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¹he problem of controller synthesis for reachability specifications is formulated for hybrid systems.
A synthesis methodology based on techniques from game theory is proposed to solve it. ¹he
effectiveness of the methodology is demonstrated on two detailed examples

Abstract

The problem of systematically synthesizing hybrid controllers which satisfy multiple control objectives is considered. We present
a technique, based on the principles of optimal control, for determining the class of least restrictive controllers that satisfies the most
important objective (which we refer to as safety). The system performance with respect to lower priority objectives (which we refer to
as efficiency) can then be optimized within this class. We motivate our approach by showing how the proposed synthesis technique
simplifies to well-known results from supervisory control and pursuit evasion games when restricted to purely discrete and purely
continuous systems respectively. We then illustrate the application of this technique to two examples, one hybrid (the steam boiler
benchmark problem), and one primarily continuous (a flight vehicle management system with discrete flight modes). ( 1999 Elsevier
Science Ltd. All rights reserved.
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1. Introduction

Hybrid systems, or systems that involve the interaction
of discrete and continuous dynamics, have attracted the
attention of researchers from a number of traditionally
distinct fields. Computer scientists have approached hy-
brid systems by extending techniques that have proved
fruitful for discrete systems. The main problem addressed
in this setting has been formal verification, that is proving
that the hybrid system satisfies certain specifications.
One approach to this problem comes from the area of
model checking (Alur et al., 1993; Alur and Dill, 1994;
Henzinger et al., 1995a; Nicollin et al., 1993), where the
emphasis is on systems and properties that can be algo-
rithmically verified. For certain classes of hybrid systems
for which the model checking approach is applicable, the

verification process can be completely automated:
a number of computational tools have been developed to
take advantage of this property (Daws et al., 1994; Hen-
zinger et al., 1995b; Kurshan, 1994). A different approach
in the computer science literature has been to extend
deductive techniques (Branicky et al., 1997; Heitmeyer and
Lynch, 1994; Manna and Pnueli 1995). Here the empha-
sis has been on developing models (Lynch et al., 1996;
Manna and Pnueli, 1992) that provide formal semantics
for composition and abstraction, and support proof tech-
niques such as induction on the length of the system
executions, invariant assertions and simulation relations.
Even though automatic theorem provers can facilitate
the process, most of the responsibility for the proof with
this approach falls on the designer.

Researchers in the areas of dynamical systems and
control have approached hybrid systems from a ‘‘con-
tinuous state space and continuous/discrete time’’ point
of view. Part of the research effort has been devoted to
extending the standard modeling (Branicky et al., 1998;
Brockett, 1993; Nerode and Kohn 1993a) and simulation
techniques (Anderson et al., 1994; Deshpande et al., 1997;
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Tavernini, 1987) to capture the interaction between the
continuous and discrete dynamics. Another thrust has
been to develop new analysis and controller design tech-
niques by extending existing methodologies such as
Lyapunov’s theorems (Branicky, 1998; Ye et al., 1998),
supervisory control (Heymann et al., 1997; Lemmon
et al., 1993; Maler et al., 1995; Wong-Toi, 1997) and
optimal control (Branicky et al., 1998; Lygeros et al.,
1996a; Nerode and Kohn, 1993b).

Our work is based on tools drawn from optimal con-
trol. In recent years, we have developed a methodology
for designing controllers for large scale systems, making
use of techniques from game theory and optimal control
(Lygeros et al., 1996a,b). We have successfully applied
these techniques to model and derive control laws for
automated highway systems (Lygeros et al., 1998) and air
traffic management systems (Tomlin, et al., 1998), as well
as for benchmark examples such as the train gate con-
troller (Lygeros et al., 1996b). The focus of our work so
far has been on hybrid phenomena that arise due to the
interaction between multiple agents (for example, the
vehicles or the aircraft) in a large scale system. In this
paper, we focus on the issues that arise because of the
hybrid nature of the dynamics themselves (for example,
a continuous system being controlled by switches). We
are interested in control problems in which multiple
requirements are imposed on the design, which is usually
the case for most practical systems. For example, when
dealing with discrete systems the requirements usually
considered are those of safety (typically encoded by re-
quirements on finite runs of the system) and liveness or
fairness (typically encoded by requirements on infinite
runs). For conventional control problems, on the other
hand, the requirements considered are usually safety (en-
coded by stability or constraints on the system state) and
efficiency (the requirement for small inputs or bounds on
the speed of convergence).

In such a multi-objective setting some of the require-
ments are usually assumed to be more important than
others, either explicitly or implicitly. The ranking of the
requirements can be ignored if the goal is to verify the
performance of a given hybrid system, since the objective
in this case is to ensure that all the requirements are met.
The ranking is important from the point of view of
controller synthesis however, as one would like to ensure
that the high priority specifications are not violated in
favor of the low priority ones. This observation implicitly
restricts the possible choices for the controllers that can
be used to satisfy the lower priority specifications.
Ideally, one would like to be able to classify the control-
lers that guarantee the high priority specifications and
attempt to optimize the system performance with respect
to the lower priority ones within this class of controls.

Here we present a methodology for designing hybrid
controllers for hybrid systems in such a multi-objective
setting. For simplicity, we restrict our attention to two

performance criteria. We will use safety to refer to the
high priority criterion and efficiency to refer to the low
priority one. For the most part we concentrate on the
high priority, safety specification, which we assume to be
formulated as a question of reachability. Using optimal
control tools we determine the largest controlled invariant
safe set, the largest set of states for which there exists
a control such that the safety requirement can be satis-
fied. In the process we also classify the least restrictive
safe controls, or all the controls which keep the system
inside the safe set. It is assumed that the efficiency re-
quirement can then be optimized within this class.

Our analysis is based on a simplified version of the
hybrid system model introduced in Lygeros (1996c), which
is outlined in Section 2. In Section 3 we present a concep-
tual algorithm for dealing with safety specifications and
show how it reduces to standard results from supervisory
control and pursuit evasion games when restricted to
purely discrete and purely continuous systems respec-
tively.

In the last two sections we illustrate the application of
this algorithm to two examples. The first is the steam
boiler benchmark problem (Abrial, 1996). Here the plant
is hybrid: a continuous process (the level of water in the
boiler) is controlled using discrete controls (pumps being
switched on and off). The safety specification is one of
reachability in the (continuous) state space: we would like
the water level to stay within certain bounds. The effi-
ciency requirement could be to minimize the number of
times pumps are switched on and off or to equalize the
‘‘on’’ time among pumps. We show how the proposed
algorithm allows us to determine the largest set of states
for which the safety specification can be satisfied and
classify all the controllers that can be used to satisfy this
specification. The efficiency requirement can then be op-
timized within this class.

The second example is a continuous time and state
system and is motivated by the design of an autopilot in
a flight vehicle management system for a DC-8 aircraft.
We consider the speed and flight path angle dynamics of
the aircraft, a two-dimensional, highly nonlinear plant
influenced by two continuous inputs, the thrust (control-
led by the aircraft engine) and the pitch angle (controlled
through the elevators). Switching arises from the satura-
tion of the thrust input, which imposes three modes of
operation for the aircraft: one in which both its velocity
and flight path angle are controlled, one in which only
the velocity is controlled, and one in which only the flight
path angle is controlled. Safety is again encoded by
a reachability requirement: the velocity and flight path
angle should stay within specified limits (imposed by the
engine limitations, wing stall conditions, etc.). We classify
the controllers that guarantee safety and establish the
mode switching logic required to implement them. With-
in this class, an efficiency requirement (the magnitude of
the linear and angular accelerations) is then optimized.
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2. Problem formulation

2.1. Notation

Consider a finite collection » of variables. Let V de-
note the set of valuations of these variables, the set of all
possible assignments of the variables in ». » can be
thought of as a collection of symbols and V as a collec-
tion of functions that assigns to each one of these sym-
bols a value from a fixed set. By abuse of notation, we use
lower-case letters to denote both a variable and its valu-
ation; the interpretation should be clear from the context.
Given a set of valuations ¼LV and a subset of the
variables »@L» we denote by ¼D

V{
3V@ the restriction

of ¼ to »@. We use ? to denote the logical AND, @ to
denote the logical OR and 2 to denote logical NO¹.

The set of valuations of each variable in our model will
be either a countable set or a subset of Euclidean space.
We refer to variables whose set of valuations is countable
as discrete and to variables whose set of valuations is
a subset of Euclidean space as continuous. We assume
that Euclidean space, Rn for n50, is given the standard
topology (generated by the Euclidean metric) whereas
countable sets are given the discrete topology (all subsets
are open). Product spaces are given the product topology
(the open sets are the products of open sets). For a subset
A of a topological space we assume the subset topology
(the open sets are intersections of open sets with A) and
denote by AM the closure of A (smallest closed set contain-
ing A), by A° the interior of A (largest open set contained
in A), by LA"AM CA° the boundary of A and by A# the
complement of A. For any set K, we denote by Ku the set
of infinite sequences (k :ZPK) of elements of K, by
K the set of all piecewise continuous functions of the
reals (k : RPK) taking values in K, and by 2K the set of
all subsets of K. For a sequence k3Ku we use k[i] to
denote its value at i3Z. For a function k3K we use k (t)
to denote the value of the function at t3R. If K is a finite
set we use DKD to denote its cardinality; if x is a real valued
variable we use DxD to denote the absolute value of its
valuation.

2.2. Hybrid automata

The basic entity of our models is the hybrid automa-
ton. Hybrid automata are convenient abstractions of
systems with phased operation and they appear exten-
sively in the literature in various forms (Alur et al., 1993;
Branicky et al., 1998; Deshpande, 1994; Heymann et al.,
1997; Lynch et al., 1996; Nicollin et al., 1993; Puri, 1995).
The model considered here is a simplified version of the
one in Lygeros (1996) and Lygeros et al. (1998). Since we
restrict our attention to controller synthesis under full
state information, we drop the output variables and as-
sume that the state variables also play the role of outputs
(or equivalently that the output map is the identity).

Since we are working in a multi-objective setting, we
would like to be able to capture successive limitations in
the possible controls as successive specifications are
considered. For this purpose we introduce state de-
pendent input constraints as a primitive in our modeling
formalism.

Definition 1. A hybrid automaton, H, is a collection
(X, », I, f, E, /), with

f State and input spaces: X and » are disjoint sets of
state and input variables. We assume that X"X

D
XX

C
and »"»

D
X»

C
, where X

C
and »

C
contain continuous

and X
D

and »
D

discrete variables. We refer to x3X as
the state of H, and to v3V as the input of H.

f Initial states: ILX is a set of initial valuations of the
state variables.

f Continuous evolution: f : X]VP¹X
C

is a vector field.
f Discrete transitions: ELX]V]X is a set of discrete

transitions.
f Admissible inputs: / : XP2V gives the set of admissible

inputs at a given state x3X.

To fix notation we let X
C
-Rn and V

C
-Rm. To ensure

that the continuous evolution is well-posed we assume
that:

Assumption 1. f is ¸ipschitz continuous in xD
XC

and con-
tinuous in v. For all x3X, /(x)O0.

Definition 2. A hybrid time trajectory, q, is a finite or
infinite sequence of intervals of the real line, q"MI

i
N,

i3N, satisfying:

f I
i
is closed unless q is a finite sequence and I

i
is the last

interval, in which case it is left closed but can be right
open.

f Let I
i
"[q

i
, q@

i
]. Then for all i, q

i
4q@

i
, and for i'0,

q
i
"q@

i~1
.

We denote by T the set of all hybrid time trajectories.
For t3R and q3T we use t3q as a shorthand notation
for ‘‘there exists a j such that t3[q

j
, q@

j
]3q’’. For

a topological space K and a q3T, we use k : qPK as
a shorthand notation for a map assigning a value from
K to each t3q. By abuse of notation we use K to denote
the set of all such maps that are piecewise continuous
over all intervals in q with nonempty interior.

For any two t3[q
i
, q@

i
]3q and t@3[q

j
, q@

j
]3q consider

the relation

t(t@8 (i(j)@(i"j?t!q
i
(t@!q

j
).

It is easy to see that this relation induces a linear order on
the elements of the intervals of q. q is called finite if it is
a finite sequence ending with a closed interval. We say
q"MI

i
NN
i/0

3T is a prefix of q@"MJ
i
NM
i/0

3T and write
q4q@ if either they are identical or, M5N, I

i
"J

i
for all
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i"0,2, N!1 and I
N
-J

N
. The prefix relation defines

a partial order on T. For t3[q
j
, q@

j
]3q3T we

denote by qB
t

the finite prefix of q ending at t, i.e.
qB

t
"MI

i
Nj~1
i/0

X[q
j
, t]. Note that T is prefix closed (i.e. for

all q3T and all t3q, qB
t
3T).

Definition 3. An execution of a hybrid automaton H is
a collection (q, x, v) with q3T, x : qPX, and v : qPV
which satisfies

f Initial condition: x(q
0
)3I.

f Discrete evolution: for all i, (x(q@
i~1

), v(q@
i~1

), x (q
i
))3E.

f Continuous evolution: for all i with q
i
(q@

i
, x is continu-

ous and v is piecewise continuous over [q
i
, q@

i
] and for

all t3[q
i
, q@

i
), (x (t), v(t), x (t))3E. Moreover, for all

t3[q
i
, q@

i
] where v is continuous (d/dt)(x (t) D

XC
)"

f (x(t), v(t)).
f Input constraints: for all t3q, v(t)3/ (x(t)).

We use s to denote an execution of H and H to denote
the set of all executions of H. We use x0"x (q

0
) to denote

the initial state of an execution. We say s"(q, x, v) is
finite if q is finite; we use H* to denote the set of all finite
executions of H and X* to denote the restriction of
H* to X. We say s3H is a prefix of s@3H and write
s4s@ if q4q@ and (x, v)(t)"(x@, v@)(t) for all t3q. As for
hybrid time trajectories, the prefix relation defines a par-
tial order on H. As before we use sB

t
to denote the finite

prefix of s"(q, x, v) up to time t3q, and xB
t
the restric-

tion of this prefix to X. Note that H is also prefix closed.
We should stress that existence and/or uniqueness of

executions is not guaranteed in general for hybrid auto-
mata. For example, one can easily construct automata
that deadlock at a state x under input v by allowing the
set Mx@3X D(x, v, x@)3EN to be empty. One can also con-
struct automata that accept multiple executions for the
same initial condition and input, by allowing the same set
to be more than a singleton. Finally, one can construct
automata that prevent time from diverging by taking
infinitely many discrete transitions in finite time. Here we
will not address these technical issues, as the examples we
consider are simple enough to handle without developing
a general theoretical framework. Nonetheless, these
issues are important for a complete theory of controller
synthesis; one should require for example a controller to
prevent deadlock and allow only finitely many
transitions in finite time.

2.3. Specifications

A property, P, of a hybrid automaton H is a map

P :HPMTrue, FalseN. (1)

We say a run s3H satisfies property P if P (s)"True;
we say a hybrid automaton satisfies a property P if
P(s)"True for all s3H. Given a set FLX we define

an invariance property, denoted by KF, by

KF (s)"G
True

False

if ∀t3q, x(t)3F,

otherwise,

and an eventuality property, denoted by eF, by

eF(s)"G
True

False

if &t3q, x(t)3F,

otherwise.

An invariance property is a special case of what is known
as a safety property in the theoretical computer science
literature (Manna and Pnueli, 1995). In the purely con-
tinuous setting invariance properties have mostly been
studied in the context of viability theory (Aubin, 1991).
An eventuality property, on the other hand, is a special
case of what is known as a guarantee property in the
computer science literature. The two classes of properties
are dual in the sense that for all FLX and all s3H:

eF(s)82KF#(s).

Here we restrict our attention to invariance properties.
Modifying the standard terminology slightly we some-
times refer to them as safety properties. Because of the
above duality, the algorithms we derive for solving the
controller synthesis problems for KF specifications can,
in principle, be reinterpreted as algorithms for solving
synthesis problems for eF specifications. Some subtle
technical issues still need to be resolved in this transition;
for example, the controllers we synthesize may no longer
be least restrictive.

2.4. Controllers

Assume that we are given a hybrid automaton
H (which we refer to as the plant) and we are required to
control it using its input variables, so that its trajectories
satisfy certain properties. For the purpose of control the
input variables of the plant are partitioned into two
classes: controls and disturbances. We write »"ºXD
for the set of input variables of H, where º and D are the
sets of control and disturbance inputs, respectively. The
interpretation is that the controls can be influenced using
a controller, in an attempt to guide the system, whereas
the disturbances are determined by the ‘‘environment’’
and may potentially disrupt the controller’s plans.

More formally, we consider a controller for a plant
H"(X, ºXD, I, f, E, /) to be a map

C :X*P2U.

For the hybrid automaton H and a controller C we
define the set of closed loop causal executions by

H
C
"M(q, x, (u, d))3H Du(t)3C(x B

t
)N.

Clearly, H
C
-H. A controller is said to be non-

blocking if for all (M[q
i
, q@

i
]NN

i/0
, x, v)3H, C(x)O0 and
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—————
2Note that a non-blocking controller can still cause a deadlock

if for all u3/(x (q@
N
)) D

U
and for all d3/(x (q@

N
)) D

D
, Mx@3X D(x(q@

N
),

(u, d), x@)3EN"0.

C(x)-/ (x (q@
N
)) D

U
. In subsequent discussion we restrict

our attention to non-blocking controllers.2
We call a controller a feedback controller if for

any two finite executions s
1
"(q

1
, x

1
, (u

1
, d

1
)) and

s
2
"(q

2
, x

2
, (u

2
, d

2
)) ending in the same state,

C(x
1
)"C(x

2
). A feedback controller can be character-

ized by a feedback map:

g : XP2U.

Clearly, a feedback controller is non-blocking if and only
if for all x3X, g (x)O0 and g (x)-/ (x). For a hybrid
automaton H and a feedback controller with feedback
map g we define the closed-loop hybrid automaton
H

g
"(X, ºXD, I, f, E, /

g
) with /

g
(x)D

U
"/ (x) D

U
Wg(x)

and /
g
(x) D

D
"/(x) D

D
for all x3X. It is immediate that:

Proposition 1. If C is feedback controller with feedback
map g then H

g
is a hybrid automaton with H

g
"H

C
.

While we do not have a proof yet, we conjecture that
even for a general controller C, H

C
is in fact the set of

executions of some hybrid automaton.
An instance of the controller synthesis problem consists

of a pair, (H, P), of a plant hybrid automaton and a prop-
erty of that automaton. We sometimes refer to the prop-
erty P as a specification. We say a controller, C, solves the
controller synthesis problem if P (s)"True for all
s3H

C
. Note that a feedback controller solves the con-

troller synthesis problem if H
g

satisfies property P.
A solution to the controller synthesis problem consists of
either a controller that solves the problem or the answer
‘‘None’’ if no such controller exists. Our goal in this paper
is to provide solutions to a special class of controller
synthesis problems, where the desired property P is of the
form KF for some F-X.

Proposition 2. A controller synthesis problem (H, KF) can
be solved by some controller if and only if it can be solved
by a feedback controller.

Proof. The ‘‘if ’’ part is immediate. The proof of the ‘‘only
if ’’ part is given in Appendix A. K

Motivated by Proposition 2, we restrict our attention
to feedback controllers for (H, KF) synthesis problems.
For a controller synthesis problem (H, KF) we would like
to establish the largest set of initial conditions, I, for
which there exists a controller that solves the synthesis
problem. A subset ¼-X is called controlled invariant if
there exists a controller that solves the controller syn-
thesis problem (H, K¼), when I"¼. A controlled in-

variant set ¼ is maximal if it is not a proper subset of
another controlled invariant set, or, equivalently, if for all
¼@-X with ¼L¼@ the synthesis problem (H, K¼@)
with I"¼@ has the solution ‘‘None’’. We say a controller
renders ¼ invariant if it solves the controller synthesis
problem (H, K¼) when I"¼.

Proposition 3. A controller that solves the synthesis prob-
lem (H, KF) exists for some I if and only if there exists
a unique maximal controlled invariant ¼-F.

Proof. The ‘‘if ’’ is again immediate. Refer to Appendix
A for the ‘‘only if ’’ proof. K

Safety properties can sometimes be satisfied using triv-
ial controllers. For example, a controller may be able to
satisfy the property by creating a deadlock or by forcing
the system to be Zeno, that is take infinitely many dis-
crete transitions in finite time. For a controller synthesis
problem (H, KF) we would like to derive a feedback
controller that solves the problem while imposing min-
imal restrictions on the controls it allows. This will pre-
vent the pathological designs listed above whenever pos-
sible. It will also allow us greater flexibility when seeking
optimal controllers for lower priority requirements, in
the multi-objective setting. Feedback controllers that
solve the synthesis problem (H, KF) can be partially
ordered by the relation

g
1
-g

2
8 g

1
(x)-g

2
(x) for all x3X.

We say that a controller that solves (H, KF) is least
restrictive if it is a maximal element in this partial order.
While we do not have a proof yet, we conjecture that for
every controller synthesis problem (H, K¼) with I"¼

either the solution is ‘‘None’’ or there exists a unique least
restrictive controller that solves the problem. Note that
the least restrictive controller solving (H, K¼), with
I"¼, should allow any control input if the state is
outside ¼.

2.5. Implementation issues

The notion of a feedback controller introduced above
is conceptually clear but may be inadequate when it
comes to implementation. For one thing, the set-valued
map g allows non-deterministic choices of control inputs.
Since in practice only one input can be applied to the
system at any time, this nondeterminism has to somehow
be resolved when the time comes to implement such
a controller. The set-valued map can in this sense be
thought of as a family of single-valued controllers; imple-
mentation involves choosing one controller from this
family.

Formally, one would ‘‘implement’’ a controller by an-
other hybrid automaton, which, when composed with the
plant automaton yields the desired behavior (see, for
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example, (Heymann et al., 1997; Ramadge and Wonham,
1989)). To do this one would need to introduce output
variables to the hybrid automaton and define formal
semantics for composition. This is done for example in
Alur and Henzinger (1996), Heymann et al. (1997),
Lygeros (1996) and Lynch et al. (1996) for systems with-
out state-dependent input constraints. The process is
more complicated for the models considered here be-
cause of the presence of the state-dependent input con-
straints, encoded by /.

In this paper we assume that the entire state is avail-
able to the controller. In general this will not be the case.
If a controller is to be implemented by a hybrid automa-
ton, the information the controller has about the plant is
obtained through the valuations of the output variables
of the plant, which are not necessarily in one to one
correspondence with the valuations of the state variables.
The controller synthesis problem under partial observa-
tion (output feedback) is much more complicated than
the full observation (state feedback) problem addressed
here.

3. Controller synthesis

We present an algorithm for synthesizing hybrid con-
trollers for hybrid automata when multiple specifications
are imposed on the closed-loop system. For simplicity,
we restrict our attention to two specifications, which we
refer to as safety and efficiency. We assume that the safety
specification is of the form KF and that it is assigned
higher priority than the efficiency specification. To
guarantee that the specifications are met despite the
action of the disturbances, we cast the design problem as
a zero sum dynamic game. The two players in the game
are the control u and the disturbance d and they compete
over cost functions that encode the safety and efficiency
specifications. We seek to determine the best possible
control action and the worst possible disturbance. Note
that if the specifications can be met for this pair then they
can also be met for any other disturbance. A similar
approach has been used in the literature for purely dis-
crete systems (Büchi and Landweber, 1969), for timed
automata (Maler et al., 1995) and for purely continuous
systems (see for example Bas,ar and Olsder, 1995). To
establish links with this work, we show how the proposed
algorithm reduces to discrete and continuous variants of
the Hamilton—Jacobi equation, when addressing reacha-
bility questions for finite state machines and continuous
control systems, respectively.

3.1. Overview of the synthesis procedure

As higher priority is given to safety, the safety game is
solved first. Consider a controller synthesis problem
(H, KF). The game can be cast in the standard min-max

setting by introducing a cost function induced by the
discrete metric. Consider the map

m :X]XPR,

(x
1
, x

2
)>G

0

1

if x
1
"x

2
,

if x
1
Ox

2
.

It is easy to check that m satisfies the axioms of a metric.
The metric induces a map on subsets of X by defining

M : 2X]2X
PR,

(¼
1
, ¼

2
)> min

(x1,x2) |W1
]W2

m(x
1
, x

2
).

In other words, M(¼
1
, ¼

2
)"0 if ¼

1
W¼

2
O0 and

M(¼
1
, ¼

2
)"1 if ¼

1
W¼

2
"0. By abuse of notation, we

use M(x, ¼
1
) to denote M (MxN, ¼

1
).

Consider an execution, s"(q, x, (u, d)), of the hybrid
automaton H starting at an initial state x03I. Define the
cost of this execution by

J
1
:HPR,

s>min
t | q

M(x (t), F#).

Note that the cost function J
1

implicitly defines a prop-
erty of the hybrid automaton H by

P(s)"True8J
1
(s)"1.

It follows that:

Proposition 4. P (s)"¹rue if and only if KF (s)"¹rue.

Intuitively, u tries to maximize the cost function
J
1
(prevent the state from leaving F). Because we have no

control over the actions of d, we assume that it tries to
minimize J

1
(force the state to leave F). As we would like

to establish conditions under which KF is guaranteed to
be satisfied we bias the game in favor of the disturbance
whenever there is ambiguity over how the game will
proceed. For example, multiple executions may be pos-
sible for the same initial condition, control and distur-
bance trajectories, due to nondeterminism. Moreover,
the order in which the two players play in the game may
be important, if one player is assumed to have access to
the decision of the other player before choosing his/her
action. In both these cases we would like to give the
disturbance the ‘‘benefit of the doubt’’.

Consider the max—min solution

J*
1
(x0)"max

g

min
d|D A min

s/(q,x, (u,d)) |Hg

J
1
(s)B. (2)

Motivated by Proposition 5 we restrict our attention to
feedback strategies for u in Eq. (2). Following the stan-
dard game-theoretic convention, the ‘‘player’’ who ap-
pears first on the right-hand side of Eq. (2) (the controller
g) is also assumed to play first. The player who appears
second (the disturbance d) is assumed to have access to
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the strategy of the first player, when called upon to make
his/her decision. The minimum over s removes all non-
determinism. Therefore, provided a solution to this equa-
tion can be found, J*

1
is a well-defined function of the

initial state x0. In addition, the minimum over s implic-
itly restricts attention to control and disturbance trajec-
tories that satisfy the state-based input constraint /.

Using J*
1

we define a set ¼*
1
-X by

¼*
1
"Mx03X DJ*

1
(x0)"1N. (3)

Proposition 5. ¼*
1

is the maximal controlled invariant
subset of F.

Proof. We first show ¼*
1

is controlled invariant. Assume
for the sake of contradiction that it is not. Then for all
g there exists an x03¼*

1
, a d3D, a s"(q, x, (u, d))3H

g
and a t3q with x (t)N¼*

1
. By Proposition 4, J

1
(s)O0,

which, by Eq. (2), implies that J*
1
(x0)"0. This contra-

dicts the assumption that x03¼*
1
.

Next we show that ¼*
1

is maximal. Assume for the
sake of contradiction that it is not, that is, there exists
another controlled invariant ¼] with ¼*

1
L¼] -F.

Then, by definition, there exists a controller g such that
H

g
satisfies KF with I"¼] . In other words, for all

x03¼] , for all d3D and for all s"(q, x, (u, d))3H
g
,

KF (s)"True, or, equivalently, J
1
(s)"1. But, from

Eq. (2) this would imply that J*
1
(x0)"1. This contradicts

the assumption that ¼*
1
L¼] . K

By Proposition 2 there exists a least restrictive feed-
back controller g

1
: XP2U that renders ¼*

1
invariant. g

1
,

however, does not take into account the requirement for
efficiency. Assume that the efficiency specification can
also be encoded by a cost function

J
2
:HPR. (4)

We can again pose the controller synthesis problem as
a zero sum game between u and d over cost function J

2
.

As we no longer know whether the game over J
2

can
always be solved by a feedback strategy for u we allow
general controllers in this case. Consider the max—min
solution

J*
2
(x0)"max

C

min
d|D A min

s/(q,x, (u,d)) | (Hg1)C
J
2
(s)B. (5)

Note that this time the second minimum is over execu-
tions ofH

g1
, therefore, s is guaranteed to satisfy the safety

specification, as long as x03¼*
1
.

As for J
1

a threshold may be imposed on J
2
. For

example, an execution may be acceptably ‘‘efficient’’ only
if J

2
(s)50. In this case, J*

2
allows us to construct the set

¼*
2

of states for which both safety and efficiency speci-
fications can be satisfied

¼*
2
"Mx03¼*

1
DJ*

2
(x0)50N. (6)

If the controller achieving the maximum in Eq. (5) can be
obtained in feedback form, the process can be repeated, if
additional specifications with priorities lower than the
efficiency specification are introduced.

3.2. Technical issues and special cases

The synthesis procedure outlined above hinges on be-
ing able to solve Eq. (2) for u in feedback form. In Maler
et al. (1995) and Wong-Toi (1997) this is shown to be
possible for discrete, timed and special classes of hybrid
systems (known as linear hybrid automata). In the next
two sections we show how this can be done using dy-
namic programming techniques for special classes of
hybrid automata, with purely discrete and purely
continuous dynamics. This approach is extended to
general hybrid systems in Tomlin et al. (1998). In the
examples considered in Sections 4 and 5 (as well as the
ones Lygeros et al. (1998) and Tomlin et al. (1998))
a feedback solution to these equations can be obtained
analytically. In general, new and sophisticated algo-
rithms for solving optimal control problems (Schwartz,
1996; Sethian, 1996) will make the numerical solution of
more general problems feasible.

Two special cases of the above procedure deserve ex-
plicit mention. The first is the case in which there is no
disturbance. The synthesis procedure then calls for the
solution to a pair (one for each objective) of optimal
control problems, rather than games. An application of
this special case will be demonstrated in Section 5 with
a flight vehicle management example. The second special
case is one in which there is no control. This is, for
example, the case when a controller has already been
designed and we are asked to verify its operation, or to
determine the sets of initial conditions for which the
specifications are satisfied. The verification problem also
reduces to a pair of optimal control problems. For fur-
ther discussion of this special case the reader is referred to
Lygeros et al. (1996).

3.3. Infinite games on finite automata

Finite automata are a special class of hybrid automata,
with a finite number of discrete states (DX

D
D(R) and no

continuous state and input variables (X
C
"»

C
"0).

Dropping the continuous time dependence, an execution
of a finite automaton can be characterized more com-
pactly as an infinite sequence of state and input valu-
ations, (x, u, d)3Xu]Uu]Du, satisfying

x[0]3I, (x[i], (u[i], d[i]), x[i#1])3E,

(u[i], d[i])3/(x[i]) (7)

for all i3N. E and / define a successor relation,
d : X]U]DP2X by

x@3d(x, (u, d))8 [(u, d)3/ (x)]?[(x, (u, d), x@)3E].
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The general controller synthesis problems for this class of
systems have been studied extensively in the literature
(Ramadge and Wonham, 1989), often in a game theoretic
setting (see Thomas (1995) for an overview). Here we
restrict our attention to controller synthesis problems of
the form (H, KF). Traditionally, the set of states for
which a controller can solve this synthesis problem is
calculated using the following algorithm (Maler et al.,
1995):

Initialization: ¼0"F, ¼~1"0, i"0.
While ¼iO¼i~1 do

¼i~1"¼iWMx3X D&u3/ (x) D
U

∀d3/ (x) D
D

d (x, (u, d))-¼iN

i"i!1
end

At each step of the algorithm, the set ¼i contains the
states for which the control has a sequence of actions
which will ensure that the system remains in F for at least
i steps, for all possible actions of the disturbance. We use
a negative index i to indicate that we are computing the
predecessor at each step. Since ¼i~1-¼i for all i the
algorithm terminates in at most D¼0D"DFD4DXD steps.
Let ¼*

1
denote the fixed point of ¼i at termination.

To illustrate the connection between this algorithm
and the synthesis procedure of the previous section, we
provide a solution to the two player, zero sum game
using a dynamic programming argument. Consider
a value function

J : X]Z
~
PM0, 1N (8)

whose evolution is governed by the difference equation

J(x, 0)"G
1,

0,

x3F,

x3F#,

J(x, i!1)!J (x, i)

"minG0, max
u

min
d C min

x{ | d(x,(u,d))
J (x@, i)!J (x, i)DH.

(9)

We refer to Eq. (9) as a discrete Hamilton—Jacobi equa-
tion. The outermost minimum is added to ensure that
once a state has been labeled as unsafe it will not be
relabeled as safe at a later stage. It is easy to show that
Eq. (9) produces the same result as the above algorithm.

Proposition 6 (Winning states for u). A fixed point
J*
1
(x) of Eq. (9) is reached in a finite number of iterations.

¹he set of states produced by the algorithm is
¼*

1
"Mx3X DJ*

1
(x)"1N.

Proof. We show more generally that ¼i"Mx3XD
J(x, i)"1N. The proof is by induction, refer to Appendix
A. K

A feedback controller, g
1
, for u that renders ¼*

1
invari-

ant can now be constructed. For all x3¼*
1

the control-
ler allows exactly the u3/ (x) D

U
for which the next state is

guaranteed to be in ¼*
1

for all d:

g
1
(x)"

G
Mu3/(x)D

U
Dmin

d
min

x{ | d (x, (u, d))
J*
1
(x@)"1N

/ (x) D
U

if x3¼*
1
,

if x3 (¼*
1
)#.

Proposition 7 (Characterization of ¼*
1

and g
1
). ¼*

1
is

the maximal controlled invariant subset of F. g
1

is the
unique, least restrictive, non-blocking feedback controller
that renders ¼*

1
invariant.

Proof. The proof that ¼*
1

is the maximal controlled
invariant subset of F is along the lines of the proof
of Proposition 5. By construction, g

1
(x)O0 and

g
1
(x)-/ (x) D

U
for all x3X, therefore, g

1
is non-blocking.

Moreover, if for some i3N, x[i]3¼*
1

and u[i]3g
1
(x),

then x[i#1]3¼*
1
. By induction, if x[0]3¼*

1
, then

x[i]3¼*
1

for all i3N, and therefore g
1

renders
¼*

1
invariant.

To show g
1

is least restrictive, simply observe that, by
construction of g

1
, for all x3¼*

1
and uNg

1
(x), there

exists a d3/ (x) D
D

and an x@3d (x, u, d) such that
J*
1
(x@)"0. Therefore, if any uNg

1
(x) is allowed by a con-

troller the state can leave ¼*
1

in one transition. K

3.4. Dynamic games on nonlinear continuous systems

For continuous systems, the safety specifications con-
sidered here correspond to a class of dynamic games
known as pursuit-evasion games, where the controller
wins if it can keep the system from entering a ‘‘bad’’
subset of the state space, called the capture set, while the
disturbance wins if it can drive the state into the bad set
(if it can ‘‘capture’’ the controller).

When restricted to the continuous domain, a hybrid
automaton becomes a standard, nonlinear dynamical
system. We set X

D
"»

D
"0, and E"Z

x|X Z
(u,d) |U]D (x,

(u, d), x) (thus disallowing any discrete transitions).
The dynamics can now be compactly characterized by
a set of initial conditions ILX"Rn and a differential
inclusion:

xR (t)"f (x(t), u (t), d (t)) with (u(t), d (t))3/ (x(t)). (10)
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To recover the standard form of pursuit-evasion games
we assume that:

Assumption 2. /(x)"U]D for all x3X. ¹he capture
set is an open set G"Mx3Rn D l(x)(0N with boundary
LG"Mx3Rn Dl (x)"0N where l :RnPR is a differentiable
function with (Ll/Lx)(x)O0 on LG.

Defining F"G#, we say that a controller wins the
game if it solves the synthesis problem (H, KF).

The states on LG which can be forced by d into G in-
finitesimally constitute the usable part (UP) of LG (Bas,ar
and Olsder, 1995). They are given by

UP"Mx3LG D∀u&d
Ll

Lx
(x) f (x, u, d)(0N. (11)

Let t(0 and consider the value function

J(x0, u, d, t) : Rn]U]D]R
~
PR (12)

such that J(x0, u, d, t)"l (x (0)). This value function may
be interpreted as the cost of an execution which starts at
x0 at time t40, evolves according to Eq. (10) with input
(u, d), and ends at the final state x (0). Note that the value
function depends only on the final state; there is no
running cost (¸agrangian). This encodes the fact that we
are only interested in whether or not the state eventually
enters G. Let

J*(x, t)"max
u|U

min
d|D

J (x, u ( ) ), d ( ) ), t), (13)

where, following Eq. (2), we implicitly restrict attention to
feedback strategies for u. The set

Gx3X D min
t{ | *t,0+

J*(x, t@)50H (14)

contains the states for which the system can be forced by
u to stay in F for at least DtD time units, regardless of the
disturbance d.

J*(x, t) can be computed using standard results from
optimal control theory. First, define the Hamiltonian of
the system as

H(x, p, u, d)"pTf (x, u, d) (15)

where p is a vector in Rn called the costate. The optimal
Hamiltonian is

H* (x, p)"max
u |U

min
d |D

H(x, p, u, d). (16)

If J*(x, t) is a differentiable function of x and t, then it
may be calculated for all x and t using the Hamilton—
Jacobi partial differential equation:

!

LJ*(x, t)

Lt
"H*Ax,

LJ*(x, t)

Lx B (17)

with J*(x, 0)"l (x). The derivation of Eq. (17) may be
found in most textbooks on optimal control (for example

Bryson and Ho, 1975). To prevent states from being
relabeled as safe once they have been labeled as unsafe,
we again introduce an additional minimum operation on
the right-hand side of Eq. (17). The Hamilton—Jacobi
equation then becomes

J*(x, 0)"l (x),

!

LJ* (x, t)

Lt
"minG0, H*Ax,

LJ*(x, t)

Lx BH.
(18)

Eq. (18) is the continuous analog of Eq. (9). It should be
noted that, unlike the algorithm for the discrete case, the
calculation for Eq. (18) may not terminate. Computing
the solution to the Hamilton—Jacobi partial differential
equation is likely to be impossible using a finite computa-
tion; moreover, the algorithm involves taking the limit of
the solution as tP!R. A more thorough discussion of
the technical problems and computational issues asso-
ciated with solving Hamilton—Jacobi equations is given
in the concluding section.

Assume that Eq. (18) has a differentiable solution
J*(x, t) which converges as tP!R to a unique func-
tion. Let J*

1
(x) denote this function, and define

¼*
1
"Mx DJ*

1
(x)50N. A feedback controller that renders

¼*
1

invariant can now be constructed. The controller
should be such that for x3L¼*

1
only the u for which the

vector field is either tangential or points inside ¼*
1

can be
applied:

g
1
(x)"

G
Mu3/ (x) D

U
Dmin

d |( (x)DD
(LJ*

1 (x)
Lx

)T f (x, u, d)50N

if x3L¼*
1
,

/(x) D
U

if x3 (¼*
1
)°X(¼*

1
)#.

Proposition 8 (Characterization of ¼*
1

and g
1
). ¼*

1
is the

maximal controlled invariant subset of F. g
1

is the unique,
least restrictive, nonblocking feedback controller that ren-
ders ¼*

1
invariant.

Proof. The claim that ¼*
1

is the maximal controlled
invariant subset of F and that g

1
is nonblocking and

renders it invariant follow by a standard dynamic pro-
gramming argument for pursuit-evasion games. To show
that g

1
is least restrictive, observe that for all x3¼*

1
and

uNg
1
(x), there exists a d3/ (x) D

D
such that the state

leaves ¼*
1

instantaneously. K

4. The steam boiler

4.1. Problem description

Our analysis of the steam boiler benchmark problem is
based on the specification of Henzinger and Wong-Toi
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(1996), which is simpler than the original specification of
Abrial (1996) in that the effect of faults on the system is
not considered. The steam boiler consists of a tank con-
taining water and a heating element that causes the water
to boil and escape as steam. The water is replenished by
two pumps which at time t pump water into the boiler at
rates q

1
(t) and q

2
(t) respectively. At every time t, pump

i can either be on (q
i
(t)"P

i
) or off (q

i
(t)"0). There is

a delay ¹
pi

between the time pump i is ordered to switch
on and the time q

i
switches to P

i
. There is no delay when

the pumps are switched off. The requirement is that the
pumps are switched on and off so that the water level
remains between two values M

1
and M

2
.

Here we will use three hybrid automata to describe the
system, one for the boiler and one for each of the pumps.
The specification of Henzinger and Wong-Toi (1996) also
includes a valve that, together with the pumps, can be
used to bring the water level to a desirable initial condi-
tion before the heating element is turned on and the
boiling starts. As the valve is only used to set the initial
condition, its operation will be ignored in our safety
calculations.

The controller design we obtain for the steam boiler is
close in spirit to the design of Heymann et al. (1997).
Some differences in the model used to describe the system
make it difficult to directly compare the two designs,
however. For example, the model we consider does not
assume that observation and control take place only
at fixed sample times. In particular, we assume that
the system state can be observed continuously, and that
the controller can act instantaneously based on this
information. The controller proposed here can therefore
render more states safe, as actions can be delayed until
the very last real time (as opposed to the last sample
time).

Our model also assumes that not only the steam rate,
but also its derivative are bounded in known ranges. This
additional restriction on the disturbance is faithful to the
original problem posed in Abrial (1996) and allows us to
render even more states safe. The tradeoff is that the
resulting automaton is no longer in the class of linear
hybrid automata, and therefore is not directly amenable
to algorithmic (and potentially automatic) synthesis pro-
cedures. The model considered in Heymann et al. (1997)
can be thought of as a conservative ‘‘decidable’’ approxi-
mation of the model presented here. For a more
thorough discussion of this issue see Henzinger and
Wong-Toi (1996).

Finally, our controller does not involve an a priori
restriction on the order in which pumps are switched
on and off. This allows us to deal with the slightly
more general case in which P

1
OP

2
. The tradeoff is

that we have to tolerate some non-determinism in the
control scheme, in cases for example where the system is
safe with either one or the other pump on, but not
neither.

4.2. System model

The boiler is modeled by a hybrid automaton,
H

B
"MX

B
, »

B
, I

B
, f

B
, E

B
, /

B
N, with two continuous states,

the water level w and the rate at which steam escapes, r.
The system evolution is influenced by two discrete inputs,
q
1
and q

2
, and one continuous input, the derivative of the

steam rate, d. The physical properties of the boiler impose
bounds on the states and inputs: x

B
"[w r]T3X

B
"

R][0, ¼] and v
B
"[q

1
q
2

d]T3V
B
"M0, P

1
N]

M0, P
2
N][!º

2
, º

1
], where ¼, º

1
, º

2
, P

1
and P

2
are

positive constants. Following (Henzinger and Wong-Toi,
1996) the dynamics are given by

f
B
(x

B
, v

B
)"C

q
1
#q

2
!r

d D and E
B
" Z

xB |X
B

vB |V
B

(x
B
, v

B
, x

B
).

Note that the set E
B

does not allow any discrete jumps of
the state. To ensure that the state constraints on r are not
violated we introduce the state-dependent input con-
straint:

/
B
(x) D MdN"G

[!º
2
, º

1
] if r3 (0, ¼),

[!º
2
, 0] if r"¼,

[0, º
1
] if r"0.

We also assume that I
B
-R][0, ¼]. There are no state-

dependent constraints on q
1

and q
2
.

Each pump can also be modeled by a hybrid automa-
ton, H

1i
"MX

1i
, »

1i
, I

1i
, f

1i
, E

1i
, /

1i
N, with two discrete

states q
i
"0 and q

i
"P

i
that reflect if the pump is on or

off and one continuous state, ¹
i
, that reflects the time

that has elapsed since the pump was commanded to
switch on, hence x

1i
"(q

i
, ¹

i
)3X

1i
"M0, P

i
N]R

`
. The

evolution of the state is affected by a discrete input,
u
1i
"u

i
3V

1i
"M0, 1N that takes the value 0 if the pump is

commanded to switch off and 1 if the pump is com-
manded to switch on. For consistency we restrict the
pump initial conditions to

I
1i
-A Z

Ti
4T1i

(0, ¹
i
)BXA Z

Ti
5T1i

(P
i
, ¹

i
)B.

The dynamics are given by ¹Q
i
"f

1i
(x

1i
, u

i
)"u

i
and

E
1i
"((0, ¹

1i
), 1, (P

i
, ¹

1i
))

XA Z
Ti

4T1i

((0, ¹
i
), 0, (0, 0))B

XA Z
Ti

4T1i

((0, ¹
i
), 1, (0, ¹

i
))B

XA Z
Ti

5T1i

((P
i
, ¹

i
), 1, (P

i
, ¹

i
))B

XA Z
Ti

5T1i

((P
i
, ¹

i
), 0, (0, 0))B.

There are no state-dependent input constraints.
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The combined system can be obtained as the composi-
tion of H

B
, H

11
and H

12
through the shared variables

q
1

and q
2

(for the formal discussion see Lygeros, 1996;
Lygeros et al., 1998). The resulting automaton
H"MX, », I, f, E, /N, will have two discrete and four
continuous states (X"X

B
XX

11
XX

12
). We will use

x"((q
1
, q

2
), [w r ¹

1
¹

2
]T) to denote the overall state.

H has two discrete control inputs º"Mu
1
, u

2
N and one

continuous disturbance input D"MdN (»"ºXD"

»
B
X»

11
X»

12
). I and E are simply the products of the

corresponding sets of H
B
, H

12
and H

12
and f and / the

products of the corresponding maps. Our goal is to
design a feedback controller for u

1
and u

2
that keeps the

water level in the interval w (t)3[M
1
, M

2
] for all t50.

This requirement can be encoded by a safety property
KF with F"Mx3X Dw3[M

1
, M

2
]N.

4.3. Saddle solutions and set of safe states

The automaton H is deterministic, in the sense that
there exists a unique execution corresponding to each
choice of initial state x03I and control and disturbance
trajectories (modulo identity transitions). Therefore, fol-
lowing the procedure of Section 3 we characterize the
safety property KF using two cost functions:

J1
1
(x0, u

1
, u

2
, d)" inf

t50
w (t) and

J2
1
(x0, u

1
, u

2
, d)"!sup

t50
w (t). (19)

For a given execution, KF is satisfied if and only if
J1
1
5M

1
and J2

1
5!M

2
.

It turns out that for this example one may not only
solve Eq. (2) analytically in feedback form, but one also
obtains a saddle solution. Informally, a saddle solution to
the two player zero sum game is a solution to Eq. (2)
where the minimum over d and the maximum over
u ‘commute’, or, in other words, a solution where the
order in which the players make their decision is unim-
portant (for a formal discussion see Bas,ar and Olsder,
1995).

Consider the following candidate feedback saddle
solution for the game with cost J1

1
:

u1*
i

(x)"1 for all x, and d1* (x)"G
º

1
0

if r(¼,

if r"¼.

(20)

Lemma 9. (u1*
1

, u1*
2

, d1*) is globally a saddle solution for
the game between (u

1
, u

2
) and d over J1

1
.

Proof. We check that the following inequalities hold for
all x0, u

1
, u

2
and d:

J1
1
(x0, u

1
, u

2
, d1*)4J1

1
(x0, u1*

1
, u1*

2
, d1*)

4J1
1
(x0, u1*

1
, u1*

2
, d).

The details are given in Appendix A. K

For cost J2
1

the saddle solution can be similarly cal-
culated. Consider the candidate

u2*
i

(x)"0 for all x and

d2*(x)"G
!º

2
0

if r'0,

if r"0.
(21)

Lemma 10. (u2*
1

, u2*
2

, d2*) is a saddle solution for the
game between (u

1
, u

2
) and d over J2

1
.

Proof. Similar to the proof of Lemma 9, refer to
Appendix A. K

It should be noted that the saddle solution is not
unique in the latter case, as far as the u

i
are concerned.

For example, any u
i

such that wR (t)40 for all t will
produce the same maximum water level (equal to the
initial water level).

The saddle solutions allow us to determine the set of
states for which there exist inputs for the pumps such that
the water level is guaranteed to remain between the
specified limits for any steam rate. To accomplish this we
first need to determine the costs under the saddle solu-
tions. Let J1*

1
(x0)"J1

1
(x0, u1*

1
, u1*

2
, d1*), x* be the state

trajectory generated by (u1*
1

, u1*
2

, d1*) with initial condi-
tion x0, and D

i
"¹

1i
!¹0

i
be the time at which pump

i starts pumping water under input u1*
i

.

Lemma 11. If ¼4P
1
#P

2
then J1*

1
(x0)"minMw*(D

1
),

w* (D
2
)N.

Proof. By direct calculation, refer to Appendix A for
details. K

Lemma 11 allows us to calculate the boundary be-
tween safe and unsafe initial conditions. In particular, we
would like J1*

1
(x)5M

1
, therefore:

w5maxMM
1
!w* (D

1
)#w, M

1
!w* (D

2
)#wN.

The calculations in Appendix A indicate that w* (D
i
)!w

is independent of w and is uniquely specified by the
values of r, ¹

1
and ¹

2
. Therefore, the boundary between

safe and unsafe states can be thought of as a function w' :
[0, ¼]]R2

`
PR, which maps (r, ¹

1
, ¹

2
) to the min-

imum water level required for safety. The level sets of
w' for ¹

2
"0 (i.e. pump 2 initially off) and for ¹

2
5¹

12
(i.e. pump 2 initially fully on) are shown in Fig. 1. The
parameter values used in the figure were M

1
"0,

º
1
"0.5, ¼"4, P

1
"P

2
"2.5 and ¹

11
"¹

12
"5. The

safety boundary for any other value of ¹
2

will be a sim-
ilar surface lying between the two surfaces of the figure.
Safety (w (t)5M

1
) can be maintained as long as the

water level is on or above the corresponding surface. As
expected the higher the value of ¹

2
the more states are
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Fig. 1. Lower limit on w to avoid draining.

—————
3Or if it is already ‘‘too late’’, w(w' (r, ¹

1
, ¹

2
).

safe (the surface moves down). Let

¼1*
1

"Mx3X Dw5wL (r, ¹
1
, ¹

2
)N

"Mx3X DJ1*
1

(x)5M
1
N. (22)

To determine J2*
1

, note that w2* (t)4w for any t,
therefore, J2*

1
(x)"!w and any state with w4M

2
is

safe with respect to J2
1
. However, as noted earlier, the

u2*
i

are not the unique minimizers of J2
1
, as any control

such that wR 40 whenever w returns to its initial value
achieves the same value of J2

1
. This observation leads to

a boundary between safe and unsafe states. On the
boundary, w"M

2
(the only situation where J2

1
becomes

safety critical) and r"r' (¹
1
, ¹

2
) where

r' :R2PR,

(¹
1
, ¹

2
)>G

0 if ¹
1
(¹

11
and ¹

2
(¹

12
,

P
1

if ¹
1
5¹

11
and ¹

2
(¹

12
,

P
2

if ¹
1
(¹

11
and ¹

2
5¹

12
,

P
1
#P

2
if ¹

1
5¹

11
and ¹

2
5¹

12
.

Pictorially, this boundary is shown in Fig. 2. Let

¼2*
1

"Mx3XD(w(M
2
)@[(w"M

2
)?(r5r' (¹

1
, ¹

2
))]N

"Mx3X DJ2*
1

(x)5!M
2
N. (23)

4.4. Least restrictive safe controller

The calculation of the safe set also allows us to classify
the controls that render this set invariant. To ensure the

existence of controls that are safe with respect to both
draining and overflow we assume that:

Assumption 3. ¼4P
1
#P

2
and w' (¼, 0, 0)(M

2
.

Lemma 12. ¹he feedback controller g1
1

given by

u
1
3M0, 1N and u

2
3M0, 1N

if [w'w' (r, 0, 0)]@[w(w' (r, ¹
1
, ¹

2
)],

u
1
"1 and u

2
3M0, 1N if w' (r, 0, 0)5w'w' (r, ¹

1
, 0),

u
1
3M0, 1N and u

2
"1 if w' (r, 0, 0)5w'w' (r, 0, ¹

2
),

u
1
"1 and u

2
"1 if w"w' (r, ¹

1
, ¹

2
).

is the unique, least restrictive, non-blocking, feedback
controller that renders ¼1*

1
invariant.

Proof. The proof is a corollary of Lemma 9 and the
properties of the saddle solution. g1

1
is clearly non-

blocking. To show that it renders ¼1*
1

invariant,
it suffices to show that any u satisfying the above
conditions leads to a state trajectory with
w(t)5w' (r, ¹

11
, ¹

12
)"M

1
for all t. The first three cases

are relevant only if w (t)5w' (r, 0, 0), w (t)5w' (r, ¹
1
, 0)

and w (t)5w' (r, 0, ¹
2
), respectively.3 As w' is monotone in

¹
1
and ¹

2
, the lower bounds are greater than or equal to

w' (r, ¹
11

, ¹
12

) in all three cases. Therefore, the last case
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Fig. 2. Lower limit on r to avoid overflow.

(w"w' (r, ¹
1
, ¹

2
)) is the only one we have to worry

about. Safety in this case is guaranteed by Lemma 9.
To show that g1

1
is the unique least restrictive control-

ler that renders ¼1*
1

invariant, we only need to worry
about the last three cases (the first case is trivially least
restrictive). In the last three cases at least one of the u

i
is

restricted to be u
i
"1. If u

i
"0 is used instead, the

conditions on the three cases and the monotonicity of
w' with respect to ¹

i
imply that the resulting jump to

¹
i
"0 will result in w(w' (r, ¹

1
, ¹

2
). In this situation,

Lemma 9 guarantees that there exists a d (for example
d"d1*) and a t50 such that w(t)(M

1
. Therefore, any

control scheme violating the proposed restrictions is
unsafe. K

Note that the first term applies to states in the interior
of the safe set (w'w' (r, 0, 0)) as well as all the states
outside the safe set (w(w' (r, ¹

1
, ¹

2
)). The expression for

w' (given in the appendix) suggests that w' is monotone in
¹

1
and ¹

2
. Therefore, the condition on the last case is

enabled if and only if all other conditions fail. The two
middle conditions may overlap, however. Therefore there
is some nondeterminism in the choice of safe controls
(some states may be safe with either one or the other
pump on, but not neither).

Lemma 13. ¹he feedback controller g2
1

given by

u
1
3M0, 1N and u

2
3M0, 1N

if [(w(M
2
)@(r'r' (¹

1
, ¹

2
))]@[w'M

2
],

u
1
"0 and u

2
3 M0, 1N

if [w"M
2
]?[r' (¹

1
, ¹

2
)5r'r' (0, ¹

2
)],

u
1
3M0, 1N and u

2
"0

if [w"M
2
]?[r' (¹

1
, ¹

2
)5r'r' (¹

1
, 0)],

u
1
"0 and u

2
"0

if [w"M
2
]?[r4minMr' (¹

1
, 0), r' (0, ¹

2
)N]

is the unique, least restrictive, nonblocking, feedback
controller that renders ¼2*

1
invariant.

Proof. The proof follows as a corollary of Lemma 10.
g2
1

is clearly non-blocking. To show that it renders
¼2*

1
invariant, note that if w"M

2
(the only safety

critical situation), the restrictions imposed on u guaran-
tee that wR 40 for d2* (and hence any d). To show that it
is the unique least restrictive controller that does so note
that any control violating the conditions of the lemma
will result in wR '0 when w"M

2
. K

Again the first term applies to states in the interior of
the safe set, as well as unsafe states. Note again the
nondeterminism in the choice of control in the middle
two cases (the system may be safe with either one or the
other pump on, but not both). Summarizing:

Theorem 14. ¹he set ¼*
1
"¼1*

1
W¼2*

1
is the maximal

controlled invariant subset of F. ¹he controller g
1

with
g
1
(x)"g1

1
(x)Wg2

1
(x) for all x3X is the unique, least
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—————
4The bounds on the dynamics which arise from the relationship

between the engine throttle and the forward thrust, and the elevators
and the aircraft pitch are introduced in the calculation through the
constraints on the inputs and the state variables.

restrictive, nonblocking, feedback controller that renders
¼*

1
invariant.

Proof. Under Lemmas 12 and 13, it suffices to show that
g(x)O0 for all x3X. This, however, follows from As-
sumption 3 and the monotonicity of w' with respect to r,
¹

1
and ¹

2
. K

5. Flight vehicle management systems

5.1. Problem description

The flight vehicle management system (FVMS)
example is based on the dynamic aircraft equations and
the design specification of Hynes and Sherry (1996). The
equations model the speed and the flight path angle
dynamics of a commercial aircraft in still air. The control
inputs to the equations are the thrust ¹, accessed
through the engine throttle, and the pitch angle h, ac-
cessed through the elevators. The outputs we wish to
control are the speed » and the flight path angle c. There
are three primary modes of operation:

(1) Mode 1: The thrust ¹ is between its specified operat-
ing limits (¹

.*/
(¹(¹

.!9
), the control inputs are

¹ and h, and both » and c are controlled outputs.
(2) Mode 2: The thrust saturates (¹"¹

.*/
@¹"¹

.!9
)

and thus it is no longer available as a control input;
the only input is h, and the only controlled output
is ».

(3) Mode 3: The thrust saturates (¹"¹
.*/

@

¹"¹
.!9

); the input is again h, and the controlled
output is c.

Within Modes 2 and 3 there are two submodes depend-
ing on whether ¹"¹

.*/
or ¹"¹

.!9
.

Safety regulations for the aircraft dictate that » and
c must remain within specified limits. For ease of pre-
sentation we simplify this safety envelope, F, of Hynes
and Sherry (1996) to

F"M(», c) D (»
.*/

4»4»
.!9

)?(c
.*/

4c4c
.!9

)N, (24)

where »
.*/

, »
.!9

, c
.*/

, c
.!9

are constants. We would like
to design a control scheme, an FVMS, to drive the
aircraft between operating points in F. The resulting
trajectory (» (t), c (t)) should stay within F at all times and
should satisfy constraints on the linear and angular accel-
eration:

D»Q D40.1g, D»c5 D40.1g (25)

imposed for passenger comfort.

5.2. System model

We model the aircraft by a hybrid automaton
H"(X, », I, f, E, /). Following (Hynes and Sherry,

1996), the dynamics can be captured by two continuous
state variables x"[», c]T3X"R`]S1, evolving ac-
cording to a vector field f given by

»Q "
¹!D

m
!g sin c, c5 "

¸

m»

!

g cos c
»

, (26)

where » (m/s) is the airspeed, c (rad) is the flight path
angle,¹ (N) is the thrust, m (kg) is the mass of the aircraft,
g (m/s2) is gravitational acceleration and ¸ and D are the
aerodynamic lift and drag forces. The aerodynamic forces
can be modeled by

¸"a
L
»2(1#c(h!c)),

D"a
D
»2(1#b(1#c(h!c))2) (27)

where a
L

and a
D

are the lift and drag coefficients, b and
c are small positive constants, and h is the aircraft pitch
angle.

We assume that the pilot has direct control over the
thrust ¹ and the pitch angle h, thus there are two con-
tinuous control inputs:4

u"[¹, h]T3U"[¹
.*/

, ¹
.!9

]][h
.*/

, h
.!9

]. (28)

There are no disturbance inputs (D"0), no state-
dependent input constraints (/(x),U) and no discrete
transitions.

Substituting Eq. (27) into Eq. (26) and assuming that
b is small enough to neglect the quadratic term in (h!c)
in the drag, leads to

f (x, u)"C
xR
1

xR
2
D

"

!a
D
x2
1

m
!g sinx

2
#

1

m
u
1

a
L
x
1
(1!cx

2
)

m
!

g cosx
2

x
1

#

a
L
cx

1
m

u
2

. (29)

In our calculations we use the following parameter
values, which correspond to a DC!8 at cruising speed,
at an altitude of 35 000 ft: m"85 000 kg, c"6, a

L
"30,

a
D
"2, ¹

.*/
"40 000 N, ¹

.!9
"80 000 N, h

.*/
"

!22.5°, h
.!9

"22.5°, »
.*/

"180 m/s, »
.!9

"240 m/s,
c
.*/

"!22.5° and c
.!9

"22.5°. The bounds on the pitch
angle h and the flight path angle c are chosen to be
symmetric about zero for ease of computation. In actual
flight systems, the positive bound on these angles is
greater than the negative bound.
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—————
5Since H1*

1
(x, p) loses dependence on u

2
on the set Mx Dl1

1
(x)"0N, the

calculations involve computing the so-called abnormal extremals. Fig. 3. The safe set of states, ¼*
1
, and its boundary L¼

1
.

5.3. Optimal controls and safe set of states

In this system, the controller ‘‘wins’’ if it can keep the
state of the aircraft from leaving the envelope F. Since
there are no disturbances in our model, the dynamic
game of Section 3.4 which is used to calculate the safe set
of states reduces to an optimal control problem. Let

l1
1
(x)"x

1
!»

.*/
, l2

1
(x)"!x

2
#c

.!9
,

l3
1
(x)"!x

1
#»

.!9
, l4

1
(x)"x

2
!c

.*/
. (30)

Thus

F"Mx3X D∀i3M1, 2, 3, 4N, li
1
(x)50N. (31)

Note that LF is only piecewise smooth. This makes the
formal solution to Eq. (18) more challenging technically.
Here we show that, for this example, the calculation can
in fact be performed one piece of the boundary at a time.
We calculate the safe set of states with respect to each
li
1
separately, and prove that the intersection of the result-

ing sets is ¼*
1
.

Consider the system (29) over the time interval [t, 0],
where t(0, and let us first calculate the safe set of states
with respect to l1

1
(x). The value function is given by

J1
1
(x, u( ) ), t) : Rn]U]R

~
PR (32)

such that J1
1
(x, u ( ) ), t)"l1

1
(x(0)). This value function

may be interpreted as the cost of a trajectory x ( ) ) which
starts at x at time t40, evolves according to Eq. (29)
with input u ( ) ), and ends at the final state x (0). The
optimal cost is found by maximizing with respect to u:

J1*
1

(x, t)"max
u( > ) |U

J1
1
(x, u( ) ), t) (33)

and the safe set of states is therefore Mx DJ1*
1

(x)50N.
Following the Hamilton—Jacobi method of Section 3.4,
the optimal Hamiltonian is given by

H1*
1

(x, p)"max
u|U Cp

1A!
a
D
x2
1

m
!g sinx

2
#

1

m
u
1B

#p
2A

a
L
x
1
(1!cx

2
)

m
!

g cos x
2

x
1

#

a
L
cx

1
m

u
2BD. (34)

The Hamilton—Jacobi equation describing the evolution
of the J1*

1
(x, t) is

!

LJ1*
1

(x, t)

Lt
"minG0, H1*

1 Ax,
LJ1*

1
(x, t)

Lx BH,
J1*
1

(x, 0)"l1
1
(x). (35)

We may compute the optimal control inputs at the time
t"0 using Eq. (34). The optimal thrust input may be
calculated directly from this equation: u*

1
(0)"¹

.!9
. The

optimal pitch input must be calculated indirectly.5

Define (»
.*/

, c
a
)"Mx3F D l1

1
(x)"0?H*

1
(x)"0N. Then

c
a
"sin~1A

¹
.!9

mg
!

a
D
»2

.*/
mg B. (36)

Integrate the system dynamics (29) with
x(0)"(»

.*/
, c

a
), u"u*, backwards from t"0 to

t"!¹, where ¹ is chosen to be large enough so that the
solution intersects Mx D l2

1
(x)"0N. The optimal control

u*
2

is required for this calculation. At the abnormal ex-
ternal (»

.*/
, c

a
), any u

2
3[h

.*/
, h

.!9
] may be used. How-

ever, as we integrate the system, we leave the abnormal
extremal regardless of the choice of u

2
instantaneously,

and u*
2

is uniquely determined. For all u
2
3[h

.*/
, h

.!9
],

for all d3R`, the inward pointing normal to
f (x (!d), [u*

1
u
2
]T) is such that p

2
is negative, thus,

u*
2
"h

.*/
. Denote the point of intersection of the solution

of Eq. (29) with Mx3F Dl2
1
(x)"0N as (»

a
, c

.!9
), and the

solution to Eq. (29) between (»
.*/

, c
a
) and (»

a
, c

.!9
) as

L¼a
1
, as shown in Fig. 3.

The calculation can be repeated for the remain-
ing boundaries. Of the remaining three, only
Mx3F Dl3

1
(x)"0N contains a point at which the asso-

ciated optimal Hamiltonian, H3*
1

(x), becomes zero. We
denote this point as (»

.!9
, c

b
) where

c
b
"sin~1A

¹
.*/

mg
!

a
D
»2

.!9
mg B (37)

and similarly calculate L¼b
1

and »
b
, as shown in Fig. 3.

Theorem 15. For the aircraft dynamics (29) with flight
envelope F given by (24) and input constraints (28), the
maximal controlled invariant subset of F is the set ¼*

1
,

enclosed by L¼*
1
, given by

L¼*
1
"M(», c) D(»"»

.*/
)?(c

.*/
4c4c

a
)

@(», c)3L¼a
1

@(c"c
.!9

)?(»
a
4»4»

.!9
)

J. Lygeros et al. /Automatica 35 (1999) 349—370 363



@(»"»
.!9

)?(c
b
4c4

.!9
)

@(», c)3L¼b
1

@(c"c
.*/

)?(»
.*/

4»4»
b
)N. (38)

Proof. Refer to Appendix A. K

5.4. The class of least restrictive, safe controls

Theorem 16. ¹he unique, least restrictive, nonblocking,
feedback controller that renders ¼*

1
invariant is

g
1
(x)"UWg'

1
(x), where

g'
1
(», c)"

M¹5¹
a
(c) if(»"»

.*/
)?(c

.*/
4c4c

a
)

h"h
.*/

?¹"¹
.!9

if (», c)3L¼a
1

h4h
c
(») if (c"c

.!9
)?(»

a
4»4»

.!9
)

¹4¹
b
(c) if (»"»

.!9
)?(c

b
4c4c

.!9
)

h"h
.!9

?¹"¹
.*/

if (», c)3L¼b
1

h5h
d
(») if (c"c

.*/
)?(»

.*/
4»4»

b
)

U elseN

(39)

with

¹
a
(c)"a

D
»2

.*/
#mg sin c, (40)

¹
b
(c)"a

D
»2

.!9
#mg sin c, (41)

h
c
(»)"

m

a
L
»
C
A
g cos c

.!9
»

!

a
L
»(1!cc

.!9
)

m B, (42)

h
d
(»)"

m

a
L
»
C
A
g cos c

.*/
»

!

a
L
»(1!cc

.*/
)

m B. (43)

Proof. Refer to Appendix A. K

In Fig. 3, the portions of L¼*
1

for which all control
inputs are safe (g

1
(x)"U) are indicated with solid lines;

those for which only a subset are safe (g
1
(x)LU) are

indicated with dashed lines. The map defines the least
restrictive safe control scheme and determines the mode
switching logic. On L¼a

1
and L¼b

1
, the system must be in

Mode 2 or Mode 3. Anywhere else in ¼*
1
, any of the

three modes is allowed as long as the input constraints of
Eq. (39) are satisfied. In the regions FC¼*

1
(the upper left

and lower right corners of F), no control inputs are safe.

5.5 Additional constraints for passenger comfort

Cost functions involving the linear and angular accel-
erations can be used to encode the requirement for pas-
senger comfort. For s3H

g1
we define

J1
2
(s)"!max

t50
DxR

1
(t) D, J2

2
(s)"!max

t50
Dx

1
(t)xR

2
(t) D. (44)

The requirement that the linear and angular acceleration
remain within the limits determined for comfortable
travel are encoded by thresholds:

J1
2
(s)5!0.1g, J2

2
(s)5!0.1g. (45)

Within the class of safe controls, a control scheme which
addresses the passenger comfort (efficiency) specification
can be constructed. To do this, we solve the optimal
control problem:

J1*
2

(x)"max
C

J1
2
(s), J2*

2
(x)"max

C

J2
2
(s), (46)

where s3 (H
g1
)
C
. From this calculation, it is straightfor-

ward to determine the set of ‘‘comfortable’’ states:

¼*
2
"Mx3¼*

1
DJ1*

2
(x)5!0.1g?J2*

2
(x)5!0.1gN. (47)

The set of comfortable controls may be calculated by
substituting the bounds on the accelerations into Eq. (29)
to get

!0.1mg#a
D
»2#mg sin c4¹

40.1mg#a
D
»2#mg sin c

!

0.1mg

a
L
»2c

!

1!cc
c

#

mg cos c
a
L
»2c

4h

4

0.1mg

a
L
»2c

!

1!cc
c

#

mg cos c
a
L
»2c

. (48)

¹hese constraints provide lower and upper bounds on the
thrust and the pitch angle which may be applied at any
point (», c) in ¼*

2
while maintaining comfort. Note that,

despite the fact that comfort is not a safety specification
(in the sense of Section 2), the set of comfortable controls
can still be characterized in feedback form.

6. Concluding remarks and computational issues

The notions of ‘‘maximal controlled invariant set’’ and
‘‘least restrictive safe controller’’ are central to the con-
troller synthesis methodology discussed in this paper.
These notions allow us to deal with the multi-objective
nature of the problem by solving a sequence of nested
two player, zero sum games. These notions are also
important in the hierarchical control context. Assume
that a number of controllers are synthesized (using the
methodology introduced here for example), each de-
signed to deal with a particular situation, and we are
asked to develop a discrete supervisor to switch between
them. The maximal safe sets for each controller provide
necessary enabling conditions for the transitions of the
supervisor; a particular controller should be invoked
only if the current value of the state lies in the corre-
sponding safe set.

In the examples considered here the maximal safe sets
and least restrictive safe controllers naturally emerged
from the calculations. We would like to develop a formal
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—————
6Actually, the legacy controllers frequently involve state based

switching between controllers designed for ‘‘safety’’ and ‘‘performance’’,
not unlike the systems discussed here.

methodology to capture this procedure. The dynamic
programming techniques used in the last example
(FVMS) seem to be the most promising in this respect. In
Tomlin et al. (1998) we show how in certain cases these
techniques can be extended to hybrid systems. An inter-
esting feature of the results presented there is that the
discrete and continuous calculations effectively decouple
(which is also the case for the FVMS example). We are
currently working on generalizing this approach to more
technically challenging cases (for example, safe sets that
are not smooth).

The methods presented in this paper may also prove
useful for the introduction of new controllers into so-
called legacy systems for real time control. Legacy sys-
tems come equipped with a controller with a guaranteed
domain of validity, say ¼

1
.6 Assume one would like to

retrofit the system with a new experimental controller
with unknown domain of validity, presumably in an
attempt to improve performance. This addition should
be done in a way that does not compromise the safety of
the system. One way of accomplishing this is to utilize the
experimental controller only in the interior of the validity
set ¼

1
and resort to the legacy controller as soon as the

state approaches the boundary of ¼
1
. Our methods are

useful for systematically computing the switching logic
among the controllers and determining the switching
boundaries. In this context, it may be useful to explore
the links between our work and the Simplex work of Seto
et al. (1998), on safely executing control code upgrades
for complex systems.

In practice, the usefulness of the algorithm for hybrid
controller synthesis presented in this paper depends
on our ability to efficiently compute solutions the
Hamilton—Jacobi equation. We conclude this paper with
a brief discussion of some of the computational issues
which we are currently investigating.

Numerical methods for computing solutions to the
Hamilton—Jacobi partial differential equation have been
studied extensively. Sethian (1996) presents a set of com-
putation schemes based on a level set method for
propagating curves, which uses numerical techniques de-
rived from conservation laws. The approach requires
gridding the state space, so while these techniques have
been shown to be efficient in two or three dimensions,
they may become computationally intractable in higher
dimensions. Also, it is essential that a bound on the error
due to approximation be known at each step of the
algorithm, in order to guarantee that the computed sur-
face is a conservative approximation to the actual
surface.

Numerical solutions are potentially complicated by
the fact that the right-hand side of Eq. (18) is nonsmooth.
This is also the case for the optimal Hamiltonian
H* (x, p). Moreover, as t evolves the solution J* (x, t) to
the Hamilton—Jacobi equation can develop discontinui-
ties (known as shocks) or lose smoothness as a function of
x. Finally, additional numerical complications may be
generated if the ‘‘capture’’ set happens to be nonsmooth.
Computing solutions with discontinuous Hamiltonian
functions is dealt with in Sethian (1996) using an evolu-
tion function which varies across the grid space. Methods
to compute solutions in the presence of shocks are pre-
sented in Berg et al. (1996), and a ‘‘viscosity’’ method to
systematically deal with shocks is presented in Lions
(1982).

Even if all of the issues associated with computing
solutions to the continuous Hamilton—Jacobi equation
are resolved, there are more computational challenges
arising from the discrete dynamics. The first is undecida-
bility; in general, one cannot expect to solve Eq. (18)
using a finite computation. The class of hybrid systems
for which algorithms like the one presented here are
guaranteed to terminate is known to be restricted (Hen-
zinger et al., 1995). Techniques have been proposed to
resolve this problem, making use of approximation
schemes to obtain estimates of the solution (Puri and
Varaiya, 1995). Another problem is the requirement that
the controller resulting from our algorithm is nonZeno,
i.e. does not enforce the safety requirement by preventing
time from diverging. The algorithm proposed here has no
way of preventing such behavior. Adding this require-
ment to our controllers is likely to be a major challenge,
as it involves reasoning with infinite executions and live-
ness specifications, that we have not considered in this
paper. This is the subject of on-going research.
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Appendix A. Additional proofs

Proof of Proposition 2. The if part is obvious. For the
only if part, assume that there exists a controller C that
solves the synthesis problem (H, KF), but there does not
exist a feedback controller that solves the synthesis
problem. Therefore, there must exist x3F and two
different finite executions s

1
"(q

1
, x

1
, (u

1
, d

1
))3H

C
and s

2
"(q

2
, x

2
, (u

2
, d

2
))3H

C
ending in x such that

C(x
1
)OC(x

2
). Moreover, the ‘‘information’’ about
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whether x was reached via s
1

or whether it was reached
via s

2
must be essential for subsequent control decisions.

More formally, assume x is reached via s
2
, and let s@

denote a subsequent execution, that is assume that
the concatenation s

2
s@ belongs to H. Note that, since

s
1

also ends in x, s
1
s@ also belongs to H. Let

s
2
s@"(q@

2
, x@

2
, (u@

2
, d@

2
)) and s

1
s@"(q@

1
, x@

1
, (u@

1
, d@

1
)). As-

sume that for all t3q@
2
Cq

2
, a control u (t)3C(x@

1
B
t
) is

applied (instead of a control u (t)3C(x@
2
B
t
)). Then, as the

fact that x was reached via s
2
is essential, there must exist

a subsequent execution s@ such that s
2
s@3H (in fact

s
2
s@3HCH

C
) and KF (s

2
s@)"False. This implies that

there exists t3q@
2

such that x@
2
(t)3F#. Since C is assumed

to solve the synthesis problem and s
2
3H

C
,

KF (s
2
)"True, therefore t3q@

2
Cq

2
.

However, since for all t3q@
2
Cq

2
, u(t)3C(x@

1
B
t
), and

(q@
1
, x@

1
, (u@

1
d@
1
))3H, we have that s

1
s@3H

C
. But the

above discussion indicates that there exists t3q@
1

(in fact
t3q@

1
Cq

1
) such that x@

1
(t)3F#. This contradicts the

assumption that C solves the synthesis problem
(H, KF). K

Proof of Proposition 3. If there exists any control invari-
ant ¼-F (in particular, if there exists a unique maximal
one) then, by definition, the synthesis problem (H, KF)
can be solved for I"¼.

For the only if part, if the solution to the problem is
not ‘‘None’’ for all I, there exists a set I] and a feedback
controller g such that for all d and for all x03I] the
execution (q, x, (u, d)) with u (t)3g (x(t)) for all t3q satis-
fies x (t)3F for all t3q. Consider the set

¼"Z
d

Z
x0 | Iª

Z
t | q

x (t).

Then clearly ¼-F. Moreover, for any x03¼ consider
the execution (q, x, (u, d)) with arbitrary d3D and
u(t)3g(x (t)). Then, by definition of ¼, x (t)3¼ for all
t3q. Therefore, controller g renders the set ¼ invariant.

Having established the existence of controlled invari-
ant subsets of F, consider now two such sets ¼

1
-F and

¼
2
-F. We show that their union is also a controlled

invariant subset of F. Clearly ¼
1
X¼

2
-F. For i"1, 2,

as ¼
i

is controlled invariant, there exists a feedback
controller g

i
that solves the controller synthesis problem

(H, K¼
i
), with I"¼

i
. Consider the feedback controller

g with

g(x)"G
g
1
(x)

g
2
(x)

if x3¼
1
,

otherwise.

Consider an arbitrary x03¼
1
X¼

2
. Then either x03¼

1
or x03 (¼

1
X¼

2
)C¼

1
-¼

2
. In the first case, all execu-

tions are guaranteed to satisfy K¼
1

as g
1

renders
¼

1
invariant. For the second case, consider an arbitrary

execution s"(q, x, (u, d)) with u (t)3g (x(t)) for all t3q.
Since g

2
solves the controller synthesis problem

(H, K¼
2
) with I"¼

2
, either K (¼

2
C¼

1
)(s)"True or

x3¼
2
C¼

1
until x3¼

1
, which brings us back to the first

case. Hence, g solves the controller synthesis problem
(H, K(¼

1
X¼

2
)) with I"¼

1
X¼

2
, and the set ¼

1
X¼

2
is

controlled invariant.
Summarizing, the class of controlled invariant subsets

of F is closed under union. Hence, it possesses a unique
maximal element. K

Proof of Proposition 6. We show that ¼i"Mx3

X DJ(x, i)"1N. The proof is by induction. ¼0"Mx3X D
J(x, 0)"1N by the definition of J(x, 0). We assume that
the claim holds for i"k and show that it also holds for
i"k!1. Then, by induction ¼i"Mx3X DJ (x, i)"1N
for all i3Z

~
. The proposition follows by the properties

of the algorithm.
Consider an arbitrary state x. If J (x, k)"0 then

J(x, k!1)"minG0, max
u

min
d

min
x{ |d (x, u, d)

J (x@, k)N"0H
as J (x@, k)3M0, 1N. Therefore, Mx3X DJ (x, k!1)"1N-
¼k. If J (x, k)"1, then

J(x, k!1)"

minG0, max
u

min
d C min

x{ | d (x, u, d)
J (x@, k)!1DH#1.

Therefore, J (x, k!1)"0 if max
u
min

d
min

x{ | d(x, u, d) J (x@,
k)"0, and J (x, k!1)"1 if max

u
min

d
min

x{ |d(x, u, d)]
J(x@, k)"1. Parsing the expressions (using the standard
game theoretic conventions) reveals that

max
u

min
d

min
x{ | d (x, u, d)

J(x@, k)"1

is equivalent to ‘‘there exists a u such that for all d and for
all x@3d (x, u, d), J (x@, k)"1’’, or, in other words ‘‘there
exists u such that for all d, d (x, u, d)-¼k ’’. Similarly,

max
u

min
d

min
x{ | d (x, u, d)

J(x@, k)"0

is equivalent to ‘‘for all u there exists d such that
d(x, u, d)W(¼k)#O0’’. The claim follows. K

Proof of Lemma 9. We check that the following inequali-
ties hold for all x0, u

1
, u

2
and d:

J
1
(x0, u

1
, u

2
, d1*)4J (x0, u1*

1
, u1*

2
, d1*)

4J
1
(x0, u1*

1
, u1*

2
, d ).

Let x* (t) denote the state evolution under the candidate
saddle inputs. Then:

q*
i
(t)"G

0

P
i

if t4¹
1i
!¹0

i
,

if t5¹
1i
!¹0

i
,

r* (t)"G
r0#º

1
t

¼

if t4¹
r

if t5¹
r

¹*
i
"¹0

i
#t,
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w* (t)"w0#G
!

º
1
t2

2
!r0t if t4¹

r
?t4D

1
?t4D

2
,

!¼(t!¹
r
)!

º
1
¹2

r
2

!r0¹
r

if t5¹
r
?t4D

1
?t4D

2
,

P
l
(t!D

1
)!

º
1
t2

2
!r0t if t4¹

r
?t5D

1
?t4D

2
,

P
1
(t!D

1
)!¼(t!¹

r
)!

º
1
¹2

r
2

!r0¹
r

if t5¹
r
?t5D

1
?t4D

2
,

P
2
(t!D

2
)!

º
1
t2

2
!r0t if t4¹

r
?t4D

1
?t5D

2
,

P
2
(t!D

2
)!¼(t!¹

r
)!

º
1
¹2

r
2

!r0¹
r

if t5¹
r
?t4D

1
?t5D

2
,

P
1
(t!D

1
)#P

2
(t!D

2
)!

º
1
t2

2
!r0t if t4¹

r
?t5D

1
?t5D

2
,

P
1
(t!D

1
)#P

2
(t!D

2
)!¼(t!¹

r
)!

º
1
¹2

r
2

!r0¹
r

if t5¹
r
?t5D

1
?t5D

2
,

where ¹
r
"(¼!r0)/º

1
is the time at which the steam

rate reaches its maximum value under disturbance
d(t)"º

1
and D

i
"¹

1i
!¹0

i
is the time at which pump

i starts pumping water under input u1*
i

(t). Even though
there are eight possible expressions for w (t), once the
initial condition (and hence D

1
, D

2
and ¹

r
) is fixed only

four of them need concern us. In subsequent proofs we
refer to these eight expressions as ‘‘expressions (1)—(8)’’.

First fix u
i
"u1*

i
and allow d to vary. Let x (t) denote

the state evolution starting at x0 under (u1*
1

, u1*
2

, d). Then

w(t)"w*(t)!P
t

0

(r(t@)!r* (t@)) dt@

But, under the assumed constraints on r and d,
r(t)4r*(t@) for all t. Therefore w (t)5w* (t) for all t and
J1
1
(x0, u1*

1
, u1*

2
, d)"inf

t50
w (t)5J1

1
(x0, u1*

1
, u1*

2
, d1*).

Now fix d"d1* and allow u
1

and u
2

to vary. Again let
x(t) denote the state evolution starting at x0 under
(u

1
, u

2
, d1*). The constraints on the switching imply that

q*
i
(t)5q

i
(t) for all t50. But

w(t)"w*(t)!P
t

0

(q*
1
(t@)#q*

2
(t@)!q

1
(t@)!q

2
(t@)) dt@.

Therefore, w (t)4w*(t) and J1
1
(x0, u

1
, u

2
, d1*)"

inf
t50

w (t)4J1
1
(x0, u1*

1
, u1*

2
, d1*). K

Proof of Lemma 10. Let x* (t) denote the state evolution
under the candidate saddle inputs. As there is no delay in
switching the pumps off:

q*
i
(t)"0 for all t ¹*

i
"0 for all t,

w2* (t)"w0#G
U2t2

2
!r0t

!(r0)2
2U2

if t4 r0

U2
,

if t5 r0
U2

,

r* (t)"G
r0!º

2
t

0

if t4 r0

U2
,

if t5 r0
U2

.

As above, first fix u and allow d to vary. The resulting
state trajectory will satisfy r(t)5r* (t) and therefore
w(t)4w*(t) for all t. Hence, J2

1
(x0, u2*

1
, u2*

2
, d )5

J2
1
(x0, u2*

1
, u2*

2
, d2*). Likewise, if we fix d"d2* and allow

u to vary, the resulting trajectory will satisfy

q
i
(t)5q*

i
(t) and therefore w (t)5w* (t) for all t. Hence,

J2
1
(x0, u

1
, u

2
, d2*)4J2

1
(x0, u2*

1
, u2*

2
, d2*). K

Proof of Lemma 11. Consider the derivative of the water
level wR *, obtained by differentiating expressions (1)—(8) in
the proof of Lemma 9. Without loss of generality we
assume that D

1
4D

2
and distinguish the following cases:

Case 1: If ¼'P
1
#P

2
, then, for t large enough (in

particular t5maxM¹
r
, D

1
, D

2
N), wR *(t)"P

1
#P

2
!

¼(0 therefore w*P!R. Clearly in this case a game-
winning strategy does not exist for u

i
for any initial

condition, as d can always force the water to drop below
any level.

Case 2: If ¼4P
1
#P

2
we can distinguish three fur-

ther cases
Case 2.1: If ¼4minMP

1
, P

2
N, then wR * (t)(0 if

t4minMD
1
, D

2
N and wR *(t)50 if t5minMD

1
, D

2
N.

Therefore, J*
1
(x0)"w* (minMD

1
, D

2
N).

Case 2.2: If P
1
4¼4P

2
, then

wR * (t)G
(0 if t4D

1
,

50 if D
1
4t4D

2
?t4P1~r0

U1
,

(0 if D
1
4t4D

2
?t'P1~r0

U1
,

50 if t5D
2
.

Therefore, J*
1
(x0)"minMw* (D

1
), w* (D

2
)N. By symmetry,

the same will be true if P
2
4¼4P

1
.

Case 2.3: If maxMP
1
, P

2
N4¼, then:

wR * (t)G
(0 if t4D

1
,

50 if D
1
4t4D

2
?t4P1~r0

U1
,

(0 if D
1
4t4D

2
?t'P1~r0

U1
,

50 if t5D
2
.

Again, J*
1
(x0)"minMw* (D

1
), w* (D

2
)N.

Overall, if we restrict our attention to Case 2 (where
there is some hope that the system will be safe), the above
relations indicate that

J*
1
(x0)"minMw* (D

1
), w*(D

2
)N.
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An analytical expression for J*
1

can be obtained from
expressions (1)—(8) (proof of Lemma 10). K

Proof of Theorem 15. We first prove that the set
Y

i| M1,2,3,4NMx DJi*
1

(x)50N is exactly the construction de-
scribed by Eq. (38). We then prove that this set is equal to
¼*

1
, the maximal controlled invariant set contained

in F.
Consider first the edge Mx3F Dl1

1
(x)"0N in LF.

We prove that Mx3F DJ1*
1

(x)"0N is equal to
Mx D (»"»

.*/
)?(c

.*/
4c4c

a
)NXL¼a

1
. The optimal

Hamiltonian H1*
1

(x, p) satisfies

H1*
1

(x, p) G
(0, x3F?l1

1
(x)"0?c'c

a
,

"0, x3F?l1
1
(x)"0?c"c

a
,

'0, x3F?l1
1
(x)"0?c(c

a
.

(A.1)

Thus, the set Mx D (»"»
.*/

)?(c
.*/

4c4c
a
)N remains

unchanged under the evolution of the Hamilton—Jacobi
equation (35), since H1*

1
(x, LJ1*

1
(x, t)/Lx)'0 for this set.

We now prove that for x3L¼a
1
, J1*

1
(x)"0. J1*

1
(x)

satisfies

A
LJ1*

1
(x)

Lx B f (x, u*)"0, (A.2)

where LJ1*
1

(x)/Lx is the inward pointing normal to
Mx DJ1*

1
(x)"0N. At each x in Mx DJ1*

1
(x)"0N, f (x, u*) is

tangent to Mx DJ1*
1

(x)"0N. Thus, the solution x (t) to
xR "f (x, u*) evolves along J1*

1
(x)"0. By construction,

x3L¼a
1

satisfies J1*
1

(x)"0.
Repeating this analysis for Mx3F D l3

1
(x)"0N, we can

prove that Mx3F DJ3*
1

(x)"0N is equal to Mx D(»"»
.!9

)?
(c

b
4c4c

.!9
)NZL¼b

1
. On the remaining boundaries,

H2*
1

(x, p)'0 and H4*
1

(x, p)'0, so these boundaries re-
main unchanged under the evolution of their respective
Hamilton—Jacobi equations.

It remains to prove that ¼*
1
"Y

i| M1,2,3,4N

Mx DJi*
1

(x)50N. Clearly, any state x for which there exists
an i such that Ji*

1
(x)(0 must be excluded from ¼*

1
,

since a trajectory exists which starts from this state and
drives the system out of Y

i | M1,2,3,4NMx DJi*
1

(x)50N. Thus,
¼*

1
LY

i| M1,2,3,4NMx DJi*
1

(x)50N. To prove equality, we
need only show that at the points of intersection of the
four boundaries, (»

a
, c

.!9
), (»

.!9
, c

.!9
), (»

b
, c

.*/
),

(»
.*/

, c
.*/

) there exists a control input which keeps the
system state inside Y

i | M1,2,3,4NMx DJi*
1

(x)50N. Consider
the point (»

a
, c

.!9
). At this point, the set of control inputs

which keeps the system state inside the set Mx DJ1*
1

(x)50N
is M(¹

.!9
, h

.*/
)N, and the set of control inputs which keeps

the system state inside Mx DJ2*
1

(x)50N is the set
M(¹, h) D¹3[¹

.*/
, ¹

.!9
], h3[h

.*/
, m
aLVac

(g #04c.!9

Va

!

aLVa(1~cc.!9)
m

)]N. Since these two sets have nonempty inter-
section, the intersection point (»

a
, c

.!9
)3¼*

1
. Similar

analysis holds for the remaining three intersection points.
Thus ¼*

1
"Y

i | M1,2,3,4NMx DJi*
1

(x)50N. K

Proof of Theorem 16. Consider the left side of LF. For
each x in Mx3F Dl1

1
(x)"0N, denote by (¹

a
(c), h

a
(c)) the

values of (¹, h) for which the vector field f (x, [¹, h]T)
becomes tangent to l1

1
(x)"0 (i.e. »Q "0). Setting »Q "0

leads to Eq. (40), for all h
a
(c)3[h

.*/
, h

.!9
]. Therefore, the

safe set of inputs along Mx3F D l1
1
(x)"0N are all

¹3[¹
.*/

, ¹
.!9

] with ¹5¹
a
(c) and all h3[h

.*/
, h

.!9
].

At the point (»
.*/

, c@
a
), where c@

a
"McD¹

a
(c)"¹

.*/
N the

cone of vector fields f ([»
.*/

, c@
a
], º) points completely

inside F. At c
a
"Mc D¹

a
(c)"¹

.!9
N the cone of vector

fields points completely outside F, and ¹
.!9

is the unique
thrust which keeps the system trajectory tangent to F.

The calculation may be repeated for the right side of
LF: Mx3F D l3

1
(x)"0N. Here, let ¹

b
(c) be the value of the

input thrust for which f (x, [¹
b
(c), h]T) is tangent to

l3
1
(x)"0, thus ¹

b
(c) is given by Eq. (41). The safe set of

inputs along Mx3F Dl3
1
(x)"0N are all ¹3[¹

.*/
, ¹

.!9
]

with ¹4¹
b
(c) and all h3[h

.*/
, h

.!9
]. At the point

(»
.!9

, c
b
), where c

b
"McD¹

b
(c)"¹

.*/
N, ¹

.*/
is the unique

thrust which keeps the system trajectory tangent to
F (lower right boundary of the safe set).

Similar calculations along the upper and lower sides of
LF yield that the values of h for which the vector field
becomes tangent to LF are h

c
(») and h

d
(») of Eqs. (42)

and (43). K
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