable Pushing

Kevin M. Lynch, Member, IEEE

Abstract—When a polygonal object is pushed with line contact SE(2) if, for any configurationq € SE(2) and any neigh-
along an edge, the push is calledtableif the object remains porhood U/ of q, the set of configurations the object can
fixed to the pusher. The object issmall-time locally controllable reach without leaving/ is a neighborhood ofi. By patching
by stable pushing if, by switching among pushing edges, it can . .
be pushed to follow any path arbitrarily closely. Because the together ”e'gthmOOdS’ the object can be pushed to follow
pushes are stable by the frictional mechanics, pushing plans any path arbitrarily closely, and therefore can be maneuvered
can be executed without position feedback of the object. In in tight spaces. This is a stronger condition than controllability.
this paper we derive a necessary and sufficient condition for a A car which can reverse is small-time locally controllable, as
polygon to be small-time locally controllable by stable pushing: evidenced by the ability to parallel park.

the pushing friction coefficient must be nonzero and the set of Oth - f i trollabilit d ibed b
feasible pure forces (forces applied through a polygon edge and ér versions of noniinear controliability are described by

passing through the center of friction) must positively span the Sussmann [9]. In this paper we are interested in small-time

plane. We interpret this condition in terms of the polygon shape, local controllability.

the location of the center of friction, and the pushing friction We have previously shown that almost any object is small-

coefficient, allowing us to characterize classes of polygons with {je |ocally controllable by pushing with point contact [10].

this fundamental *maneuverability” property. This result implies that a two-degrees-of-freedom robot (a
Index Terms—Friction, robotic manipulation, small-time local point tran5|ating in the p|ane) can maneuver an object to follow

controllability, stable pushing. any path in its 3-D configuration spacg&E(2) arbitrarily
closely. The only exception is a disk centered at its center of
|. INTRODUCTION AND MOTIVATION friction with zero friction at the pushing contact—no torques

USHING is a useful robot primitive for manipulatingﬁggn?)? ggnr?)rtzttee((jj about the center of friction, and the object

large, heavy, or slippery parts, parts with uncertain loca- Pushing with point contact results in unpredictable motion

tion, or pa.rts t_hat are otherwise difficult t9 grasp and carry.é:f the object, making planning difficult. For this reason, we
can also simplify robot hardware by allowing the robot to PUSTve also studiestable pushingvith line contact between the

with any surface available (whole arm manipulation [1]) or b%bject and the pusher [10], [11]. A stable push is defined as

eliminating the need for a gripper in planar manipulation taSkg'pusher contact and motion that keeps the object fixed to

One application of pushing is parts feeding [2]-6] Pushm[?]e pusher as it moves. The pushing contact is mechanically

?YI]so[g]llows a mobile robot to easily manipulate large ObJecs?abilized by the frictional forces acting on the object due to

We are interested in characterizing the fundamental capat%“—dmg on _the suppo_rf[ plane, allowing the prSh to be executed
" ) . . I r(?bustly without position feedback of the object. Stable pushes
ities of pushing as a manipulation primitive. Toward that en

we have studied theontrollability of pushing: is it possible n::ﬁﬁelrt gr?gsg(leetr?mgsg wfhhlgg X‘gtehst (rzlt?(;tlzz\.reA drél;i?ilgg d
to push the object to the goal configuration? We distinguiﬁq P P

. . o in [10].
between the following two versions of controllability: Bv switching the line contacts. as in Fig. 1. it is sometimes
1) Controllability: The object iscontrollable if it can be y 9 ' 9.

. ) . . . lpossible to achieve small-time local controllability by stable
pushed from any configuration (position and orientation) to " . . . -
shing. In this paper we derive a necessary and sufficient

any other configuration in the obstacle-free three-dimensiorﬁ%’ndition for small-time local controllability by stable pushing:
(3-D) planar configuration spacgE(2) = R2 x St. This is a y by P g

: the pushing friction coefficient must be nonzero and the set of
global concept—the object may have to be pushed far away,tQ . ;

. . o . feasible pure forces (forces applied through a polygon edge
reach a nearby configuration. Similarly, a car with no reversé

gear is controllable 0§ E(2), but it must travel a long distanceand passing through.the center_ of fnct_pn) must positively
) . - “span the plane. We interpret this condition in terms of the

forward (and turning) to accomplish a small back-up motion. . -
2) Small-Time Local Controllability:The object issmall- polygon shape, the location of the center of friction, and the

. . ; . . pushing friction coefficient.
time locally controllable on its entire configuration space Consider the problem of positioning and orienting the
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Section V presents results on the minimum friction needed for
small-time local controllability for classes of polygons. Proofs
of these results are given in Section VI.

Il. RELATED WORK

In [10], we demonstrated that for any polygon there exists
an edge from which it is controllable by stable pushes if the
pushing friction coefficient is nonzero. In other words, any
polygon can be moved to any configuration in an obstacle-free
plane by stable pushing from a single edge. We also stated a
sufficient condition for small-time local controllability when
the pusher is allowed to switch pushing edges. This paper
extends that work by providing a necessary and sufficient
Fig. 1. Maneuvering a pentagon by stable pushing with line contact. Tre®ndition for polygons and interpreting it in terms of the part's
pentagon is small-time locally controllable using just the two pushing edggﬁape, center of friction, and the pushing friction coefficient.
shown. Our work builds on previous work on the mechanics of
pushing. Mason [17] identified pushing as an important ma-
nipulation primitive and implemented a numerical routine to
find the motion of an object with a known support distribution
being pushed at a single point of contact. Recognizing that the
support distribution is usually unknown and possibly varying,
Mason derived a simple rule for determining the rotation sense
of the pushed object that depends only on the location of the
fo o Ak 4 its ool | il The i A A center of friction of the object. Mason and Brost [18] and
al]gy- edge ofet%eaZOrll\t/sefcr)\ngI].ol?ihgoggri);r (l)Jf -fricti(e;nlrcl:l? tﬁléskee; ?sagtqﬁz |e3?e5hk'” and Sand_erson [19] followed this ,Work by finding
position, a friction coefficient of at least 0.18 is required between the pusHéQU”dS on the rotation rate of the pushed object. These results
and the key for small-time local controllability by stable pushing. If the centeyere used to derive the stable pushing primitive [11]. Goyal,
o e o eyar oy omfRUina, and Papadopouios [20], 21] developekiit surface
is a preferable design for maneuvering the key with low contact friction. characterization of the relationship between the motion of
the sliding object and the associated sliding friction forces
.when the object’s support distribution is completely specified.

position feedback of the key during execution. We can desigfle, ander and Maddocks [22] considered the other extreme,

the key to be small-time locally controllable by choosing it§en oniy the geometric extent of the support area is known,
shape and center of friction. This is a simple typedesign g gescribed techniques to bound the possible motions of the
for parts fgedmg. pushed object.

By considering geometry (the shape of the polygon) and, this paper we assume that only the center of friction of
the frictional mechanics of pushing, we can demonstrate thig object is known. More information is unavailable since the
fundamental “maneuverability” property for classes of parigstribution of support forces is generally indeterminate, and
by stable pushing. One aim of the science of robotic maniRsss information is often too weak for effective manipulation
ulation is to elucidate such characterizations of manipulati%nning_
primitives. Other related results in manipulation include the The controllability of a pushed object is closely related to
demonstration of the Contl’ollability of a ball rO”ing ona plathe Contro”abi”ty of a nonholonomic mobile robot, which
or another ball [12]; bounds on the number of fingers necessapares the same planar configuration SpRE¢2). Small-time
for a grasp [13]-[15]; the classification of orientable parts bcal controllability of a mobile robot results from its ability to
sensorless parallel-jaw grasping sequences [5]; and the prasferse directions; for a pushed object, it results from changing
that a one-joint robot operating above a fixed-speed conveyrshing edges. If an object is small-time locally controllable
is sufficient to position and orient polygonal parts by pushingy stable pushing, we can adapt path planning algorithms for
[6]. Our work on characterizing controllable polygons in termgobile robots to find pushing plans [23], [24].
of their geometry is similar in spirit to the work of van der
Stappernet al. [16] on characterizing the complexity of parts
orienting in terms of thegeometric eccentricity“thinness”) lll. DEFINITIONS
of the part. The straight-edge robot pusher is called thesherand the

We begin with a review of related work. In Section Il wepushed object is called th@ider. The slider is pushed across
provide definitions and derive the necessary and sufficieshorizontal support plane. We assume that the slider's motion
condition used throughout the paper. Section IV gives ag sufficiently slow that inertial forces are negligible compared
algorithm for finding the minimum pushing friction coefficientto sliding friction. This is thequasistaticassumption. The state
that yields small-time local controllability for a given part.of the slider is simply its configuratioq € SE(2).
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Fig. 3. Friction cone at a pushing contact. The half-angle of the frictio,

: it IBig. 4. Contact forces through an edge are the convex combination of the
cone Isa = tan .

friction cones at each end of the edge. These friction forces can be represented
as a convex cone in the slider’s 3-D force-moment space [25], [26]. Boundary

. . . . . forces (through an edge endpoint or at a friction boundary) are the outer “shell”
We study stable pushing with line contact. The slider is dd interior forces are all forces inside the shell. Forces insthe 0 plane

convex polygon and the pusher is a flat edge aligned with aig pure forces.
edge of the polygon. Because the pusher is a line, nonconvex
polygons are equivalent to their convex hulls. The pusher can
push on any edge of the slider's convex hull.
Friction between the pusher and the slider and between

cone of
pure forces

the slider and the support surface is assumed to conform to friction h\//
Coulomb’s law. At a contact, thiziction angle « is the half- cone /é’i’)\ cone of lines
angle of the cone of forces which can be applied through the /// i through the edge
contact. Thefriction coefficienty is definedy = tan «. In 7 }
this paperx andy refer to friction at the contact between the " edge |
pusher and the slider (Fig. 3).
The slider'scenter of frictionx. is given by Fig. 5. The cone of pure forces that can be applied through an edge is the

intersection of the friction cone drawn at the center of friction and the cone

formed by lines through the center of friction and the two endpoints of the
/ X(is (x)p(x) dA edge. The boundary pure forces are the boundaries of the cone.
Xe = R (1)
[ oot
R
1

whereR is the support region of the slider,(x) is the support ccw cw
friction coefﬂme_nt at_the po_lnlx € R, p(x) is the support ‘ x
pressure, andA is a differential element of area &. Because > &> C
1s(x) andp(x) are nonnegative, the center of friction cannot

lie outside the convex hull aR. We assume that,(x)p(x)
is finite at allx € R, and therefore the center of friction lies
in the interior of the convex hull of the slider. If the supportFig. 6. The same set of velocities represented as clockwise and counterclock-
friction coefficient y, (x) is uniform overR, then they, (x) wise rotation centers and as a cone in the velocity space. Note that the CCW
. . d CW rotation center regions actually meet at infinity (which corresponds

terms can be factored out of the integrals and canceled in @Stranslations), forming a single connected region, just as with the velocity
The resulting equation shows that the planar location of thene. Boundary velocities correspond to the edges of the rotation center region
center of friction is equivalent to that of the center of massand the boundary of the velocity cone.

In this paper we assume that only the center of friction of
the slider is known; no other information abqui(x) or p(x) and pure, andoundary pure forcesforces which are both
is available. on the boundary and pure. For any contact edge, the set of

The frictional contact forces which can be applied througbure forces that can be applied is either empty, a single force
an edge form a polyhedral convex cone in the 3-D forcelrection (necessarily a boundary force), or a range of force
moment (vrench or generalized forcespace measured in adirections (including a range of interior pure forces). The pure
body-fixed frame}, affixed to the slider's center of friction forces that can be applied through an edge are simply those
(Fig. 4). This wrench cone is the convex hull of the forceforces that lie on or inside the friction cone and pass through
and moments from the friction cones at each end of the edpeth the edge and the center of friction (see Fig. 5).
A force is in theinterior of the wrench cone if it passes The velocity of the slider can be represented either as a
through the interior of the edge at an angle less than thatation center or as a point in the 3@, v,, w) (twist or
friction angle «. A force is on theboundaryof the wrench generalized velocilyspace, also measured in the body-fixed
cone if it acts at the friction angle: or passes through anframe X,. The rotation center is the point in the plane about
endpoint of the edge. Aure forceis a contact force through which every point of the slider is instantaneously rotating.
the center of friction of the slider, yielding zero moment. WéThis point is at infinity if the slider is moving without
refer to interior pure forces forces which are both interior rotation.) The rotation center for a velocit., v,, w) is
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Fig. 7. (a) Coefficient of friction (0.5 here) defines the left and right edges of the friction cone. For each edge of the friction cone, draw twodimdisydarp

to the friction cone edge such that the entire slider is contained between the two lines. The area between these two lines defines a band asdueiated with t
friction cone edge. Any contact force along a friction cone edge, regardless of the point of application, will result in a rotation center in theaedge’
Counterclockwise (clockwise) rotation centers which lie to the left (right) of the slider and between the two bands correspond to forces ingidiarthe an
limits of the friction cone. (b) For each endpoint of the line contact, draw two lines perpendicular to the line through the endpoint and the detiter. of fr

One of these lines is the perpendicular bisector between the contact point and the center of friction. The other is adigtdrara the center of friction

and on the opposite side from the endpoint, wheris the distance from the endpoint to the center of friction anid the distance from the center of

friction to the most distant support point of the slider. (This “tip line” should actually be slightly more distant from the center of friction;sséeén(Bed
Sanderson [19]) for details.) The rotation center from pushing on this endpoint must lie in the band between these two lines. All rotation ceeterth®detw

two bands correspond to forces that pass between the two endpoints. (c) The intersection of the closed regions found in (a) and (b) yield a set of rotatio
centers corresponding to forces that are guaranteed to lie on or inside the convex cone of forces from the line pushing contact. These rotatiap centers
also be expressed as a polyhedral convex cone of velocities in the slider's velocity (spacsg,, w).

at (—v,/w, v,/w) in Z,. Rotation centers are convenienof friction regardlessof the slider’s exact support distribution.
for graphical purposes, but the 3-D velocity space is mokie will use the following key properties ofT8BLE:

angular component. A set of velocities can be represented as then gasLE finds a set of stable pushing directions

a region of rotation centers or as a cone in the, v, w) with nonempty interior, including a range of translation
space. As with forces, we can define interior and boundary  jirections aligned with the pure force directions. The

velocme_s _Of a set Of velocities (F_|g. 6). . stable pushing directions in the slider’s velocity space
A sufficient cond_ltlon for small-time chal con_trolla_blllty_ of form a polyhedral convex cone which lies partially

a system at a statgis th_at the set of feasible motion directions above and partially below the = 0 plane.

(tangent vectors) positively spans the system’s tangent spacE) If a single pure force can be appliedABLE finds a

atq [27]. (Recall that a set of vectodg positively spanst” if . . N . .

and only if the convex hull o’ contains the origin o™ in single translatlon_dwectpn aligned with the_force. No

its interior.) For the slider, the tangent space is the 3-D space _otfher st?ble pbusTTr? mtln_gon, can be f:)L(;ncti yl\)m?out more

(ve, vy, w) Of slider velocities, and the tangent vectors are information about the sliders support distribution.

the stable pushing directions. If the stable pushing directions ) If no pure fqrce can be applleq throug.h the edge,

positively span the 3-D velocity space, the slider is small-time Fhe'n SAB',‘E fmds. no ;table pushing motlpns, a”,d it

locally controllable by stable pushes. is. impossible t_o |dent|fy any stable pu_shlng motions
In [10] we described the procedureABLE that determines without more information about the slider's support

a set of stable pushing motions for a given line contact, distribution.

friction coefficient, center of friction, and slider geometry. This Using these properties ofr&sLE, we can state the basis of

procedure builds on results for point contact pushing derivéiae results derived in this paper.

by Mason and Brost [18] and Peshkin and Sanderson [19].Proposition 1: The convex polygonal slider is small-time

STABLE is described and illustrated in Fig. 7. The pushes fourtdcally controllable by stable pushes found byaSLE if

by SraBLE are guaranteed to be stable for the known centand only if the pushing friction coefficient is nonzero and
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boundary pure forces from the edge contacts positively span
the plane.

Proof: Every slider has at least one edge from which a set
of pure forces with nonempty interior can be applied, provided 1
the friction coefficient. is greater than zero. To find such an
edge, draw the maximal inscribed circle centered at the center
of friction. This circle contacts an interior point of at least one
edge E. The normal toF at the contact point represents a
pure force, and because this point is interiorHoand p >
0, this normal corresponds to an interior pure force. Therefore
a range of pure force$%,""“ with nonempty interior can be |
applied through¥. StTABLE finds a cone of velocity directions
Vg (with nonempty interior in the 3-D velocity space) with a
set of translationd’*"* aligned with F%,*".

For every pure force applied from every other edgesse Fig. 8. Slider of Fig. 2 withpy = 0.1 and the two different locations of the

finds a translational velocity aligned with the force. The uniogenter of friction. Each edge is labeled, and the pure forces which can be

of the boundary translations from these other edges is dencteglied through each edge are shown. Top: Pure forces can only be applied

trans trans trans " through edges 1, 2, and 7, and they do not positively span the plane. The
Vothe?" If Vother and VE pOSItlver span the pIane, thenslider is not small-time locally controllable by stable pushing. The shaded

Vivans and Vg positively span the space of slider velocitiegortion of the(x, y) ball around the center of friction shows the positions
and the slider is small-time locally controllable. This is becau%é;tg;f}tgfug ]fgircégosncginbreegch“z)é tsrt]?gllje hplézhigg fvitzhtéutelegxidng tgﬁdt)t?llgse
Vg contains Vel_OCIty dlre_ctlons with > 0 andw < (_)’ an_d an_y forces bositively span the plaﬁg. The slidgr is s?nall-t}mé Ié)célly con‘trollable,
two such velocity directions, plus a set of velocity directionsnd the center of friction can reach any position inside the open ball without
positively spanning thes = 0 plane, positively span the 3-Dleaving the ball. In fact, this slider is small-time locally controllable using
. only edges 2 and 6 or 3 and 7.

velocity space.

This proves that the conditions of the proposition are
sufficient. To see they are necessary, assume the bound#iyg. 5) passes through stages 2 and 3 or stages 1-3 of the
pure forces positively span a half-plane. Theta&E finds following three-stage sequence:
a set of velocity directions confined to an open half-spiice 1) No pure forces can be applied from the edge.
along with two opposing translations on the plane boun@ig  2) The cone of pure forces increases monotonically with
These velocities do not yield small-time local controllability the friction coefficient.
[10]. 3) The cone of pure forces remains unchanged as the

Finally note that if,. = 0, StABLE finds only translational friction coefficient is increased. The edge geometry
motions, and the slider cannot be rotated by pushes found by  determines the maximum cone of pure forces.

STABLE. (Such a slider can certainly be rotated by pushingy,is onservation allows us to derive the following algorithm to

b_Ut _its motion (_Jlepends on the exact form of the Suppqgentify the minimum friction coefficient which yields small-
distribution and is unpredictable.) time local controllability

Proposition 1 gives a simple way to determine if a given
convex polygonal slider is small-time locally controllable by o o .
pushes found by BBLE for a given friction coefficieny, > 0: A. Minimum Friction Algorithm

simply construct the boundary pure forces for each edge and) Find the set of all critical friction angles at which
check if they positively span the plane. Fig. 8 shows the pure  the slider might become small-time locally controllable.
forces for the key in Fig. 2 witlx = 0.1 and the two different These critical friction angles are illustrated in Fig. 9. A
locations of the center of friction. Proposition 1 shows that  Type 1 critical friction angle is the minimum friction
one of the keys is small-time Iocally controllable while the ang|e at which a pure force can be app“ed through an
other is not. edge. A Type 2 critical friction angle is the minimum
friction angle at which opposing pure forces can be
applied through a pair of edges. (Opposing pure forces
cannot be applied through some pairs of edges regardless
of the friction angle. This occurs if there is no line
Given a particular slider we would like to find the minimum through the center of friction that intersects both edges.)
friction coefficient;, that makes it small-time locally control- The set of all critical friction angles consists of the Type
lable by pushes found byT8BLE. Such a friction coefficient 1 angles for each edge and the Type 2 angles for each
always exists. As we increase the friction coefficient from zero,  pair of edges. The set of pure forces can only transition
the cone of pure forces that can be applied from each edge to positively spanning the plane at one of these critical
increases (or remains unchanged) until we hit a critical friction  friction angles.
coefficient at which the pure forces positively span the plane.2) Sort the corresponding friction coefficients= tan « in
Specifically, as the friction coefficient is increased from zero,  increasing order. Each friction coefficient should retain
the cone of pure forces which can be applied from an edge its type information. Remove duplicates. If there are

IV. MINIMUM FRICTION ALGORITHM
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Type 1 Type 2
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E,il Ve r“:>/'/
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Fig. 9. Critical friction angles. Type 1: For each edge, the critical friction
anglea is the minimum friction angle such that a force through the center of /

friction can be applied through the edge. Type 2: For each pair of edges, the ‘ /\/ N

critical friction anglea is the minimum friction angle needed for opposing

pure forces to be applied through the edges. Opposing pure forces cannot

be applied through some pairs of edges regardless of the friction angle. Thig. 10. Minimum friction algorithm applied to an isosceles triangle. Top:

occurs if there is no line through the center of friction that intersects boffer any center of friction in the shaded region, each edge can apply a
edges. pure force aty = 0. These pure forces positively span the plane, and the

slider is small-time locally controllable for any > 0. Middle: For any

center of friction in the shaded regions, the slider becomes small-time locally
Type 1 and 2 friction coefficients with the same frictioﬁzontrollable at the minimum friction coefficient such that all edges can apply

a pure force. For the center of friction shown, edge 2 can apply a pure force

value, discard the Type 2 friction coefficient. atp > tan 10° & 0.176. This is a Type 1 critical friction coefficient, and
3) Evaluate the increasing friction coefficients until one igince the pure forces positively span the plang: at tan 10°, the slider

found which yields small-time local controllability is small-time locally controllable for any: > tan 10°. Bottom: For any
’ center of friction in the shaded regions, the slider becomes small-time locally

Step 2 vyields a sorted list of friction coefficientscontrollable at the critical friction coefficient such that edges 1 and 2 or edges

.. ., Where = 0. To evaluatey; in step 3, 1 and 3 can apply opposing pure forces. This occurs when tan 15° &
(p1, oo, > i) M G P 0.268, as shown in the figure. Note that this is a Type 2 critical friction

we actually evaluate,; + 6, whereé > Oandu; +6 < pit1-  coefficient; the pure forces do not positively span a plang at tan 15°.
If the boundary pure forces positively span the plane fahe slider is small-time locally controllable for > tan 15°.

i + 6, then the slider is small-time locally controllable for

any friction coefficienfs > y;, since the transition could only TABLE |

have occurred at,;. If the critical friction coefficienty,; > 0 WORsTCASE FRICTION COEFFICIENT f,y FOR SMALL-TIME LOCAL

is of Type 1 and the boundary pure forces also positively SparFONTROLLABILITY FOR REGULAR k-GoNs WHERE k Is ObD (THEOREM 1)
the plane foru;, the slider is small-time locally controllable Edges (k) | I'riction (je..)

for any i > p;. This is because a Type 1 friction coefficient 4
i; introduces a pure force from a new edge which may cause —
the pure forces to positively span the plane at exactly y;,. —
A Type 2 friction coefficientu; merely implies that boundary i _

o
| oo
Ry

~1
o
2
(')

pure forces positively spanlme at z;, which may expand to i e
a plane fory > p;. Examples are shown in Fig. 10. 13 0.121

Using Proposition 1 we can characterize classes of small- odd, k& > 5).
time locally controllable polygons based on their geometry, Theorem 2 (Number of Edgespny convexk-gon slider
center of friction location, and contact friction. The proofs arg small-time locally controllable by stable pushing with line
given in Section VI. contact, regardless of the location of the center of friction, if
Theorem 1 (Special CasesYhe convex polygonal slider ;; > tan (7/2 — « /k).
is small-time locally controllable by stable pushing with line Theorem 2 implies that there exists a finite friction coeffi-
contact, regardless of the location of the center of friction, igient that yields small-time local controllability for any convex
1) 1 > 0 and the slider is a rectangle, a reguldrgbn polygon. Some worst-case friction coefficients for regutar
(k > 3), or a triangle with all interior angles less thargons (Theorem 1) and arbitrakygons (Theorem 2) are given
or equal tow/2, or in Tables | and 1.
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TABLE 1
WORSTCASE FRICTION COEFFICIENTS ft,; FOR SMALL-TIME
LocAL CONTROLLABILITY FOR ARBITRARY k-GONS (THEOREM 2)

Fdges (&) | Friction (y1..)

3 0.577
E! 1.0

N
=
>

L0 =

0.75

0.5

Hw
0.25

Fig. 11. Plot of the worst-case friction coefficients, for small-time local
controllability as a function of the ratie of the radius of the minimal

circumscribed circle to the radius of the maximal inscribed circle (Theorem

Fig. 12.  Any polygon with its center of friction at the point indicated and
a boundary outside the inner circle and inside the outer cincle=(2) is
small-time locally controllable by stable pushes for a friction coefficieit
0.395. An example polygon is shown (see Theorem 3).

vertex 4

vertex 3

interior

angle edge 2

vertex 1 vertex 2

edge I

Fig. 13. Polygon definitions.

3). The region above the curve corresponds to polygons which are guaranteed

to be small-time locally controllable by stable pushing.

projection of each edge contains the entire interior of
the slider. Therefore each edge can apply a pure force

The worst-case friction coefficients in Theorem 2 and part  through the center of friction, and these pure forces
2 of Theorem 1 require placing the slider’s center of friction positively span the plane. If the friction coefficiemtis
near a corner of the convex polygon, far from the geometric  nonzero, then the slider is small-time locally controllable
center of the slider. Thus another useful characterization of by Proposition 1.

polygons is based on the location of the center of friction.
Theorem 3 (Center of Friction Location)Draw the

For a regular 2-gon, k > 3, there are always two
opposing edges with opposing interior normals that pass

largest inscribed circle and smallest circumscribed circle  through the center of friction regardless of its location.
centered at the center of friction. The radius of the inscribed If ;4 > 0, then pure forces from these two edges
circle is a and the radius of the circumscribed circle is positively span the plane, and the slider is small-time

ra (r > 1). Then the ratior and the worst-case friction
angle «, required for small-time local controllability

are related byr = f(a,) = sec(oy,)el™/?) tanaw |f
p > tan a, = tan f~I(r) for the ratior defined by the

locally controllable from these two edges. To find two
such edges, draw the largest inscribed circle centered
at the center of friction. Any edge that contacts the
circle, along with its opposing edge, are sufficient for

slider, the slider is small-time locally controllable by stable small-time local controllability.

pushing with line contact.

2) A regular k-gon slider & is odd, & > 5) is small-

Fig. 11 shows the curve of worst-case friction coefficients  time locally controllable for any: > 0 and center of
as a function of the rati@, which can be thought of as the friction placement other than in one @& triangular
eccentricity of the part. Fig. 12 illustrates Theorem 3 for the regions near the vertices of tliegon. Without loss of

caser = 2.

VI. PROOFS

Edges of a-gon slider are numbered- - - k£ in a counter-
clockwise fashion. Vertices are also numbeified - k£ coun-

terclockwise such that edge 1 is bounded by vertices 1 and 2
and edget is bounded by vertices and 1. The interior angle

between two adjacent edges is defined as in Fig. 13.

A. Theorem 1

generality, consider the triangular regiofsillustrated

in Fig. 14. For a center of friction iz, only normals

to edge 1 and edgé: + 1)/2 pass through the center
of friction. Since these edges are not opposite, they are
not sufficient for small-time local controllability for all

u > 0. Increasing the friction coefficient, the slider is
guaranteed to be small-time locally controllable when
the possible forces from eddg + 3)/2 cover the entire
region R, i.e., a pure force can be applied through edge
(k + 3)/2 for any center of friction location 2. To
find the required friction angle, draw the line segmeént

1) If the slider is a rectangle or a triangle with all interior connecting vertex 1 and vertéx + 5)/2 (Fig. 15). The

angles less than or equal 1d2, then the perpendicular

friction angle is the angle af' relative to the normals of
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edge 4 edge 6 edge 5
.
/
v
d
oA ) 0
R \ edge 1 R \ edge | k=3 (0,0
k=17 k=9
Fig. 14. RegionRk and its construction. Fig. 16. Asd — oc ande — 0, these polygons require the worst-case fric-

tion coefficient for small-time local controllability fot-gons (Section VI-B).

If we try to design ak-gon which is not small-time locally
controllable with a friction angle greater than or equal to
P w/2—m /k, we find that the polygon cannot be closed with only
k edges while keeping pure forces confined to a half-plane.
This fact is easily demonstrated by the following construction:
choose the center of friction as the origin, and assume that
pure forces can be applied from edges in the angle range
R \ edge | [w/2, 3w /2] relative to the origin (a half-plane of pure forces).

_ . -, _ _Let « = n/2 — n/k, and define theedge at angle3 to be
Fig. 15. Determining the worst-case friction arjgle required for small-tlthe edge of the polygon intersected by a ray from the origin
local controllability for a regulak-gon ¢ is odd,k > 5).
at angles. Then the requirement that no pure force can be
applied from edges in the angle ranger /2, 7 /2) (the right

the two edgesy/2k. At this friction angle, pure forces half-plane) constrains the inward pointing contact normaf
from edges 1(k + 1)/2, and(k + 3)/2 positively span the edges at anglg € (—7/2, =/2) to be outside the range
the plane for any center of friction location i Atany [T+ /3 —a, 7+ 3+ a]. A simple geometric argument shows

smaller friction angle, it is possible to choose a center §fat the slider cannot be closed Byedges while satisfying
friction in R such that the pure forces do not positivel}h's constraint. The sliders described above are designed so

span the plane. as friction increases from zero, pure forces remain confined

to a half-plane until friction has been increased so high that,

B. Theorem 2 simultaneously, pure forces can be applied from all edges.
Assume the center of frict_ion c_>f th_e inder_ is @te, ;) C. Theorem 3

(e > 0) and edge 1 of the slider is aligned with theaxis, ) ) o )

stretching from(—oc, 0) to (0, 0). Edge 2 is at an interior To investigate the limiting behavior, we drop the polygonal

angle ofr — 27 /k with respect to edge 1 and has length constraint. and allow the slider to be any clpsed convex
Edgen, n = 3 --- k, is at an angler — 7 /k with respect to curve. This curve can be approximated arbitrarily closely by
edgen — 1 with lengthd"—! (except edgé, which has infinite & Polygon. o o _ _
length; see Fig. 16). Edge 1 and edgare parallel and meet The problem is: given a friction angte, find the slider that:
at infinity with zero interior angle. To be an actual polygon, 1) is marginally small-time locally controllable;
of course, these edges cannot be exactly parallel, but here wé) minimizes the ratio- of the radiusra of the circum-
consider the limiting case. scribed circle to the radius of the inscribed circle.

For such a polygon, the angle of the inward-pointing contathis is equivalent to maximizing the friction coefficient neces-
normal of edger (n > 3) isn = nw/k+n/2. Asd — oo, e — sary for small-time local controllability for a slider with ratio
0, the angle- from vertexn (n > 3) to the center of friction r. Without loss of generality, assume= 1.
approaches$n + k — 1)x/k. The required friction angle for a The solutions for several different values ofare shown
force to be applied through the center of friction from edg@ Fig. 17. Each slider consists of a circular arc, two spiral
n is given by» — n and therefore approacheg2 — »/k as curves, and two line segments connecting the circular arc to
d — oo, e — 0. At any friction anglea < w/2 — n/k, itis the spiral curves. The circular arc is centered at the origin (the
possible to choosé large enough and small enough that a center of friction), has unit radius, and sweeps the angle from
pure force cannot be applied through edg©nly edges 1 and —n/2 + « to /2 — «. The two line segments are tangent to
2 can apply pure forces. The positive span of these forceshig ends of the arc and connect{€g sec «) and(0, — sec «).
confined to an open half-plane for any friction angle less thdrhe arc and line segments provide pure forces which positively
n /2—mx /k, and the slider is not small-time locally controllablespan a half-plane. From there, the curve spirals away from the
For any friction anglex > /2 — = /k, all edges can apply center of friction such that the tangent of the curve at every
pure forces, and the slider is small-time locally controllablepoint is at an angler/2 + « to the line connecting the curve
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calculater

r = sec (q)e™/? tana

This curve gives the smallest possible valuerofvhile
keeping pure forces on the boundary. Furthermore, the arc
and line segments minimize the value gf while confining
pure forces to a half-plane. Therefore, this slider minimizes
for a givenq; equivalently, this slider maximizes the required
friction anglea and coefficient, for a givenr.

This slider is only marginally small-time locally controllable
for the friction anglex. For any friction angle less tham we
can find a polygonal approximation to the slider that is not
small-time locally controllable. In particular, we can choose a
piecewise linear approximation to the spiral such that no pure
forces can be applied through it.

VIl. CONCLUSION

By considering the part's geometry, center of friction,
and pushing friction coefficient, this paper has characterized
parts that can be maneuvered along arbitrary paths by open-

Fig. 17. Examples of sliders that maximize the required friction coefficiefdop stable pushing. These results help further establish the

for small-time local controllability for- = 2, 3, 4, 5. The pieces of the slider

are shown forr = 2.

Fig. 18. Constructing the spiral segment.

theoretical scope of pushing as a manipulation primitive.
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