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Abstract— We describe distributed estimation algorithms
that allow robots in a communication network to maintain
estimates of summary statistics describing the shape of the
swarm. We show that these estimators, combined with motion .

controllers implemented on each robot, result in the swarm . -
formation statistics being driven to desired values in the
presence of a changing network topology and the addition

and deletion of robots.

. INTRODUCTION

We are interested in the following general problem: given
a set of agents (e_g” mobile robots), design a control |awg. 1. (Left) Th_einitial configurqtion _ofaswarm, a uniformass ellipse
. with the same first and second inertial moments as the swanth tre
to run on each agent, based on sensor and communicatiQf| formation of the swarm represented as another unifoass ellipse.
input, to achieve a desired collective “emergent” globalRight) The swarm converges to the desired formation $itztis
behavior of the system. In other words, the global dynamical

system defined by the interaction of the many individuagpecify the exact position of each robot. Instead, the swarm
agents’ control laws should have the desired behavior as @&rmation can be described by a set of summary statistics
attractor, preferably a global attractor. The performaoice that form a basis for the space of all formations. These
the system is judged by the global behavior of the system-statistics should have the property that low-order stasist
it must be evaluated over all the agents. Example task@ipture much of the essential shape of the swarm, but
include sensor coverage [3], [14], formation control [1]progressively higher-order statistics can be specified unt
(5], [7], [91-[13], [15], [17], multi-agent pursuer-evade only a single formation is consistent with the statistics.
and other types of self-organization, including static andow-order statistics then provide a convenient abstractio
dynamic self-assembly. of the total swarm formation, allowing, for example, high-
The key constraints are that each agent may have signiével human control of a large number of robots. The
icant dynamics and limited sensing, computation, motiordesired summary statistics can be optimized according to
and communication capabilities. The behavior of the groughe changing tasks of the swarm.
should improve/degrade gracefully as agents are added orfFormation inertial moments are an example of a class
deleted; in other words, the approach should be scalablsf, summary statistics which fit our framework. Our sim-
robust, and require no central controller. Furthermore, unlations will focus on the first- and second-order inertial
like the work in [1], we do not assume that the agents haw@oments, the lowest-order moments providing information
access to global swarm information. on the position, orientation, and “shape” of the swarm. We
While intelligent collective behavior can emerge evemwill describe controllers for the individual robots thaivdr
when each agent is ignorant of the global behavior of thihese formation moments to desired values (Figure 1). Each
system, the framework we are pursuing involves equippingbot can sense its own position and velocity, control its
each agent with (1) an estimator that allows it to estimate thacceleration, and exchange information with nearby robots
relevant global performance measures for the swarm, amg a result, the robots form a communication graph with
(2) a local controller that drives the performance measurehanging topology as the robots move. Each robot imple-
to their desired values. The challenge is to design th@ents an estimator that maintains an estimate of the current
individual estimators and controllers so that the inducegwarm formation statistics, based on its own sensed data
global “emergent” behavior is the desired behavior. and information received from neighbors, and a nonlinear
In this paper we apply this approach to the problem afotion control algorithm. The main results of this paper,
controlling the formation of a swarm of robots. Our primaryTheorems 1 and 2, provide guarantees on the convergence
interest is in large swarms where it is not necessary tof the swarm to the desired formation statistics for two

different combinations of estimators and controllers.
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normalizing by setting the total mass of the swarm to banalysis below under the assumption th@f € ¢, namely,

unit, the inertial momentd/,;,. are that the network remains connected in forward time. For
& this reason we will assumg* € f(¢).

Mope = ~ Z P3P, D5 (1) Our algorithms will guarantee that the system always

i=1 converges to an equilibrium, but there will usually be “bad”

wherea,b,c > 0 and wherea + b + ¢ is called theorder ~ €quilibria for whichf(p) # f*. However, we will show that
of the moment statistic. Given a particular robot formagion@ll bad equilibria are unstable (in the sense of Lyapunov).
a sufficient number of moment statistics is guaranteed fgur approach is based on following the gradieWts of a
distinguish it from any other formation. In other words,Potential function= : R™" — R of the form
moments can provide an exact formation description. We =) = [f®) - 4] T[f () — 1] 3)
are interested, however, in the case where a small num-
ber of low-order moments is used to specify a familyvherel € R*** is a suitably chosen global gain matrix.
of formations. If ¢ moment constraints are specified onSpecifically, givenf* € Im(f) and D C R™", we let
n robots in anm-dimensional space, in general there is5(f*, D) denote the cone of all symmetric positive-definite
an (mn — ¢)-dimensional space of swarm configurationgnatricesl’ such that=(p) has no local minima irD other
that satisfy the constraints. The structure and topology éan the global minima wherg(p) = f*. We assume that
such formation spaces can be studied using tools from rea(f*) = S(f*,R™") is nonempty. In fact, one can show
algebraic geometry [2]. that for anym and anyn > m + 1, the function¢ which

In this paper we focus on formations defined by first- angenerates all inertial moments (1) of orders one and two
second-order moments. The first-order moments specify i such that we can calculate membersGof*) for every
the center of mass of the swarm. From thg¢m + 1)/2 f* € Im(f). For example, this is the case when= 2,
second-order moments we can denivémn —1)/2 variables ¢ =5, n >3, and
_desc_ribing the orientation of orthogor_wal principal axes of da,b)=[a b a® ab B2 ]T _ 4)
inertia of the swarm andn shape variables summarizing
the elongation of the swarm along the principal axes. Ouror higher-order inertial moments, we have been able to
abstraction of the swarm formation, then, is given by theéhow only thatG(f*,D) # @ for every f* € Im(f)
m(m + 1)/2 group variables describing the position ancand everybounded set D C R™", in which case we can
orientation of the principal axis frame ifE(m) and the proceed with a semiglobal rather than a global analysis.

m shape variables describing the elongation of the swar® ensure bounded signals in our closed-loop systems, we
along these axes [1]. further assume thap and thus alsof and = are proper
(i.e., radially unbounded) functions. Finally, we let thet s
1. PROBLEM STATEMENT C = {p € R™ : VE(p) = 0} denote the set of critical
Suppose the swarm consists fagents with positions points of = and assume the following:

p1,---,pn € R™, which we write also as the combined(p) Eachp € C has neighborhood such that ifp € NNC

vectorp = [p] --- p%]” € R™". Given aC? vector moment then=(p) = =(p).

generating functionp : R™ — Rf, we define the swarm

moment vectorf (p) € R as

There are large classes of functiahdor which (P) holds;

for example(P) is always satisfied wheneveris a locally
1 s _ semialgebraic (e.g., polynomial) function [2]. However,

fp) = n Z; o(pi) - @) there do existC*> choices forg such that(P) fails.

Each agent has knowledge of a desired moment vector V. NONLINEAR GRADIENT CONTROL

for the swarm, represented as the vecfdr € Im(f). WITH HIGH-PASS ESTIMATORS

The primary goal of each agent is to move itself to an In this section we consider the following local control
equilibrium position so that the final swarm configuratipn and estimation algorithm for ageitt

satisfiesf(p) = f*. Each agent measures its own position

. . T .
and velocity and controls its own acceleration. Furtheamor B = =Bipi = [Dé(pi)] Mi[Do(pi)]pi
each agent can communicate with its neighbors, namely, + [Do(ps)] ' T[f* —2i]  (B)
agentsi andj can communicate with each other whenever iy = —yw; — Za(pi,pj) [xz _ IJ_} (6)
p; < pj, Where is a fixed symmetric relation oR™. For por
example, we may havg < p; if and only if |p; —p;| < r, i = wi + o) )

where r represents a communication radius. Thus each
configurationp € R™" defines the graph of an underlyingHere (5) represents the control law and (6)—(7) represent a
communication network, and we l&¢ C R™" denote consensus estimator, whergt) € R’ is the agent’s current
the set of all such configurations for which this graph igstimate off(p) andw;(t) € R is the internal estimator
connected. As the agents move with time, the topology aftate. In the control law (5)D¢(-) denotes thé x m Jaco-

this network can change, but we will perform our stabilitybian matrix of¢, the matricesB; € R™*™ andA; € R**



are constant local damping matrices, dhd G(f*). Inthe ChooseI' € §(f*), fix B; + Bf > 0 and w;(ty) = 0
estimator dynamics (6)y > 0 is an estimator “forgetting for eachi, and chooseu(,-) to be C' and symmetric.
factor” anda : R™ x R™ — R is aC' symmetric functioh Let (10) and (11) hold for some > 0, and fixy = 0.
such thatsupp(a) C Graph(«). Thus to implement this Then each trajectory of the system (5)—(7) is bounded in
control algorithm, each agertmust continually transmit forward time and converges to an equilibrium; moreover,
its current values of; and x; to its neighbors. We call every bad equilibrium is unstable.
the estimator (6)—(7) a high-pass estimator because if theAs will become evident in the proof of this theorem in
estimator gains:(p;,p;) were constant, then the resultingSection VII, the dynamics of the estimator (6)—(7) include
LTI system taking the inputs(p;) to the outputs:; would  a subsystem of the forng = —vyx which is uncontrollable
be a high-pass filter. This estimator is based on the orieom the inputsp(p;) but observable through the estimation
introduced in [16]. errorse; = f(p) — ;. If v = 0 and if the statesv;(ty) are
Let1 € R™ denote the vector of ones, and leOrth(1) not initialized to zero, then the constantswill generate
denote the collection of. x (n — 1) matricesS such that persistent nonzero constant offsets in the error variahles
STS = I and S™1 = 0 (namely, the columns of form These steady-state estimation errors will cause the swarm t
an orthonormal basis faspan{1}+). Then by orthogonal converge to a formation with the wrong statistics. To avoid
decomposition we have - such errors, one would have to somehow globally simul-
11 L
[=88"4+— (8) taneously reinitialize these states to zero whenever agent
n leave the swarm (e.g., due to failure) or new agents join the
and thusASSTAT < AAT for anyn-column real matrixA  swarm. Furthermore, i = 0 then any additive noise in the
(in particular we haveAS|r < |A|r where|-|r denotes communication channels will pass through pure integrators
the Frobenius norm). We define theplacian L(p) € R"*" ¢ —noise, resulting in random drift in the estimation errors.
to be the symmetric matrix whose off-diagonal elements io alleviate these problems one could chogse 0; in this
row 4, column; are equal to-a(p;, p;) and whose diagonal case any incorrect initialization of the stateg(t,) will be
elements are the negatives of the sums of the off-diagongdymptotically forgotten, and communication noise wilt no
elements in the same row (so thafp)1 = 0). Moreover, cause random drift. However, the estimator (6)—(7) ex&ibit
fixing S € Orth(1), we define theeduced Laplacian *(p)  steady-state error under constant inputs, an error whaee si
to be the symmetric matrix is proportional toy/(y+¢) (and hence nonzero for > 0).
I*(p) = S"L(p)S, ©) l:rergfrérlljeéletisé grsn;\llle Wi” .illustrate in Section VI, a small
positive may be preferable to errors
and we note from (8) tha$*(p) = L(p)S. Furthermore, caused by incorrect initializations. In the next section we
for p € € and for positive estimator weights(-,-) on introduce a more complex estimator which achieves the
the connected arcs, the smallest eigenvalue of the reducgine advantages of choosing> 0 in (6) but does so
Laplacian I*(p) (called thealgebraic connectivity of the without introducing any steady-state error.
underlying graph) will be strictly positive [4], [6]. Our  The conclusion of Theorem 1 (and likewise of Theorem 2
primary assumption on the communication network is thatelow) remains valid if the damping matricé are C!
this eigenvalue is bounded away from zero, namely, that functions of the stateg, p, z1,...,z,, andws,...,wy,
. providedB;(-)+ BF(-) > 0 holds globally for eacl (how-
L'(p) = el (10) ever, keep in mind thaB; cannot depend on information
along trajectories in forward time for some constant 0.  NOt available from the neighbors of agejitHence we can
In particular, (10) implies that(t) € € for all ¢ > t,. Note ~View these damping matriceB; as additional sources of
thate can be made large for a connected network by scalirgPntrol, and we might design them to help maintain network
up the estimator gain function(-, -). Also, for a connected Connectivity or to help avoid collisions between agentssTh
network with equal unit weights, the value ofs bounded €Xtension is a topic of future research.

from below by2— 2 cos(w/n) [4]; hence if the agents know V. NONLINEAR GRADIENT CONTROL

an upper bound on then they can calcula_te a Iovygr boundWITH PROPORTIONAL-INTEGRAL ESTIMATORS
on . Next, we assume that the small-gain condition
In this section we assume that there exists a proper

2
I? + 1 <e(Ai+4A7) (11)  metricd on R™ such that
holds for eachi. Finally, we assume that = 0 and that sup max d(pi,p;) < oo (12)
each statew; has the initial valuew;(to) = 0; the more pee 1<ijsn

general cases will be discussed below.
Theorem 1: Let ¢ and f* be such thatp is C? and
proper, f* € f(€), §(f*) # @, and property(P) holds.

(this holds in particular whep; < p; only if d(p;,p;) < r,
wherer > 0 is a fixed communication radius). It follows
that there exists &' function¢ : R™ — R such that

1If & and are nonempty sets, we say that a functipn X x X — 2
is symmetric when(a, b) = (b, a) for all a,b € X. lp(pi) — d(pj)I” < C(ps) (13)



forall p € € and anyi,j € {1,...,n} [8, Corollary A.15]. forward time and converges to an equilibrium; moreover,

Leta,b: R™ x R™ — R be bounded”! symmetric func- every bad equilibrium is unstable.

tions such thatupp(a) U supp(b) C Graph(«). We also Like the high-pass estimator (6)—(7) with = 0, the

assume thab has bounded first-order partial derivativesPI estimator (15)—(16) includes a subsystem of the form

Consider the following local control/estimation algorith  x = 0 which is uncontrollable from the inputgp;) (see the
proof in Section VIII). Thus as beforg, might be nonzero

. . T .
Bi = = Bipi = [Dé(pi)] Ai[Do(pi)]pi (14) due to inconsistent initializations and might drift due to

— ci(pi)pi + [Dp(ps)] T [f* — 4] communication noise. However, unlike the high-pass case,
G = — ya; — Za(pi,pj)[a?i _ Ij] these stateg are not olbservable thrqugh thg esti_mation

o errorse; = f(p) — x;, which means their behavior will not
" N |+ 10000 (15) affect the swarm dynamics.
isDj) Wi — Wj i
i ; b AT VI. SIMULATION RESULTS

Wy = — Zb(pi,pj)[xi _ Ij} _ (16) We simulated the algorithms in Sections IV gnd V for
oy a swarm ofn = 5 planar robots . = 2), ¢ as in (4)_,
) . ~and f* = [0 0 50 0 50]". The controller gain
As before,y > 0 is a global forgetting factor (but with atrix wasT = diag(80, 80, 8,8,8). The estimator gain
7 = 0 no longer allowed)B; € R™*™ and A; € R™‘  fynctions where chosen according to an equal weighting
are constant local damping matrices, > 0 is a local gcheme with a communication radius 2sf: a(ps,p;) = ao
damping parameter, anil € S(f*). To implement this 4ng b(ps, p;) = bo when |p; — pj| < 20 and a(p{,pj) —
controller, each agentmust contipually transmit its current b(pi,p;) = 0 otherwise (the fact that these gain functions
values ofp;, w;, andz; to its neighbors. When compared are discontinuous had little effect on the simulationssoAl
with (5), the control law (14) has an additional dampingye set the nonlinear damping gaihsandc; in (5) and (14)
term —c;((pi)p; which will be useful for proving global t zero as the constanfs; can provide adequate damping
stability. Furthermore, the estimator (15)-(16) has twase gyer a bounded region.
many states as the one in (6)~(7), but it is no longer high- we first simulated the high-pass scheme of Section IV
pass as there is no direct feedthrough fro(p;) to z;. with dampingB; = 401, estimator gaini, = 5, and no
We define theproportional Laplacian Lp(p) € R™*"  forgetting factor § = 0). Figure 2 shows the results of the
to be the symmetric matrix whose off-diagonal elements ithertial momentsis;, =CMx (the first component off)
row i, column; are equal to-a(p;, p;) and whose diagonal and A7,, =lyy (the third component off). The first 15
elements are such thétp(p)1 = 0. We define théntegral  seconds show the convergence of the formation statistics to
Laplacian L;(p) € R™*" in the same way but usin(-,-)  their desired values with no steady-state error. At time
instead ofa(-,-). Again fixing S € Orth(1), we define 15 one of the agents fails and leaves the swarm, resulting
the corresponding reduced Laplaciabis(p) = S"Lr(p)S  in a permanent nonzero steady-state error after that point.
and Lj(p) = S™Li(p)S. Our primary assumption on the actyally, the remaining agents do not move at all from their
communication network is that there exist constants —y  equilibria after timet = 15, demonstrating that the high-

ande > 0 such that pass estimator with no forgetting factor does not recover
_ from initialization errors. If we include a forgetting fact
I < Lp(p) < pl 17
p p(p) <P (7) of v = 0.7, then we do recover from the loss of the agent
el < Lj(p) <&l (18)

(Figure 3), but we now incur a small nonzero steady-state

along trajectories in forward time (again implying a con-81mor both before and after the loss. , ,
nected networkp(t) € €). Here the constants,z > 0 We next simulated the Pl scheme of Section V with
represent upper bounds on the reduced Laplacians whiltifreased damping; = 1007 (to account for the additional
exist because the functionsandb are bounded. Finally, we N€glécted nonlinear damping terms), estimator gains 2
assume that a small-gain condition similar to (11) is satisfi @"d bo = 0.02, andy = 6. Figure 4 shows that the Pl

(see (73) below), which we accomplish by choosing thglgprithm can also recove_rfrom the loss of an agent (again
damping parameters; andc; sufficiently large. at timet = 15) but now with zero steady-state error.

Theorem 2: Let ¢ and f* be such thatp is C? and VIl. PROOF OF THEOREM 1
proper, f* € f(€), §(f*) # @, and property(P) holds. Defining z;, e; € RY as
Assume (12) holds, choose(-,-) and b(-,-) to be C*,

bounded, symmetric, and such thdtas bounded first-order 2= 4 o(pi) = [Do(pi)]pi (19)
partial derivatives. ChoosE € §(f*), fix B, + Bf > 0, dt
A; + AT > 0, and¢; > 0 for eachi, and assume (17) ei = f(p) — i, (20)

and (18) hold for some > —y ande > 0 (with v > 0).  we introduce the following x n matrices:
If the damping parameters; and¢; are sufficiently large,

then each trajectory of the system (14)—(16) is bounded in X = [ T In ] (21)
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for anyt > tg. Becausel/S = — X .S, we can write
ES =XL(p)S—2ZS=—-ES-L*(p) - ZS. (32)
Also because?1 = 0 we haveEE™ = ESSTE™, so

d 1
2 1 — FEE" < —eEE"+-2Z7". (33)
s B Defining the Lyapunov functioly = Tr(EE™) we see that
;I 5 -1 | )
0 5 10 15 20 25 30 35 . 1 1
Time(sec) T 2 2
U< —eU + =~ Te(Z27) = [— 2+ =|z?] . (34
eU+-T(22") ; eleil” + —[=[*] . (34)

Fig. 3. The high-pass algorithm with forgetting factpr= 0.7.
Furthermore, we can bound (29) from above as

W=1|w - wy (22) n
[ ) Z[—pl [B; + B |pi
o(p)=[ o) - opn) ] (23) — 1
117 — T [Ag+ AT = —T%)z +eleif?] . (35)
E=[e - en]=0p) —-X (24) €
d K To combine the Lyapunov functiong and U, we first
Z=[zn - z|= = O(p). (25) use (11) to choosg > 0 such that
Hence we may write the collection of consensus estimators [?+ (1 +p) <e(A; +A]) (36)
6)—(7) i trix f
(6)=(7) in matrix (?rm as for eachi. We then definél’ (p,p, E) = V + (1 + 1)U and
W =—yW - XL(p) (26) use (34), (35), and (36) to obtain

X=W+o(p). (27)

We write the complete state of the closed-loop system as
either the triple(p,p, W), or with the global coordinate . . . o
change given by (24) and (27), the triplle, p, E). We see In particular, T(¢) is nonincreasing along trajectories in

from (5) that the derivative of the Lyapunov function forward time. Becausg(p) is proper,Y is a proper function
of the statesp, p, and E, and we can conclude that all

Vi(p,p) =pp + nE(p) (28) signals are bounded in forward time. By LaSalle’s theorem
we further conclude that every trajectory converges to an
equilibrium at whichp = 0 and E = 0.2 Thus the equilibria

t < Y[R+ Bl - elef]. @)

=1

can be written as

n
V= [— (B + BY
Z P + ] 2Actually, LaSalle’s theorem only guarantees convergenantequilib-
i=1 — 2 [A- 4 A_T] zi + QZTFQZ} . (29) rium set; further arguments (omitted due to space conssjaame required
to show convergence to a single equilibrium.



are at those values ¢f for which

[Do@a)] " T[ = ()] =0

for every i, or equivalently whereVZ(p) =
that bad equilibria are those for which(p) # f*; we

(38)

now show that every bad equilibrium is unstable. Suppose

p € R™ is such that the pointp,p, E) = (p,0,0) is

a bad equilibrium. It follows from propert{P) that there
exists a neighborhood of p such that ifp € N satisfies

VE(p) = 0 then Z(p) = Z(p). By assumptionp is not
a local minimum ofZ, which means there are pointg

arbitrarily close tap for which Z(pg) < E(p) and therefore
also T (po,0,0) < Y(p,0,0). Now any trajectory starting
from such a statépy, 0, 0) converges to an equilibrium state

(p1,0,0) for which VE(p;) = 0, and becaus& is nonin-
creasing along trajectories we also hav,) < Z(p). It

0. Recall

We will write N as the sum

NZViNi
i=0

1

where (50)

No = ZS[Lj(p)]~ (51)
L LR OLED) [ o1
k=1 1"

fori<ig<n (52)

andp; = [pi(1) --- p;(m)]" € R™. We now derive bounds
on these matriced/;. First, using (18) we obtain
- 1
NoNg = ZS[Lj(p)] 'S72" < = 255727 (53)
e

Next, using (13) and our assumption thgt) € ¢ for all
t > to, we obtain

; A 2 2
follows thatp; ¢ N, namely, that this trajectory leaves the |B(p)S|% = ‘ [®(p) — ¢(pi)1T}S’F < |®(p) - ¢(pi)1T|F

N-tube around the poir(p, 0, 0), and we conclude that this

bad equilibrium is unstable.
VIll. PROOF OF THEOREM 2
The derivative of the Lyapunov function (28) is
V=>" {—f?z‘T [Bi + B[ |pi — 2¢i¢(ps)|pil*
Pt — T[N+ ATz + 20T (39)

with z; ande; as in (19)-(20). We may write the collectiony « 5 < 1 and

of PI estimators (15)—(16) in matrix form as
X ==X[yI+ Lp(p)] + WL1(p) +7®(p)  (40)
W =—XL;(p) (41)

with X, W, and® from (21)—(23). Definingt and Z as
in (24)-(25) we obtain

Fl=—~yF1+ 71, W1=0. (42)

From (8) we have.p = LpSS™ andL; = L;SS57, which

means we can multiply both sides of (40)—(41) from the

right by S to obtain
XS = —XS[yI + Lp(p)] + WS - L (p) +v®(p)S (43)

WS = —XS - Li(p). (44)
With the change of variables
Y = WS +1@(p)S[Li(p)] (45)
Q=[ XS Y | (46)
the equations (43)—(44) become
O=QF" + NH", (47)
where
_ | ==Lk Lilp) _|0
e },H_[I},m&
N =ZS[Lj(p)] " + 2b(p)SL [Zi)] . (49)

dt

<D I6p;) — ¢p)* < (n—1)¢(ps) -
J#i
It follows from (18) and the fact that has bounded patrtial
derivatives that there exist constats> 0 such that

|Ni| % < kiC(pi)|ps]? (55)

for 1 < ¢ < n. Eachk; depends om, ¢, and the bounds
on the partial derivatives df. Let o be a constant such that

e(v+p)

(54)

<% 56
(v +p?) + 2 (56)
Then the positive definite matrices
| I —or | (v+pI O
P_[—crl I }’ Q_[ 0 oel (57)
satis
satisy (1-)<P<(1+o) (58)
PF+FP+Q=
{ —2L%(p)+ (p—v)I +20L5(p) ovI+oLp(p) }
oyl + L% (p) —20L%(p) + oel
1 —2&)I —~I— L%
<—O"|: (U(7+p)* E) Y P(p):| <0 (59)
—~I — Ly (p) el
R(p)
because (56) implies th@(p) > 0. Let x > 0 be such that
f<a<min{7+p,as}. (60)
g
Then we have
)
PHH™P = P — [ (1 00 ) 8 } (61)
and thus also
K
- PHH™P
@ 140
[’7+p+l€(1—0)][ 0 K P (62)
0 oel 1+o

>min{y+p+r(l —0), oe}l —xl =al,



wherea = min{y + p — ok, oe — k}. It now follows that

" PHH™P < —al.  (63)

PF + F™P +
l1+o

We define the matrix
U =QPQ" +BEIT"ET + W11"W™ (64)
where > 0 is a constant parameter. Defining
2
¥ (n+1)(c+1
g= et (65)

K

we use (8), (42), (47), (50), (53), and (63) to obtain

¥ =Q[PF + F'P|Q" + v ) [N;HPQ" + QPHN] ]
=0
— 2ByE11'E" + BZ11'E” + BE11"Z"  (66)
< —a2Q" — ByE11'E"

+ max{g, 5—2} Z7" + §;NiNf . (67)
Becausel'S = — X .S we also have
Q0" = XSS™X"T + YY" = ESSTET + YY"  (68)
and therefore

U< —nEE" —aYY " + 1, ZZ" +£Y NN/, (69)
i=1
where v = min{a, nﬁw} (70)
Vo = max @ é} .
v e
Defining the Lyapunov functio/ = Tr(¥) we see that

(71)

U<—alY[p+) [—1/1|€z'|2 + vz + kil (pi) i
=1
Furthermore, we can bound (39) from above as

V:
=1

n
1=

{—i)iT [Bi + B[ |ps — 2¢i((ps) |pil*
1
- Z;F [Al + AZT - —1—‘2] zi + V1|€i|2:| . (72)
141
Finally, we assume that
2 + 1l <1y (Al + AZT) and §k1 < 2¢; (73)

for eachi. To combine the Lyapunov functiorig and U,
we first use (73) to choose > 0 such that

I? +vive(1+ p)I < vi (A + A7) (74)
€ki(1+ 1) < 2¢; (75)
for eachi. ThusY (p,p, E,W) =V + (14 p)U satisfies

T<—alY)%+ Z [—pf [Bi + B]|pi — HV1|81'|2} - (76)
i=1

IX. FUTURE WORK

The controller extends trivially to the case in which
the robots are kinematic and holonomic, but more work
is needed for the nonholonomic and underactuated cases.
Also, although we expect the PI estimator to have better sen-
sor noise attenuation properties than the high-pass dstima
further analysis is needed. Similarly, we need to invegtiga
the effects of noise and time delay in the communication
channels between the robots. We may also consider adaptive
algorithms for adjusting the estimator gains. Finallytéasl
of the regulation problem, we could consider the tracking
problem in which the desired formation moment vecfor
changes with time.
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