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Abstract— We describe distributed estimation algorithms
that allow robots in a communication network to maintain
estimates of summary statistics describing the shape of the
swarm. We show that these estimators, combined with motion
controllers implemented on each robot, result in the swarm
formation statistics being driven to desired values in the
presence of a changing network topology and the addition
and deletion of robots.

I. INTRODUCTION

We are interested in the following general problem: given
a set of agents (e.g., mobile robots), design a control law
to run on each agent, based on sensor and communication
input, to achieve a desired collective “emergent” global
behavior of the system. In other words, the global dynamical
system defined by the interaction of the many individual
agents’ control laws should have the desired behavior as an
attractor, preferably a global attractor. The performanceof
the system is judged by the global behavior of the system—
it must be evaluated over all the agents. Example tasks
include sensor coverage [3], [14], formation control [1],
[5], [7], [9]–[13], [15], [17], multi-agent pursuer-evader,
and other types of self-organization, including static and
dynamic self-assembly.

The key constraints are that each agent may have signif-
icant dynamics and limited sensing, computation, motion,
and communication capabilities. The behavior of the group
should improve/degrade gracefully as agents are added or
deleted; in other words, the approach should be scalable,
robust, and require no central controller. Furthermore, un-
like the work in [1], we do not assume that the agents have
access to global swarm information.

While intelligent collective behavior can emerge even
when each agent is ignorant of the global behavior of the
system, the framework we are pursuing involves equipping
each agent with (1) an estimator that allows it to estimate the
relevant global performance measures for the swarm, and
(2) a local controller that drives the performance measures
to their desired values. The challenge is to design the
individual estimators and controllers so that the induced
global “emergent” behavior is the desired behavior.

In this paper we apply this approach to the problem of
controlling the formation of a swarm of robots. Our primary
interest is in large swarms where it is not necessary to
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Fig. 1. (Left) The initial configuration of a swarm, a uniform-mass ellipse
with the same first and second inertial moments as the swarm, and the
goal formation of the swarm represented as another uniform-mass ellipse.
(Right) The swarm converges to the desired formation statistics.

specify the exact position of each robot. Instead, the swarm
formation can be described by a set of summary statistics
that form a basis for the space of all formations. These
statistics should have the property that low-order statistics
capture much of the essential shape of the swarm, but
progressively higher-order statistics can be specified until
only a single formation is consistent with the statistics.
Low-order statistics then provide a convenient abstraction
of the total swarm formation, allowing, for example, high-
level human control of a large number of robots. The
desired summary statistics can be optimized according to
the changing tasks of the swarm.

Formation inertial moments are an example of a class
of summary statistics which fit our framework. Our sim-
ulations will focus on the first- and second-order inertial
moments, the lowest-order moments providing information
on the position, orientation, and “shape” of the swarm. We
will describe controllers for the individual robots that drive
these formation moments to desired values (Figure 1). Each
robot can sense its own position and velocity, control its
acceleration, and exchange information with nearby robots.
As a result, the robots form a communication graph with
changing topology as the robots move. Each robot imple-
ments an estimator that maintains an estimate of the current
swarm formation statistics, based on its own sensed data
and information received from neighbors, and a nonlinear
motion control algorithm. The main results of this paper,
Theorems 1 and 2, provide guarantees on the convergence
of the swarm to the desired formation statistics for two
different combinations of estimators and controllers.

II. INERTIAL MOMENT STATISTICS

Suppose we haven point robots (i.e., small relative to the
size of the formation) in anm-dimensional space. Assuming
that the “mass” of each robot in the swarm is identical, the
position of roboti is pi = [pix piy piz]

T for m = 3, and



normalizing by setting the total mass of the swarm to be
unit, the inertial momentsMabc are

Mabc =
1

n

n∑

i=1

pa
ixpb

iypc
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wherea, b, c > 0 and wherea + b + c is called theorder
of the moment statistic. Given a particular robot formation,
a sufficient number of moment statistics is guaranteed to
distinguish it from any other formation. In other words,
moments can provide an exact formation description. We
are interested, however, in the case where a small num-
ber of low-order moments is used to specify a family
of formations. If ℓ moment constraints are specified on
n robots in anm-dimensional space, in general there is
an (mn − ℓ)-dimensional space of swarm configurations
that satisfy the constraints. The structure and topology of
such formation spaces can be studied using tools from real
algebraic geometry [2].

In this paper we focus on formations defined by first- and
second-order moments. Them first-order moments specify
the center of mass of the swarm. From them(m + 1)/2
second-order moments we can derivem(m−1)/2 variables
describing the orientation of orthogonal principal axes of
inertia of the swarm andm shape variables summarizing
the elongation of the swarm along the principal axes. Our
abstraction of the swarm formation, then, is given by the
m(m + 1)/2 group variables describing the position and
orientation of the principal axis frame inSE(m) and the
m shape variables describing the elongation of the swarm
along these axes [1].

III. PROBLEM STATEMENT

Suppose the swarm consists ofn agents with positions
p1, . . . , pn ∈ R

m, which we write also as the combined
vectorp = [pT

1
· · · pT

n]T ∈ R
mn. Given aC2 vector moment

generating functionφ : R
m → R

ℓ, we define the swarm
moment vectorf(p) ∈ R

ℓ as

f(p) =
1

n

n∑

i=1

φ(pi) . (2)

Each agent has knowledge of a desired moment vector
for the swarm, represented as the vectorf⋆ ∈ Im(f).
The primary goal of each agent is to move itself to an
equilibrium position so that the final swarm configurationp
satisfiesf(p) = f⋆. Each agent measures its own position
and velocity and controls its own acceleration. Furthermore,
each agent can communicate with its neighbors, namely,
agentsi andj can communicate with each other whenever
pi ↔ pj, where↔ is a fixed symmetric relation onRm. For
example, we may havepi ↔ pj if and only if |pi−pj| 6 r,
where r represents a communication radius. Thus each
configurationp ∈ R

mn defines the graph of an underlying
communication network, and we letC ⊂ R

mn denote
the set of all such configurations for which this graph is
connected. As the agents move with time, the topology of
this network can change, but we will perform our stability

analysis below under the assumption thatp(t) ∈ C, namely,
that the network remains connected in forward time. For
this reason we will assumef⋆ ∈ f(C).

Our algorithms will guarantee that the system always
converges to an equilibrium, but there will usually be “bad”
equilibria for whichf(p) 6= f⋆. However, we will show that
all bad equilibria are unstable (in the sense of Lyapunov).
Our approach is based on following the gradients∇Ξ of a
potential functionΞ : R

mn → R of the form

Ξ(p) =
[
f(p) − f⋆

]
T

Γ
[
f(p) − f⋆

]
(3)

whereΓ ∈ R
ℓ×ℓ is a suitably chosen global gain matrix.

Specifically, givenf⋆ ∈ Im(f) and D ⊂ R
mn, we let

G(f⋆, D) denote the cone of all symmetric positive-definite
matricesΓ such thatΞ(p) has no local minima inD other
than the global minima wheref(p) = f⋆. We assume that
G(f⋆) = G(f⋆, Rmn) is nonempty. In fact, one can show
that for anym and anyn > m + 1, the functionφ which
generates all inertial moments (1) of orders one and two
is such that we can calculate members ofG(f⋆) for every
f⋆ ∈ Im(f). For example, this is the case whenm = 2,
ℓ = 5, n > 3, and

φ(a, b) =
[

a b a2 ab b2
]

T

. (4)

For higher-order inertial moments, we have been able to
show only thatG(f⋆, D) 6= ∅ for every f⋆ ∈ Im(f)
and everybounded set D ⊂ R

mn, in which case we can
proceed with a semiglobal rather than a global analysis.
To ensure bounded signals in our closed-loop systems, we
further assume thatφ and thus alsof and Ξ are proper
(i.e., radially unbounded) functions. Finally, we let the set
C = {p ∈ R

mn : ∇Ξ(p) = 0} denote the set of critical
points ofΞ and assume the following:
(P) Eachp̄ ∈ C has neighborhoodN such that ifp ∈ N∩C

thenΞ(p) = Ξ(p̄).
There are large classes of functionsφ for which (P) holds;
for example,(P) is always satisfied wheneverφ is a locally
semialgebraic (e.g., polynomial) function [2]. However,
there do existC∞ choices forφ such that(P) fails.

IV. NONLINEAR GRADIENT CONTROL
WITH HIGH-PASS ESTIMATORS

In this section we consider the following local control
and estimation algorithm for agenti:

p̈i = −Biṗi −
[
Dφ(pi)

]
T

Λi

[
Dφ(pi)

]
ṗi

+
[
Dφ(pi)

]
T

Γ
[
f⋆ − xi

]
(5)

ẇi = −γwi −
∑

j 6=i

a(pi, pj)
[
xi − xj

]
(6)

xi = wi + φ(pi) . (7)

Here (5) represents the control law and (6)–(7) represent a
consensus estimator, wherexi(t) ∈ R

ℓ is the agent’s current
estimate off(p) and wi(t) ∈ R

ℓ is the internal estimator
state. In the control law (5),Dφ(·) denotes theℓ×m Jaco-
bian matrix ofφ, the matricesBi ∈ R

m×m andΛi ∈ R
ℓ×ℓ



are constant local damping matrices, andΓ ∈ G(f⋆). In the
estimator dynamics (6),γ > 0 is an estimator “forgetting
factor” anda : R

m×R
m → R is aC1 symmetric function1

such thatsupp(a) ⊂ Graph(↔). Thus to implement this
control algorithm, each agenti must continually transmit
its current values ofpi and xi to its neighbors. We call
the estimator (6)–(7) a high-pass estimator because if the
estimator gainsa(pi, pj) were constant, then the resulting
LTI system taking the inputsφ(pi) to the outputsxi would
be a high-pass filter. This estimator is based on the one
introduced in [16].

Let 1 ∈ R
n denote the vector ofn ones, and letOrth(1)

denote the collection ofn × (n − 1) matricesS such that
STS = I and ST

1 = 0 (namely, the columns ofS form
an orthonormal basis forspan{1}⊥). Then by orthogonal
decomposition we have

I = SST +
11

T

n
(8)

and thusASSTAT 6 AAT for anyn-column real matrixA
(in particular we have|AS|F 6 |A|F where |·|F denotes
the Frobenius norm). We define theLaplacian L(p) ∈ R

n×n

to be the symmetric matrix whose off-diagonal elements in
row i, columnj are equal to−a(pi, pj) and whose diagonal
elements are the negatives of the sums of the off-diagonal
elements in the same row (so thatL(p)1 ≡ 0). Moreover,
fixing S ∈ Orth(1), we define thereduced Laplacian L⋆(p)
to be the symmetric matrix

L⋆(p) = STL(p)S, (9)

and we note from (8) thatSL⋆(p) = L(p)S. Furthermore,
for p ∈ C and for positive estimator weightsa(·, ·) on
the connected arcs, the smallest eigenvalue of the reduced
LaplacianL⋆(p) (called thealgebraic connectivity of the
underlying graph) will be strictly positive [4], [6]. Our
primary assumption on the communication network is that
this eigenvalue is bounded away from zero, namely, that

L⋆(p) > εI (10)

along trajectories in forward time for some constantε > 0.
In particular, (10) implies thatp(t) ∈ C for all t > t0. Note
thatε can be made large for a connected network by scaling
up the estimator gain functiona(·, ·). Also, for a connected
network with equal unit weights, the value ofε is bounded
from below by2−2 cos(π/n) [4]; hence if the agents know
an upper bound onn then they can calculate a lower bound
on ε. Next, we assume that the small-gain condition

Γ2 + I < ε
(
Λi + ΛT

i

)
(11)

holds for eachi. Finally, we assume thatγ = 0 and that
each statewi has the initial valuewi(t0) = 0; the more
general cases will be discussed below.

Theorem 1: Let φ and f⋆ be such thatφ is C2 and
proper,f⋆ ∈ f(C), G(f⋆) 6= ∅, and property(P) holds.

1If X andY are nonempty sets, we say that a functionψ : X ×X → Y

is symmetric whenψ(a, b) = ψ(b, a) for all a, b ∈ X .

ChooseΓ ∈ G(f⋆), fix Bi + BT

i > 0 and wi(t0) = 0
for each i, and choosea(·, ·) to be C1 and symmetric.
Let (10) and (11) hold for someε > 0, and fix γ = 0.
Then each trajectory of the system (5)–(7) is bounded in
forward time and converges to an equilibrium; moreover,
every bad equilibrium is unstable.

As will become evident in the proof of this theorem in
Section VII, the dynamics of the estimator (6)–(7) include
a subsystem of the forṁχ = −γχ which is uncontrollable
from the inputsφ(pi) but observable through the estimation
errorsei = f(p)− xi. If γ = 0 and if the stateswi(t0) are
not initialized to zero, then the constantsχ will generate
persistent nonzero constant offsets in the error variablesei.
These steady-state estimation errors will cause the swarm to
converge to a formation with the wrong statistics. To avoid
such errors, one would have to somehow globally simul-
taneously reinitialize these states to zero whenever agents
leave the swarm (e.g., due to failure) or new agents join the
swarm. Furthermore, ifγ = 0 then any additive noise in the
communication channels will pass through pure integrators
χ̇ =noise, resulting in random drift in the estimation errors.
To alleviate these problems one could chooseγ > 0; in this
case any incorrect initialization of the stateswi(t0) will be
asymptotically forgotten, and communication noise will not
cause random drift. However, the estimator (6)–(7) exhibits
steady-state error under constant inputs, an error whose size
is proportional toγ/(γ +ε) (and hence nonzero forγ > 0).
Nevertheless, as we will illustrate in Section VI, a small
error due to a small positiveγ may be preferable to errors
caused by incorrect initializations. In the next section we
introduce a more complex estimator which achieves the
same advantages of choosingγ > 0 in (6) but does so
without introducing any steady-state error.

The conclusion of Theorem 1 (and likewise of Theorem 2
below) remains valid if the damping matricesBi are C1

functions of the statesp, ṗ, x1, . . . , xn, and w1, . . . , wn,
providedBi(·)+BT

i (·) > 0 holds globally for eachi (how-
ever, keep in mind thatBi cannot depend on information
not available from the neighbors of agenti). Hence we can
view these damping matricesBi as additional sources of
control, and we might design them to help maintain network
connectivity or to help avoid collisions between agents. This
extension is a topic of future research.

V. NONLINEAR GRADIENT CONTROL
WITH PROPORTIONAL-INTEGRAL ESTIMATORS

In this section we assume that there exists a proper
metric d on R

m such that

sup
p∈C

max
16i,j6n

d(pi, pj) < ∞ (12)

(this holds in particular whenpi ↔ pj only if d(pi, pj) 6 r,
wherer > 0 is a fixed communication radius). It follows
that there exists aC1 function ζ : R

m → R such that

|φ(pi) − φ(pj)|
2

6 ζ(pi) (13)



for all p ∈ C and anyi, j ∈ {1, . . . , n} [8, Corollary A.15].
Let a, b : R

m × R
m → R be boundedC1 symmetric func-

tions such thatsupp(a) ∪ supp(b) ⊂ Graph(↔). We also
assume thatb has bounded first-order partial derivatives.
Consider the following local control/estimation algorithm:

p̈i = − Biṗi −
[
Dφ(pi)

]
T

Λi

[
Dφ(pi)

]
ṗi

− ciζ(pi)ṗi +
[
Dφ(pi)

]
T

Γ
[
f⋆ − xi

] (14)

ẋi = − γxi −
∑

j 6=i

a(pi, pj)
[
xi − xj

]

+
∑

j 6=i

b(pi, pj)
[
wi − wj

]
+ γφ(pi)

(15)

ẇi = −
∑

j 6=i

b(pi, pj)
[
xi − xj

]
. (16)

As before,γ > 0 is a global forgetting factor (but with
γ = 0 no longer allowed),Bi ∈ R

m×m and Λi ∈ R
ℓ×ℓ

are constant local damping matrices,ci > 0 is a local
damping parameter, andΓ ∈ G(f⋆). To implement this
controller, each agenti must continually transmit its current
values ofpi, wi, andxi to its neighbors. When compared
with (5), the control law (14) has an additional damping
term −ciζ(pi)ṗi which will be useful for proving global
stability. Furthermore, the estimator (15)–(16) has twiceas
many states as the one in (6)–(7), but it is no longer high-
pass as there is no direct feedthrough fromφ(pi) to xi.

We define theproportional Laplacian LP (p) ∈ R
n×n

to be the symmetric matrix whose off-diagonal elements in
row i, columnj are equal to−a(pi, pj) and whose diagonal
elements are such thatLP (p)1 ≡ 0. We define theintegral
Laplacian LI(p) ∈ R

n×n in the same way but usingb(·, ·)
instead ofa(·, ·). Again fixing S ∈ Orth(1), we define
the corresponding reduced LaplaciansL⋆

P (p) = STLP (p)S
and L⋆

I(p) = STLI(p)S. Our primary assumption on the
communication network is that there exist constantsρ > −γ
andε > 0 such that

ρI 6 L⋆
P (p) 6 ρ̄I (17)

εI 6 L⋆
I(p) 6 ε̄I (18)

along trajectories in forward time (again implying a con-
nected networkp(t) ∈ C). Here the constants̄ρ, ε̄ > 0
represent upper bounds on the reduced Laplacians which
exist because the functionsa andb are bounded. Finally, we
assume that a small-gain condition similar to (11) is satisfied
(see (73) below), which we accomplish by choosing the
damping parametersΛi andci sufficiently large.

Theorem 2: Let φ and f⋆ be such thatφ is C2 and
proper,f⋆ ∈ f(C), G(f⋆) 6= ∅, and property(P) holds.
Assume (12) holds, choosea(·, ·) and b(·, ·) to be C1,
bounded, symmetric, and such thatb has bounded first-order
partial derivatives. ChooseΓ ∈ G(f⋆), fix Bi + BT

i > 0,
Λi + ΛT

i > 0, and ci > 0 for each i, and assume (17)
and (18) hold for someρ > −γ and ε > 0 (with γ > 0).
If the damping parametersΛi and ci are sufficiently large,
then each trajectory of the system (14)–(16) is bounded in

forward time and converges to an equilibrium; moreover,
every bad equilibrium is unstable.

Like the high-pass estimator (6)–(7) withγ = 0, the
PI estimator (15)–(16) includes a subsystem of the form
χ̇ = 0 which is uncontrollable from the inputsφ(pi) (see the
proof in Section VIII). Thus as before,χ might be nonzero
due to inconsistent initializations and might drift due to
communication noise. However, unlike the high-pass case,
these statesχ are not observable through the estimation
errorsei = f(p)− xi, which means their behavior will not
affect the swarm dynamics.

VI. SIMULATION RESULTS

We simulated the algorithms in Sections IV and V for
a swarm ofn = 5 planar robots (m = 2), φ as in (4),
and f⋆ = [0 0 50 0 50]T . The controller gain
matrix wasΓ = diag(80, 80, 8, 8, 8). The estimator gain
functions where chosen according to an equal weighting
scheme with a communication radius of20: a(pi, pj) = a0

and b(pi, pj) = b0 when |pi − pj| ≤ 20 and a(pi, pj) =
b(pi, pj) = 0 otherwise (the fact that these gain functions
are discontinuous had little effect on the simulations). Also,
we set the nonlinear damping gainsΛi andci in (5) and (14)
to zero as the constantsBi can provide adequate damping
over a bounded region.

We first simulated the high-pass scheme of Section IV
with dampingBi = 40I, estimator gaina0 = 5, and no
forgetting factor (γ = 0). Figure 2 shows the results of the
inertial momentsM10 =CMx (the first component off )
and M20 =Iyy (the third component off ). The first 15
seconds show the convergence of the formation statistics to
their desired values with no steady-state error. At timet =
15, one of the agents fails and leaves the swarm, resulting
in a permanent nonzero steady-state error after that point.
Actually, the remaining agents do not move at all from their
equilibria after timet = 15, demonstrating that the high-
pass estimator with no forgetting factor does not recover
from initialization errors. If we include a forgetting factor
of γ = 0.7, then we do recover from the loss of the agent
(Figure 3), but we now incur a small nonzero steady-state
error both before and after the loss.

We next simulated the PI scheme of Section V with
increased dampingBi = 100I (to account for the additional
neglected nonlinear damping terms), estimator gainsa0 = 2
and b0 = 0.02, and γ = 6. Figure 4 shows that the PI
algorithm can also recover from the loss of an agent (again
at time t = 15) but now with zero steady-state error.

VII. PROOF OF THEOREM 1

Defining zi, ei ∈ R
ℓ as

zi =
d

dt
φ(pi) =

[
Dφ(pi)

]
ṗi (19)

ei = f(p) − xi , (20)

we introduce the followingℓ × n matrices:

X =
[

x1 · · · xn

]
(21)
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Fig. 2. The high-pass algorithm with no forgetting factor (γ = 0).
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Fig. 3. The high-pass algorithm with forgetting factorγ = 0.7.

W =
[

w1 · · · wn

]
(22)

Φ(p) =
[

φ(p1) · · · φ(pn)
]

(23)

E =
[

e1 · · · en

]
= Φ(p)

11
T

n
− X (24)

Z =
[

z1 · · · zn

]
=

d

dt
Φ(p) . (25)

Hence we may write the collection of consensus estimators
(6)–(7) in matrix form as

Ẇ = −γW − XL(p) (26)

X = W + Φ(p) . (27)

We write the complete state of the closed-loop system as
either the triple(p, ṗ, W ), or with the global coordinate
change given by (24) and (27), the triple(p, ṗ, E). We see
from (5) that the derivative of the Lyapunov function

V (p, ṗ) = ṗTṗ + n Ξ(p) (28)

can be written as

V̇ =
n∑

i=1

[

−ṗT

i

[
Bi + BT

i

]
ṗi

− zT

i

[
Λi + ΛT

i

]
zi + 2zT

i Γei

]

. (29)
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Fig. 4. The PI algorithm.

We observe from (24) and (27) thatE1 ≡ −W1 and thus

Ė1 = γW1 = 0 (30)
which means

E(t)1 = −W (t0)1 = 0 (31)

for any t > t0. BecauseES ≡ −XS, we can write

ĖS = XL(p)S − ZS = −ES · L⋆(p) − ZS . (32)

Also becauseE1 ≡ 0 we haveEET ≡ ESSTET , so

d

dt
EET

6 −εEET +
1

ε
ZZT . (33)

Defining the Lyapunov functionU = Tr(EET ) we see that

U̇ 6 −εU +
1

ε
Tr(ZZT ) =

n∑

i=1

[

−ε|ei|
2 +

1

ε
|zi|

2

]

. (34)

Furthermore, we can bound (29) from above as

V̇ 6

n∑

i=1

[

−ṗT

i

[
Bi + BT

i

]
ṗi

− zT

i

[
Λi + ΛT

i −
1

ε
Γ2

]
zi + ε|ei|

2

]

. (35)

To combine the Lyapunov functionsV and U , we first
use (11) to chooseµ > 0 such that

Γ2 + (1 + µ)I 6 ε
(
Λi + ΛT

i

)
(36)

for eachi. We then defineΥ(p, ṗ, E) = V + (1 + µ)U and
use (34), (35), and (36) to obtain

Υ̇ 6

n∑

i=1

[

−ṗT

i

[
Bi + BT

i

]
ṗi − µε|ei|

2

]

. (37)

In particular, Υ(t) is nonincreasing along trajectories in
forward time. BecauseΞ(p) is proper,Υ is a proper function
of the statesp, ṗ, and E, and we can conclude that all
signals are bounded in forward time. By LaSalle’s theorem
we further conclude that every trajectory converges to an
equilibrium at whichṗ = 0 andE = 0.2 Thus the equilibria

2Actually, LaSalle’s theorem only guarantees convergence to an equilib-
rium set; further arguments (omitted due to space constraints) are required
to show convergence to a single equilibrium.



are at those values ofp for which
[
Dφ(pi)

]
T

Γ
[
f⋆ − f(p)

]
= 0 (38)

for every i, or equivalently where∇Ξ(p) = 0. Recall
that bad equilibria are those for whichf(p) 6= f⋆; we
now show that every bad equilibrium is unstable. Suppose
p̄ ∈ R

mn is such that the point(p, ṗ, E) = (p̄, 0, 0) is
a bad equilibrium. It follows from property(P) that there
exists a neighborhoodN of p̄ such that ifp ∈ N satisfies
∇Ξ(p) = 0 then Ξ(p) = Ξ(p̄). By assumptionp̄ is not
a local minimum ofΞ, which means there are pointsp0

arbitrarily close top̄ for which Ξ(p0) < Ξ(p̄) and therefore
also Υ(p0, 0, 0) < Υ(p̄, 0, 0). Now any trajectory starting
from such a state(p0, 0, 0) converges to an equilibrium state
(p1, 0, 0) for which ∇Ξ(p1) = 0, and becauseΥ is nonin-
creasing along trajectories we also haveΞ(p1) < Ξ(p̄). It
follows thatp1 6∈ N , namely, that this trajectory leaves the
N -tube around the point(p̄, 0, 0), and we conclude that this
bad equilibrium is unstable.

VIII. PROOF OF THEOREM 2

The derivative of the Lyapunov function (28) is

V̇ =

n∑

i=1

[

−ṗT

i

[
Bi + BT

i

]
ṗi − 2ciζ(pi)|ṗi|

2

− zT

i

[
Λi + ΛT

i

]
zi + 2zT

i Γei

]

(39)

with zi andei as in (19)–(20). We may write the collection
of PI estimators (15)–(16) in matrix form as

Ẋ = −X
[
γI + LP (p)

]
+ WLI(p) + γΦ(p) (40)

Ẇ = −XLI(p) (41)

with X , W , andΦ from (21)–(23). DefiningE and Z as
in (24)–(25) we obtain

Ė1 = −γE1 + Z1 , Ẇ1 = 0 . (42)

From (8) we haveLP ≡ LP SST andLI ≡ LISST , which
means we can multiply both sides of (40)–(41) from the
right by S to obtain

ẊS = −XS
[
γI + L⋆

P (p)
]
+ WS · L⋆

I(p) + γΦ(p)S (43)

ẆS = −XS · L⋆
I(p) . (44)

With the change of variables

Y = WS + γΦ(p)S
[
L⋆

I(p)
]−1

(45)

Ω =
[

XS Y
]

(46)

the equations (43)–(44) become

Ω̇ = ΩF T + NHT , (47)
where

F =

[
−γI − L⋆

P (p) L⋆
I(p)

−L⋆
I(p) 0

]

, H =

[
0
I

]

, (48)

N = γZS
[
L⋆

I(p)
]−1

+ γΦ(p)S
d

dt

[
L⋆

I(p)
]−1

. (49)

We will write N as the sum

N = γ

n∑

i=0

Ni (50)
where

N0 = ZS
[
L⋆

I(p)
]−1

(51)

Ni = −Φ(p)S
[
L⋆

I(p)
]−1

m∑

k=1

∂L⋆
I(p)

∂pi(k)

[
L⋆

I(p)
]−1

ṗi(k)

for 1 6 i 6 n (52)

andpi = [pi(1) · · · pi(m)]T ∈ R
m. We now derive bounds

on these matricesNi. First, using (18) we obtain

N0N
T

0
= ZS

[
L⋆

I(p)
]−2

STZT
6

1

ε2
ZSSTZT (53)

Next, using (13) and our assumption thatp(t) ∈ C for all
t > t0, we obtain

|Φ(p)S|2F =
∣
∣
∣

[
Φ(p) − φ(pi)1

T
]
S

∣
∣
∣

2

F
6

∣
∣Φ(p) − φ(pi)1

T

∣
∣
2

F

6
∑

j 6=i

|φ(pj) − φ(pi)|
2

6 (n − 1)ζ(pi) . (54)

It follows from (18) and the fact thatb has bounded partial
derivatives that there exist constantski > 0 such that

|Ni|
2

F 6 kiζ(pi)|ṗi|
2 (55)

for 1 6 i 6 n. Eachki depends onn, ε, and the bounds
on the partial derivatives ofb. Let σ be a constant such that
0 < σ < 1 and

σ 6
ε(γ + ρ)

(γ + ρ̄2) + 2εε̄
. (56)

Then the positive definite matrices

P =

[
I −σI

−σI I

]

, Q =

[
(γ + ρ)I 0

0 σεI

]

(57)

satisfy
(1 − σ)I 6 P 6 (1 + σ)I (58)and

PF + F TP + Q =
[

−2L⋆
P (p) + (ρ − γ)I + 2σL⋆

I(p) σγI + σL⋆
P (p)

σγI + σL⋆
P (p) −2σL⋆

I(p) + σεI

]

6 −σ ·

[ (
1

σ
(γ + ρ) − 2ε̄

)
I −γI − L⋆

P (p)

−γI − L⋆
P (p) εI

]

︸ ︷︷ ︸

R(p)

6 0 (59)

because (56) implies thatR(p) > 0. Let κ > 0 be such that

κ < min
{γ + ρ

σ
, σε

}
. (60)

Then we have

PHHTP = P −

[
(1 − σ2)I 0

0 0

]

(61)

and thus also

Q−
κ

1 + σ
PHHTP

=

[ [
γ + ρ + κ(1 − σ)

]
I 0

0 σεI

]

−
κ

1 + σ
P

> min
{
γ + ρ + κ(1 − σ), σε

}
I − κI = αI ,

(62)



whereα = min{γ + ρ − σκ, σε − κ}. It now follows that

PF + F TP +
κ

1 + σ
PHHTP 6 −αI . (63)

We define the matrix

Ψ = ΩPΩT + βE11
TET + W11

T W T (64)

whereβ > 0 is a constant parameter. Defining

ξ =
γ2(n + 1)(σ + 1)

κ
, (65)

we use (8), (42), (47), (50), (53), and (63) to obtain

Ψ̇ = Ω
[
PF + F TP

]
ΩT + γ

n∑

i=0

[
NiH

TPΩT + ΩPHNT

i

]

− 2βγE11
TET + βZ11

TET + βE11
TZT (66)

6 −αΩΩT − βγE11
TET

+ max
{nβ

γ
,

ξ

ε2

}
ZZT + ξ

n∑

i=1

NiN
T

i . (67)

BecauseES = −XS we also have

ΩΩT = XSSTXT + Y Y T = ESSTET + Y Y T (68)

and therefore

Ψ̇ 6 −ν1EET − αY Y T + ν2 ZZT + ξ

n∑

i=1

NiN
T

i , (69)

where ν1 = min
{
α, nβγ

}
(70)

ν2 = max
{nβ

γ
,

ξ

ε2

}
. (71)

Defining the Lyapunov functionU = Tr(Ψ) we see that

U̇ 6−α|Y |2F +

n∑

i=1

[

−ν1|ei|
2 + ν2|zi|

2 + ξkiζ(pi)|ṗi|
2

]

.

Furthermore, we can bound (39) from above as

V̇ =

n∑

i=1

[

−ṗT

i

[
Bi + BT

i

]
ṗi − 2ciζ(pi)|ṗi|

2

− zT

i

[
Λi + ΛT

i −
1

ν1

Γ2
]
zi + ν1|ei|

2

]

. (72)

Finally, we assume that

Γ2 + ν1ν2I < ν1

(
Λi + ΛT

i

)
and ξki < 2ci (73)

for eachi. To combine the Lyapunov functionsV and U ,
we first use (73) to chooseµ > 0 such that

Γ2 + ν1ν2(1 + µ)I 6 ν1

(
Λi + ΛT

i

)
(74)

ξki(1 + µ) 6 2ci (75)

for eachi. ThusΥ(p, ṗ, E, W ) = V + (1 + µ)U satisfies

Υ̇ 6 −α|Y |2F +
n∑

i=1

[

−ṗT

i

[
Bi + BT

i

]
ṗi − µν1|ei|

2

]

. (76)

Using arguments similar to the ones used in Section VII, we
may conclude that all signals are bounded in forward time,
that every trajectory converges to an equilibrium for which
∇Ξ(p) = 0, and that every bad equilibrium is unstable.

IX. FUTURE WORK

The controller extends trivially to the case in which
the robots are kinematic and holonomic, but more work
is needed for the nonholonomic and underactuated cases.
Also, although we expect the PI estimator to have better sen-
sor noise attenuation properties than the high-pass estimator,
further analysis is needed. Similarly, we need to investigate
the effects of noise and time delay in the communication
channels between the robots. We may also consider adaptive
algorithms for adjusting the estimator gains. Finally, instead
of the regulation problem, we could consider the tracking
problem in which the desired formation moment vectorf⋆

changes with time.
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