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F i g u r e  2: F o r m a t i o n  o f  s q u a r e s  at  7" -- 1. ( a ) ) V  2 = 16 t i l e s  w i t h  u n i q u e  s i d e  l a b e l s  u n i q u e l y  p r o d u c e  a t e r m i n a l  
4 x 4 ful l  s q u a r e  at  7- = 1. (b)  2 N -  1 = 7 t i les  u n i q u e l y  p r o d u c e  a 4 x 4 s q u a r e  ( b u t  th i s  is n o t  a fu l l  s q u a r e  s ince  
t h i c k  s ides  h a v e  s t r e n g t h  0). E x c e p t  for t h e  s ides  l a b e l e d  w i t h  a c ircle ,  each  i n t e r a c t i n g  pa ir  o f  t i l e s  share  a 
u n i q u e  s i d e  l a b e l .  T h i s  c o m b - l i k e  c o n s t r u c t i o n  is c o n j e c t u r e d  to  b e  m i n i m a l  for N x N  s q u a r e s  a s s e m b l e d  at 
7 - = 1 .  

( x 2 , y z )  

_N- 

( x , , y , )  I L ~ ~ 

• . . L 2 
n 

F i g u r e  3: N o  7" = 1 t i l e  s y s t e m  w i t h  f e w e r  t h a n  N 2 t i l e s  can  u n i q u e l y  p r o d u c e  a n  N × N  square .  A ful l  N x N  
s q u a r e  w i t h  f ewer  t h a n  N 2 t i l e s  m u s t  h a v e  s o m e  t i l e  i p r e s e n t  at  t w o  s i tes .  C o n s i d e r  t h e  a s s e m b l y  R ( t h e  
w h i t e  t i l e s )  w h i c h  i n c l u d e s  an  a s s e m b l y  L ( b o u n d e d  b y  t h e  t i l e s  i ) ,  t h e  s e e d  t i l e  S ,  a n d  a t i l e  t h a t  c o n n e c t s  
t h e  s e e d  t i le  to  L. R can  b e  e x t e n d e d  i n d e f i n i t e l y  w i t h  t h e  a d d i t i o n  o f  t r a n s l a t e d  s e g m e n t s  o f  L (e.g. L~-I 
s h o w n  in gray ) .  

the  assembly such tha t  L ] + ( x 2 , y 2 )  -~ L; let L 2 be the  
assembly such tha t  (x l ,  y l )  + L 2 = L; let L~(x, y) = Lk(x  + 
n * (xz - x l ) ,  y + n * (y~ - Yl)) be a t rans la ted  version of L ~ 
for k = 1, 2; and let R consist of L, S, and the  fewest tiles 
in A required to connect  S to L. Because R is conta ined in 
A and A is a full square,  all adjacent  pairs of tiles in teract  
on a s t rength- (a t  least)-I  side, and therefore S --+~- R. At  
least one of a 1 2 2 { L - l ,  L+x, say be added  to L - a ,  L+I} ,  L~, can 
R,  result ing in a larger assembly also p roduced  by T .  This  
can be cont inued indefinitely: if  s = +1 then  for all n, 

n r R + Y]~=+x L~ is in Prod(T);  if s = - 1  then  for all n, R + 
- - 1  r ~ i = - n  Li is in Prod(T) .  This  contradic ts  the assumpt ion  

tha t  T is hal t ing and te rmina tes  in N × N  full squares. • 

At  7- = 2 the  s i tuat ion is markedly  different. 

THEOREM 2. K ~ A ( N  ) = O(N) .  

PROOF. Figure  4 shows two const ruct ions  for an N x N  full 
square using 2 N  (Figure 4a) and N + 3 (Figure 4b) tiles 
respectively. Self-assembly from the seed tile 1 proceeds ini- 
tially by single s t rength-2 interact ions creat ing the  borders  
with the  numbered  tiles. As the  border  grows, two coop- 
erat ive s t rength-1 in teract ions  allow the  blank tile to fill in 

and comple te  the  square.  For the  tiles at  the  right,  the  A 
and B tiles enter  a new co lumn by thei r  s t rength-2 side, 
thus allowing the rest of the  co lumn to be filled wi th  blanks. 
The  N × N  full square  can be  easily verified to be a terminal  
assembly. • 

This  is only the  beginning.  The  cons t ruc t ion  in Figure 4b 
can be combined with  a f ixed-width  version of the  binary 
counter  of F igure  1 to ob ta in  a set of tiles t ha t  produce the  
NxN full square  by count ing  in b inary  instead of by counting 
in unary. 

THEOREM 3. K 2 A ( N ) =  O ( l o g N ) .  

PROOF. Figure  5 cons t ruc ts  an N × N  full square using 
n + 22 tiles, where n = [ l o g N ] .  n + 2 tiles, including 
the  seed tile, p roduce  an (n  - 1) × (n - 1) square as in 
the  previous construct .  Addit ional ly ,  the  n - 1 tiles in the 
seed row have upper  sides encoding the  bits of the  integer 
c = 1 + 2 "~-1 - (N  - n)/2,  the  init ial  value of the  counter. 
We must  use a f ixed-width version of  the  counter  tiles of 
Figure  1; this requires a special  set of tiles for the  leftmost 
and r igh tmos t  columns of bits. The  counter  counts  from c 
to 2 n - l ,  using two rows for each integer.  In order to detect  
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F i g u r e  4: F o r m a t i o n  o f  fu l l  s q u a r e s  a t  T = 2. (a)  2 N  = 10 t i l e s  u n i q u e l y  p r o d u c e  5 x 5 fu l l  s q u a r e .  E x c e p t  fo r  
t h e  s i d e s  l a b e l e d  w i t h  a c i r c l e ,  e a c h  i n t e r a c t i n g  p a i r  o f  t i l e s  s h a r e  a u n i q u e  s i d e  l a b e l  ( b u t  w e  d o  n o t  l a b e l  
t h e m  e x p l i c i t l y  a s  in  F i g u r e  2.)  (b)  N + 4 = 9 t i l e s  a r e  u s e d .  
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F i g u r e  5: F o r m a t i o n  o f  N x N  s q u a r e  u s i n g  O(log N)  t i l e s .  C o n s t r u c t i o n  s t a r t s  w i t h  a n  n - 1 x n - 1 s q u a r e  as  
in  F i g u r e  4b .  H e r e  N = 52, n = 6 a n d  28 t i l e s  a r e  u s e d .  T h e  c o n s t r u c t i o n  i l l u s t r a t e s  t h e  c a s e  fo r  e v e n  N - n; 

t h e  f i r s t  r o w  a b o v e  t h e  s e e d  r o w  is a c o p y  r o w  fo r  o d d  N - n. 

when the counter  has finished, we use a l te rna t ing  rows to in- 
crement  the counter  from right  to left, then  to copy the  the  
bits from left to r ight  unless the  lef tmost  bit  jus t  rolled over 
from 1 to 0. In  the  la t te r  case, the  t i le presents  a s t rength-2  
side wi th  a label not  found on any other  tiles, thus  hal t-  
ing the  counter.  (The  s t rength-2  side will be used in our 
next  construct ion;  here, any s t rength  would  suffice.) The re  
is a special t i le for the  r igh tmos t  bit  in the  first increment  
row above the  seed row. This  ti le contains  a s t rength-2  side 
to ini t iate  the  a -b  diagonal ,  thus  filling in the  rest of the  
square. Overall ,  the  counter  requires  18 tiles; the  seed row 
requires n - 1 tiles; the  two diagonals require  4 tiles; and 
there  are two blank tiles. • 

But  we can do much bet te r :  by recursively i te ra t ing  the  
above const ruct ion  one can produce  N x N  squares wi th  

2 2 2 . . . 2  d e f  
N >  = 2 * * n  

n t i m e s  

using only O(n) tiles. Define log* N as the  least  n such tha t  

2 * * n > N .  

THEOREM 4. K~A(.N ) =- Oi.o.(log* N ) .  

PROOF. Our  proof  is by induct ion.  Let  S '~ refer to a tile 
sys tem conta ining fewer than  22n tiles ( including the  a,  b,  
and blank tiles) t h a t  uniquely  produces  an N×N full square 

such t h a t  

• N >  2 * * n .  

• All binding domains  on the  left and b o t t o m  are of 

s t rength  1 or 0. 

• All binding domains  on the  r ight  have the  s t rength-1 
blank label. 

• The  binding domains  on the  upper  side conform to 
the  pa t t e rn  xy*zb*a where x is a s t rength-2 binding 
domain  tha t  occurs  nowhere  else, and y, z, b, and a are 
dis t inct  s t rength-1 binding domains .  

We show tha t  S ~ exists for all n. The  base case n = 1 is 
tr ivial .  The  induct ive  s tep is i l lus t ra ted  in Figure  6. First ,  
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F i g u r e  6: F o r m a t i o n  o f  N×N s q u a r e  u s i n g  Oi.o.(log* N)  t i l e s .  G i v e n  a s e t  o f  t i l e s  S n t h a t  p r o d u c e  a n  N×N fu l l  
s q u a r e  t h a t  s a t i s f i e s  t h e  r e c u r r e n c e ~  t h e  a d d i t i o n  o f  22 n e w  t i l e s  r e s u l t s  in  S n+l  a n d  p r o d u c e s  a ( N  + 2 x 
2/7) × i N + 2 :x: 2 N) fu l l  s q u a r e .  N e w  s i d e  l a b e l s  ( w i t h  d o u b l e d  s y m b o l s )  p r e v e n t  c o u n t e r  t i l e s  f r o m  S n f r o m  
i n c o r p o r a t i n g  in  t h e  S '~+1 c o u n t e r .  

there  are 5 tiles that ,  in i t ia ted by x, produce  an initial 
s tr ing of O's for a new f ixed-width counter,  and provide a 
s t rength-2 side for a new a - b  diagonal. T h e n  there  are 16 
tiles equivalent  to the  counter  tiles in Theorem 3 but  us- 
ing new side labels; the  counter  counts  to 2 N. The  diago- 
nal  fills in the  rest of the  square,  now with  sides of length  
N + 2 × 2 N > 2 jv > 2 • *(n + 1). Therefore  S '~ exists for all 
n, and for those n, 

22 log* N _> 22n > K~A (N). 

log* N is an exceedingly slowly growing function; the  above 
const ruct ion shows tha t  very large squares can be assembled 
with  a very small  number  of tiles. But  we can do much bet-  
ter  yet! By embedding  the  s imulat ion of a Turing machine  
in the growth of a square we show that :  

THEOREM 5. K~AiN ) = O~.o.(f(N)) for f (N)  any non- 
decreasing unbounded computable function. 

PROOF. Our  proof  relies on a self-assembly version of the  
Busy Beaver  problem [Rado, 1962]. Define: 

BTSAi ~) -~ m a x { N  s.t. (N,n) • SqT}. 

To show Theorem 5, we first show 

B~A(n) = f2(F(n)) for any computab le  funct ion F(n). 
(1) 

Theorem 5 follows from (1) by contradic t ion:  if false, then 
there  exists a computab le ,  non-decreasing,  unbounded  func- 
tion f (N)  such tha t  3N0 s.t. VN > No, K~A(N) > f iN) .  
Let F(n) = m a x { N  s.t. N = 0 or f (N)  < n}; this is a com- 
putab le  function.  Note  tha t  B~A(n) > F(n) requires t ha t  
3 ( N , n )  E Sq ~ s.t. N > F(n) and therefore  f (  N ) > n and 
K~A(N) < n. For N > No this contradic ts  K~A(N ) > 
f (N) .  Therefore,  for all n > f(No), B~A(n) < F(n), con- 
t rad ic t ing  (1) and establ ishing Theo rem 5. 

Recall  t ha t  Bt(m) = ~2(F'(m)) for any computab le  func- 
t ion F'(m) where: 

Bt(m) =max{t s.t. m = qs and there  exists a 

q-state,  s -symbol  Tur ing  machine  tha t  

hal ts  on a blanl~ t ape  in t steps} 

Let M be a q-state,  s -symbol  Tur ing machine  tha t  halts  
on a blank t ape  in Bt(m) steps, where  m = qs. We will con- 
s t ruct  a square  of size N = 2Bt(m)+3 using n = 12qs+4s+9 
tiles by s imula t ing  M wi th  tiles, s imilar  to the  construc-  
t ion of Robinson  [Robinson, 1971]. Given any n > 41, we 

I n - 1 7 [  and ~ n n  - ~  q n s n ;  o u r  con- will use s ,  = 2, q~ = L 24 J, 
s t ruct ion will need only 12qns~ + 4s~ + 9 < n tiles. Then  
B~A(n) >_ 2Bt(m~) + 3 = f~(F'(m~)). For any computab le  
funct ion F ( n ) ,  we can find ano ther  computab le  function 
F'(m) s.t. Vn, F'(m~) > F(n). Therefore,  we arrive at 

i l ) .  

We cons t ruc t  the  square  by growing four identical sim- 
ulat ions of the  Tur ing machine  M ,  one from each side of 
a seed tile. Each s imula t ion  stays wi th in  one of the  four 
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The three-state Busy 

A0 --  B1R 

B0 ~ A 1 L  

CO - - B 1 L  

for qs--q 's 'L make read tiles 

for qs~q ' s 'R  make read tiles 

4 x left read tiles 

4 x right read tiles 

4 x write tiles 

4 x symbol tiles 

seed and initial tiles 

diagonal tiles 

Beaver machine: 

A1 - - C 1 L  

B1 - - B 1 R  

C 1 --  halt 

~ [ ~  and write t i l e ~  

~ ]  [ ~  and write tile [ - ~  

_ 2  _ 

- - - e  ............. - ~ - - -  J S 

F i g u r e  T: F o r m a t i o n  of  a n  NxN s q u a r e  b y  g r o w i n g  four  i d e n t i c a l  s i m u l a t i o n s  of  a g i ve n  T u r i n g  m a c h i n e .  T h e  
B u s y  B e a v e r  m a c h i n e  s i m u l a t e d  he re  has  t h r e e  s t a t e s  (q0 = A, ql = B,q2 = C) a n d  two s y m b o l s  (so = 0, sl = 1). 
N o t e  t h a t  R d e n o t e s  r igh t ,  L d e n o t e s  left ,  a n d  "4x"  i n d i c a t e s  t h a t  four  v a r i a t i o n s  of  a t i le  a re  used ,  one  for 

each  compass  d i r ec t ion .  

regions bounded by the diagonals of the square; when M 
halts, the square is complete. We require 4 tiles to create 
the four "half-diagonals" defining these boundaries between 
simulations. For each simulation we require 1 "initial state" 
that  matches the seed tile, s symbol tiles, qs write tiles, and 
2qs read tiles, giving a total of 3qs + s + 1 tiles per sim- 
ulation. We describe these tiles for the TM simulation to 
the north of the seed tile. Recall that  a tile is a 4-tuple 
(aN, aE, as ,  aw)  representing the north, east, south, and 
west binding domains. Binding domain strengths are 1 un- 
less noted. Each of the four simulations has its own version 
of the side labels described, distinguished by superscripts 
(we omit the superscript N from the description of north- 
facing simulation below). The symbol tile for symbol s is 
(as, a~, as,ae) ,  where a8 is a binding domain representing 
the symbol s and ae is a binding domain indicating that  
the TM head is not present. For each state-symbol pair 
(q, s), the left read tile (aq,s, ae, as, aq) and the right read 
tile (aq,~, aq, as, ae) represent the TM head in state q enter- 
ing a tape cell (from the left or from the right) and reading 
the symbol s. The binding domains aq,~ have strength 2; 
this is necessary for the TM head to enter the next row of 
the simulation. The write tiles, representing the action the 
TM head takes, depend on the form of the state transition 
table entry. For each entry of the form (q,s) -+ (q ' , s ' ,L)  
there is a write tile (a~,, ae, aq,~, aq,); for each entry of the 
form (q, s) --+ (q', s', R) there is a write tile (a~,, aq,, aq,s, ae); 
for each entry of the form (q, s) --~ halt there is a write tile 
(ahalt,  ae,  aq,s, O'e ). 

To start the Turing Machine in state qo reading the blank 
symbol so, the initial tile for the northern simulation is 
I N  = (aqo,so,ae,as,a~), where as is a strength-2 bind- 
ing domain. The initial tiles for all four simulations bind 

(as , as ,  a s, a w )  • The four diagonal to the seed tile S = N E 
N N W W N E E tiles, N W  = (aso,ae ,ae ,aso), N E  = (Crso,asoae ,aN, ) ,  

E E S S ( a Y , a S ,  S a Wo) pad S E  (ae , aso, a~o, ae ), and S W  
the tapes with extra cells containing the blank symbol so 
and delimit the four simulations. • 

Theorem 4 gives the construction of infinite number of 
very large squares made from a very small number of tile 
types. Theorem 5 implies that,  for an infinite set of N, the 
number of tiles required to assemble an NxN square can be 
made "arbitrarily small". How well can one do in general? 
Unfortunately, extremely concise self-assembly programs are 
not common. Then we show: 

THEOREM 6. K ~ A ( N  ) . . . . . . .  ~loglogN," 

PROOF. The Kolmogorov complexity of an integer N with 
respect to a universal Turing machine U is 

K u ( g )  = min IP] s.t. U ( p ) - - - ~ N  

where # N  is the binary string representing N. (See [Li 
and Vitanyi, 1997] for results on Kolmogorov complexity.) 

1 A 
Recall that  K u ( N )  < [logN] - A for at most ~ of all 
N, by the pidgeonhole principle. Therefore, for any e > 0, 
Ku (N) > (1 - e) log N for almost all N. 

There exists a Turing machine SA2 (with program pSA2) 
that,  given a binary description of a 7- = 2 tile system, sim- 
ulates their self-assembly, making an arbitrary choice when 
multiple tile additions are possible, and returns the maximal 
dimension of the resulting assembly if self-assembly termi- 
nates. A tile system T with n tiles can be described by dw 
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containing f(n) = 4n [log 3n] bits; each of 4n sides may have 
a strength in {0, 1, 2}, and non-zero-strength labels may be 
defined by the first tile (in some arbitrary order) with the 

• same tile on the opposite side. Thus if tile system T uniquely 
produces an NxN full square, then p : PsA2dT will return 
# N  when input to U. Therefore, for almost all N, 

(1 - e) l o g N  < Kv(N) < [PSA2[ + f(K2A(N)) 

< C1 + C2K~A(N)[C3 + loglog N], 

where we used K~A(N) : O(log N) from Theorem 3. The 
final result follows from simple algebra. • 

In other words, a Kolmogorov-random integer N cannot 
be compressed by the self-assembly model. 

4. DISCUSSION 
Ti les  or  labels.  This paper discussed the program-size 
complexity of self-assembled squares, where complexity was 
measure by the number of distinct tile types involved. An 
alternative complexity measure is the minimum number of 
distinct side labels required to uniquely produce the object. 
The number of labels will be relevant in a physical system 
where the number of distinct binding interactions is limited 
due to imperfect specificity of binding. Do both measures 
give asymptotically similar results? 

K o l m o g o r o v  complex i ty .  A main conclusion of this 
paper is that  the program-size complexity of self-assembled 
objects (at 7- = 2) looks remarkably similar to the usual 
program-size complexity with respect to Turing machines. 
This is hardly surprising, since self-assembly at T = 2 can 
simulate Turing machines. However, Figure 8 makes K~A 
look perhaps more similar to K~] than it ought to: K~A is 
computable due to the monotonic nature of self-assembly 
growth (each tile set can be simulated in turn until it halts 
or exceeds an N x N  region), whereas of course Ku is not 
computable. 

Dis in tegra t ion .  The difference between K~A and Ku 
comes from the monotonic nature of self-assembly: the grow- 
ing object always gets bigger, so "temporary results" cannot 
be larger than the object itself. A simple device circumvents 
this difficulty: select a subset D C T; after self-assembly is 
complete, the tiles in D are destroyed in all assemblies in 
Term(T), and the resulting assemblies are considered the 
output of the computation. A molecular implementation 
might make the tiles in D out of RNA, while the tiles in 
T \ D are DNA; then, an RNase enzyme can be used to 
destroy all tiles in D. 

Let / ~ A  be the full square complexity for the model with 
disintegration. The ability of T : 2 self-assembly to sim- 
ulate Turing machines can now be used to make squares: 
given a Turing machine program p such that U(p) = #N,  
we generate C + IPl tiles (all in D) that simulate p and ex- 
pand the result into a template of length N. Now a few 
final tiles (not in D) complete the square; only this square 
will survive disintegration. Thus / ~ A  < Ku(N) + C; we 
already know Kv (N) = O(I~2A (N) log log N). That  is, the 
only difference is that  /£~A measures the number of tiles 
instead of the number of bits required to specify the tiles. 
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