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Abstract—We describe distributed estimation algorithms
that allow robots in a communication network to maintain
estimates of summary statistics describing the shape of the
swarm. We show that these estimators, combined with motion
controllers implemented on each robot, result in the swarm
formation statistics being driven to desired values in the
presence of a changing network topology and the addition
and deletion of robots.

. INTRODUCTION

We are interested in the following general problem: given
a set of agents (e'g” mobile I’ObOtS), design a control |a6\'kg. 1. (Left) The initial con gura_tion _ofaswarm, a uniformass ellipse
. with the same rst and second inertial moments as the sward, tae
to run on each agent, based on sensor and communicatipfa| formation of the swarm represented as another unifoass ellipse.
input, to achieve a desired collective “emergent” globalRight) The swarm converges to the desired formation $itztis

behavior of the system. In other words, the global dynamical

system de ned by the interaction of the many individuakpecify the exact position of each robot. Instead, the swarm
agents' control laws should have the desired behavior as grmation can be described by a set of summary statistics
attractor, preferably a global attractor. The performaoice that form a basis for the space of all formations. These
the system is judged by the global behavior of the system-statistics should have the property that low-order stasist
it must be evaluated over all the agents. Example task@ipture much of the essential shape of the swarm, but
include sensor coverage [3], [14], formation control [1]progressively higher-order statistics can be speci edlunt
(5], [7], [91-[13], [15], [17], multi-agent pursuer-evade only a single formation is consistent with the statistics.
and other types of self-organization, including static andow-order statistics then provide a convenient abstractio
dynamic self-assembly. of the total swarm formation, allowing, for example, high-
The key constraints are that each agent may have signigvel human control of a large number of robots. The
icant dynamics and limited sensing, computation, motiordesired summary statistics can be optimized according to
and communication capabilities. The behavior of the groughe changing tasks of the swarm.
should improve/degrade gracefully as agents are added orFormation inertial moments are an example of a class
deleted; in other words, the approach should be scalablsf, summary statistics which t our framework. Our sim-
robust, and require no central controller. Furthermore, unlations will focus on the rst- and second-order inertial
like the work in [1], we do not assume that the agents haw@oments, the lowest-order moments providing information
access to global swarm information. on the position, orientation, and “shape” of the swarm. We
While intelligent collective behavior can emerge evemwill describe controllers for the individual robots thaivdr
when each agent is ignorant of the global behavior of thihese formation moments to desired values (Figure 1). Each
system, the framework we are pursuing involves equippingbot can sense its own position and velocity, control its
each agent with (1) an estimator that allows it to estimate thacceleration, and exchange information with nearby robots
relevant global performance measures for the swarm, amg a result, the robots form a communication graph with
(2) a local controller that drives the performance measurehanging topology as the robots move. Each robot imple-
to their desired values. The challenge is to design th@ents an estimator that maintains an estimate of the current
individual estimators and controllers so that the inducegwarm formation statistics, based on its own sensed data
global “emergent” behavior is the desired behavior. and information received from neighbors, and a nonlinear
In this paper we apply this approach to the problem afotion control algorithm. The main results of this paper,
controlling the formation of a swarm of robots. Our primaryTheorems 1 and 2, provide guarantees on the convergence
interest is in large swarms where it is not necessary tof the swarm to the desired formation statistics for two

different combinations of estimators and controllers.
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normalizing by setting the total mass of the swarm to banalysis below under the assumption tp@) 2 C, namely,

unit, the inertial momentM 4. are that the network remains connected in forward time. For
1% this reason we will assumie’ 2 f (C).

Mapec = — [0 piby P, (1) Our algorithms will guarantee that the system always

Mo converges to an equilibrium, but there will usually be “bad”

wherea: b:c> 0 and wherea + b+ c is called theorder €quilibria for whichf (p) & f ?. However, we will show that
of the moment statistic. Given a particular robot formagion@ll bad equilibria are unstable (in the sense of Lyapunov).
a suf cient number of moment statistics is guaranteed t&ur approach is based on following the gradients of a
distinguish it from any other formation. In other words,Potential function : R™ ! R of the form
moments can provide an exact formation description. We (= f( 27 f() f° 3)
are interested, however, in the case where a small num- o
ber of low-order moments is used to specify a familyvhere 2 R is a suitably chosen global gain matrix.
of formations. If > moment constraints are specied onSpecically, givenf? 2 Im(f) andD  R™, we let
n robots in anm-dimensional space, in general there isXf ’; D) denote the cone of all symmetric positive-de nite
an (mn )-dimensional space of swarm con gurationsmatrices such that( p) has no local minima irD other
that satisfy the constraints. The structure and topology &han the global minima where(p) = f?. We assume that
such formation spaces can be studied using tools from re&f ) = &(f ?;R™) is nonempty. In fact, one can show
algebraic geometry [2]. that for anym and anyn > m + 1, the function which

In this paper we focus on formations de ned by rst- andgenerates all inertial moments (1) of orders one and two
second-order moments. The rst-order moments specify iS such that we can calculate membersGf ?) for every
the center of mass of the swarm. From tmém + 1)=2 7 2 Im(f). For example, this is the case when= 2,
second-order moments we can derwém 1)=2 variables = =5, n > 3, and
_desc_ribing the orientation of orthogor_1a| principal axes of (b= a b & ab B ": (4)
inertia of the swarm andn shape variables summarizing
the elongation of the swarm along the principal axes. OUror higher-order inertial moments, we have been able to
abstraction of the swarm formation, then, is given by théhow only thatG(f ?;D) 6 ? for everyf? 2 Im(f)
m(m + 1) =2 group variables describing the position andand everyboundedsetD ~ R™", in which case we can
orientation of the principal axis frame i8E(m) and the proceed with a semiglobal rather than a global analysis.

m shape variables describing the elongation of the swarf® ensure bounded signals in our closed-loop systems, we
along these axes [1]. further assume that and thus alsd and are proper
(i.e., radially unbounded) functions. Finally, we let thet s
ll. PROBLEM STATEMENT C=fp2 R™ :r (p)=0gdenote the set of critical
Suppose the swarm consists mfagents with positions points of and assume the following:

P1;:iiiPa 2 R™, which we write also as the combined(p) Eachp 2 C has neighborhool such thatifp 2 N\ C

vectorp=[p]  p;]" 2 R™ . Given aC? vector moment then ( p)= ( p).

generating function : R™ | R, we de ne the swarm

. There are large classes of functiongor which (P) holds;
moment vectof (p) 2 R as

for example(P) is always satis ed whenever is a locally

f(p) = 1 o) @ semialgebra_\ic (e.q., _polynomial) function [2]. However,
n._ v there do existC! choices for such that(P) fails.

Each agent has knowledge of a desired moment vector V. NONLINEAR GRADIENT CONTROL

for the swarm, represented as the vectdr 2 Im(f). WITH HIGH-PASS ESTIMATORS

The primary goal of each agent is to move itself to an In this section we consider the following local control

equilibrium position so that the nal swarm con guratign and estimation algorithm for ageitt

satis esf (p) = f 7. Each agent measures its own position

;
and velocity and controls its own acceleration. Furtheenor = B D (@ iDM@Em

each agent can communicate with its neighbors, namely, X + D (p) 7 X (%)
agents andj can communicate with each other whenever W= oW a(pip) X X (6)
pi $ pj, where$ isa xed symmetric relation oiR™ . For i6i

example, we may havye $ p; ifandonlyifjp; pjj6 r, Xi=w+ (o) )

where r represents a communication radius. Thus each
con gurationp 2 R™ de nes the graph of an underlying Here (5) represents the control law and (6)—(7) represent a
communication network, and we leT R™ denote consensus estimator, whetgt) 2 R is the agent's current
the set of all such con gurations for which this graph isestimate off (p) andw;(t) 2 R is the internal estimator
connected. As the agents move with time, the topology aftate. In the control law (5D () denotes thé m Jaco-

this network can change, but we will perform our stabilitybian matrix of , the matrice8; 2 R™ ™ and ; 2 R



are constant local damping matrices, and G(f ?). Inthe Choose 2 Gf?), x Bi + B] > 0O andw(tp) = 0
estimator dynamics (6), > 0 is an estimator “forgetting for eachi, and choosea( ; ) to be C!' and symmetric.
factor” anda: R™ R™ ! Ris aC?! symmetric functioh Let (10) and (11) hold for som& > 0, and x = 0.
such thatsupp(@) Graph($ ). Thus to implement this Then each trajectory of the system (5)—(7) is bounded in
control algorithm, each agemtmust continually transmit forward time and converges to an equilibrium; moreover,
its current values ofy; and x; to its neighbors. We call every bad equilibrium is unstable.

the estimator (6)—(7) a high-pass estimator because if theAs will become evident in the proof of this theorem in
estimator gains(p;; p;) were constant, then the resultingSection VII, the dynamics of the estimator (6)—(7) include

LTI system taking the inputs(p;) to the outputs; would  a subsystem of the form = which is uncontrollable
be a high-pass lter. This estimator is based on the onfrom the inputs (p;) but observable through the estimation
introduced in [16]. errorse = f(p) x;. If =0 and if the statesv; (tp) are

Let1 2 R" denote the vector af ones, and leOrth(1) not initialized to zero, then the constantswill generate
denote the collection ofi (n 1) matricesS such that persistent nonzero constant offsets in the error variadles
S'S =1 andS™1 = 0 (namely, the columns 06 form These steady-state estimation errors will cause the swarmt
an orthonormal basis fasparf 1g° ). Then by orthogonal converge to a formation with the wrong statistics. To avoid
decomposition we have such errors, one would have to somehow globally simul-

1T L
| = SS" + (8) taneously reinitialize these states to zero whenever agent
leave the swarm (e.g., due to failure) or new agents join the

and thusASS'AT 6 AAT for anyn-column real matriXA  swarm. Furthermore, if = 0 then any additive noise in the
(in particular we havgASjr 6 jAjr wherejjr denotes communication channels will pass through pure integrators
the Frobenius norm). We de ne theplacianL(p) 2 R" " =noise, resulting in random drift in the estimation errors.
to be the symmetric matrix whose off-diagonal elements ifo alleviate these problems one could choose 0; in this
rowi, columnj are equalto a(pi;pj) and whose diagonal case any incorrect initialization of the statgg(to) will be
elements are the negatives of the sums of the off-diagongdymptotically forgotten, and communication noise wilt no
elements in the same row (so tHap)1  0). Moreover, cause random drift. However, the estimator (6)—(7) exsibit
xing S 2 Orth(1), we de ne thereduced Laplacia?(p)  steady-state error under constant inputs, an error whaee si
to be the symmetric matrix is proportional to=( + ") (and hence nonzero for> 0).

L’(p) = S'L(D)S: ©) glrer\é?réﬁiliisg irsn;\llle Wi|! .illustrate in Section VI, a small

positive may be preferable to errors

and we note from (8) thasL’(p) = L(p)S. Furthermore, caused by incorrect initializations. In the next section we
for p 2 C and for positive estimator weighta( ; ) on introduce a more complex estimator which achieves the
the connected arcs, the smallest eigenvalue of the reducgine advantages of choosing> 0 in (6) but does so
LaplacianL’(p) (called thealgebraic connectivityof the without introducing any steady-state error.
underlying graph) will be strictly positive [4], [6]. Our  The conclusion of Theorem 1 (and likewise of Theorem 2
primary assumption on the communication network is thatelow) remains valid if the damping matric® are C!

” providedB;( )+ B{ () > 0 holds globally for each (how-
L?(p) > "I (10) R, : -

P ever, keep in mind thaB; cannot depend on information
along trajectories in forward time for some constant 0.  not available from the neighbors of agejtHence we can
In particular, (10) implies thap(t) 2 Cfor all t > to. Note View these damp!ng mat_nceBi as addltlonal.sogrces of
that" can be made large for a connected network by scalirfg?ntrol, and we might design them to help maintain network
up the estimator gain functica( ; ). Also, for a connected Cconnectivity or to help avoid collisions between agentssTh
network with equal unit weights, the value 'bfs bounded €xtension is a topic of future research.

from below by2 2 cos(=n) [4]; hence if the agents know
an upper bouynd on the(n th)eg/ g:an calculate a?ower bound V. NONLINEAR GRADIENT CONTROL
WITH PROPORTIONAL-INTEGRAL ESTIMATORS

on". Next, we assume that the small-gain condition
2yl 4T 1) In_thls section we assume that there exists a proper
i [ metricd on R™ such that
holds for each. Finally, we assume that = 0 and that sup max d(pi;p) <1 (12)
each statew; has the initial valuew;(tp) = 0; the more p2C 165 6n
general cases will be discussed below.
Theorem 1:Let and f? be such that is C? and

proper,f? 2 f(C), f?) 6 ?, and property(P) holds.

(this holds in particular whep; $ p; only if d(pi;p;j) 6 r,
wherer > 0is a xed communication radius). It follows
that there exists & function :R™ ! R such that

1If X andY are nonempty sets, we say that a function X X 'Y . 2
is symmetricwhen (a;b)= (b;a) foralla;b2 X . i (p) (pj )Jic6 (p) (13)



forallp2 Cand anyi;j 2f1;:::;ng[8, Corollary A.15]. forward time and converges to an equilibrium; moreover,
Leta;b: R™ R™ ! R be boundedc! symmetric func- every bad equilibrium is unstable.

tions such thasupp(@) [ supp(b) Graph($ ). We also Like the high-pass estimator (6)—(7) with = 0, the
assume thab has bounded rst-order partial derivatives.PIl estimator (15)—(16) includes a subsystem of the form

Consider the following local control/estimation algonith ~ _= 0 which is uncontrollable from the input{p;) (see the
T proof in Section VIII). Thus as before, might be nonzero
m= Bo D(®m iDM@ER (14) due to inconsistent initializations and might drift due to
cix(pi)g + D (p) T x communication noise. However, unlike the high-pass case,
X=X apiip) Xi X these states are not observable through the estimation
. errorse = f(p) Xi, which means their behavior will not
X (15) affect the swarm dynamics.
+  bpsp)wioowo o (p)
iei VI. SIMULATION RESULTS
W = X (P p) X X (16) We simulated the algorithms in Sections IV and V for

a swarm ofn = 5 planar robotsrh = 2), as in (4),
) . ~andf? = [0 0 50 O 507. The controller gain
As before, > 0is a global forgetting factor (but with magrix was = diag(80 ;80;8;8:8). The estimator gain

= 0 no longer allowed)Bi 2 R™ ™ and i 2 R functions where chosen according to an equal weighting
are constant local damping matrices, > 0 is a local  gcheme with a communication radius28: a(pi; pj) = a
damping parameter, and 2 Gf 7). To implement this 5,9 bpi;p;) = b whenjp  pj 20anda(pi;p) =
controller, each agemtmust continually transmit its current - p) = 0 otherwise (the fact that these gain functions
values ofpi, wi, andx; to its neighbors. When compared are discontinuous had little effect on the simulationssoAl
with (5), the control law (14) has an additional dampingye set the nonlinear damping gainsandc; in (5) and (14)
term ¢ (pi)p which will be useful for proving global g zerg as the constanBs can provide adequate damping
stability. Furthermore, the estimator (15)—-(16) has twase gyer a bounded region.
many states as the one in (6)—(7), but it is no longer high- we rst simulated the high-pass scheme of Section IV
pass as there is no dlrgct feedthrough frofp;) to Xx;. with dampingB; = 401, estimator gaina, = 5, and no

We de ne the proportional LaplacianLp(p) 2 R" " forgetting factor ( = 0). Figure 2 shows the results of the
to be the symmetric matrix whose off-diagonal elements ithertial momentsm 1o = CMx (the rst component off )
rowi, columnj are equal to a(p;; pj) and whose diagonal and M,, =lyy (the third component of ). The rst 15
elements are such tph:P (P1 0. We dene theintegral  seconds show the convergence of the formation statistics to
LaplacianL (p) 2 R" " in the same way but using(; )  their desired values with no steady-state error. At tinve
instead ofa(; ). Again xing S 2 Orth(1), we dene 15 one of the agents fails and leaves the swarm, resulting
the corresponding reduced Laplacidrs(p) = S'Lp (P)S  in a permanent nonzero steady-state error after that point.
andL(p) = S'Li(p)S. Our primary assumption on the actyally, the remaining agents do not move at all from their

j6i

communication network is that there exist constants equilibria after timet = 15, demonstrating that the high-
and” > 0 such that pass estimator with no forgetting factor does not recover
| 6 L"F’,(p) 6 | 17) from initialization errors. If we include a forgetting fact

of =0:7, then we do recover from the loss of the agent

n ? "
16 Li(p)6 "l (18) (Figure 3), but we now incur a small nonzero steady-state

along trajectories in forward time (again implying a con-81mor both before and after the loss. , ,
nected networkp(t) 2 C). Here the constants " > O We next simulated the Pl scheme of Section V with

represent upper bounds on the reduced Laplacians whilt}freased dampinB; = 1001 (to account for the additional
exist because the functioasandbare bounded. Finally, we neglect(id n.onlmear dar_npmg terms), estimator gags 2
assume that a small-gain condition similar to (11) is sais @nNd o = 0:02, and = 6. Figure 4 shows that the Pl

(see (73) below), which we accomplish by choosing th@lg(.)rithm can also recover from the loss of an agent (again
damping parameters; andc suf ciently large. at timet = 15) but now with zero steady-state error.

Theorem 2:Let and f? be such that is C2 and VIl. PROOF OF THEOREM 1
proper,f? 2 f(C), f?) 6 2, and property(P) holds.

Dening z;e 2 R as
Assume (12) holds, choosa(; ) and b( ; ) to be Ct, gz:@

bounded, symmetric, and such thdtas bounded rst-order zi = d ()= D (m) p (19)
partial derivatives. Choose 2 G(f ?), x Bj + B > 0, dt

i+ [ > 0, andg > O for eachi, and assume (17) &=t/ x; (20)
and (18) hold for some > and” > O (with > 0). e introduce the following n matrices:

If the damping parameters; andc; are suf ciently large,
then each trajectory of the system (14)—(16) is bounded in X= X Xn (21)



CMx of the Swarm

05
[}
=2
3 -
>
x
=
()
i ~ Goal | |
) ) ) — Actual
0 5 10 15 20 25 30
lyy of the Swarm
60 T T T
sofb——m—m--—"-—"———— - - - - -~
Q
= 40
<
>
230
20 4
— Goal
— Actual

L L
5 20 25 30

. .
5 10 1
Time(sec)

Fig. 2. The high-pass algorithm with no forgetting factor<0).
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Fig. 3. The high-pass algorithm with forgetting factor=0:7.

W= w Wn (22)
(p= (p1) (Pn) (23)
E= e en =(p) 1r1] X (24)
z= n oz =2 (0: (25)

Hence we may write the collection of consensus estimators

(6)—(7) in matrix form as
W= W XL(p) (26)
X=W+ ( p): (27)
We write the complete state of the closed-loop system
either the triple(p;p; W), or with the global coordinate

change given by (24) and (27), the trifle; p; E). We see
from (5) that the derivative of the Lyapunov function

V(pip)= p'p+ n (p) (28)
can be written as
X h
\L= p, Bi+ B/ p i
=1 Zl i+ ] z+27 e (29)
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Fig. 4. The PI algorithm.
We observe from (24) and (27) thitl

El= W1=0

W1 and thus
(30)
(31)

which means

E()l= W(to)1=0

for anyt > to. BecauseES XS, we can write
ES=XL(p)S ZS= ES L’(p ZS:
O we haveEE™ ESS'ET, so

1
"EET + ZZZ7:

(32)

Also becausd 1
d T
m EE™ 6

De ning the Lyapunov functiorJ = Tr( EE™) we see that

¥ h i
: (34)

(33)

U6 "U+iTizz)= “jei’+ Sjzf?

i=1
Furthermore, we can bound (29) from above as

¥ h
\L6 p. Bi+ B/ p .
i

i=1 L
| z+"jej’ :

T 1 2

Zi i + (35)
To combine the Lyapunov functiong and U, we rst

use (11) to choose> 0 such that

ner i+ |

for eachi. We then de ne( p;p;E)= V+(1+ )U and
use (34), (35), and (36) to obtain

X h i

ol Bi+Bl b "jej® :

241+ (36)

_6 (37)

as _
i=1

In particular, ( t) is nonincreasing along trajectories in

forward time. Becausé€ p) is proper, is a proper function

of the statesp, p, and E, and we can conclude that all

signals are bounded in forward time. By LaSalle's theorem

we further conclude that every trajectory converges to an

equilibrium at whichp = 0 andE = 0.2 Thus the equilibria

2Actually, LaSalle's theorem only guarantees convergencantequilib-
rium set; further arguments (omitted due to space conssjaame required
to show convergence to a single equilibrium.



are at those values @f for which
D ()" f7 f(p) =0

for every i, or equivalently wherer ( p) =
that bad equilibria are those for whidh(p) 6 f?; we

(38)

now show that every bad equilibrium is unstable. Suppose

p 2 R™ s such that the poinf{p;p;E) = (p;0;0) is

a bad equilibrium. It follows from propert{P) that there
exists a neighborhoo of p such that ifp 2 N satis es
r (p) =0 then (p) = ( p). By assumptionp is not

a local minimum of , which means there are poingg

arbitrarily close top for which ( pg) < ( p) and therefore
also ( po;0;0) < ( p;0;0). Now any trajectory starting
from such a statépg; 0; 0) converges to an equilibrium state
(p1; 0;0) for whichr ( p1) =0, and because is nonin-

creasing along trajectories we also haye;) < ( p). It

follows thatp; 62N, namely, that this trajectory leaves thej ( p)Si2 =
N -tube around the poir(p; 0; 0), and we conclude that this

bad equilibrium is unstable.

VIll. PROOF OF THEOREM 2

The derivative of the Lyapunov function (28) is
X h
Pl Bi+ B/ p

\L= 2¢ (pi)jpij?

L T
zi it

_ i
i=1

zi+2z & (39

with z; ande as in (19)-(20). We may write the collectiong< < 1 and

of PI estimators (15)—(16) in matrix form as

X=X (p

W =

I +Lp(p) + WLi(p)+ (40)
XL (p) (41)

with X, W, and from (21)—(23). De ningE andZ as
in (24)-(25) we obtain

El= E1+21; W1=0: (42

From (8) we havdp LpSS" andL, L,;SS", which

means we can multiply both sides of (40)—(41) from the

right by S to obtain

XS= XS | +L2(p) +WS L{(p)+ (p)S (43)
WS= XS L{(p): (44)
With the change of variables
Y=ws+ (psLip ° (45)
= XS Y (46)
the equations (43)—(44) become
= FT"+NHT; (47)
where
_ I Lip LY@ . ,_ O
Tow o P RE
_ 2 1 d P) 1,
N=12S Li(p + (PS4 LM (49)

0. Recall

We will write N as the sum

X
where N = o Ni (50)
No=2ZS Li(p) (51)
xn ”
- ? 1 @L(p) | » 1
Ni= (PSLi(p . @Ak Li(p) pi(k)
forl6i6 n (52)
andp; =[pi(1)  pi(m)]” 2 R™. We now derive bounds
on these matricell;. First, using (18) we obtain
NoNg = ZS L{(p) ’S'27 6 éZSSTZT (53)

Next, using (13) and our assumption thggt) 2 C for all
t > tg, we obtain

2
PGS 6 (p) (T,
6 () (Mi°6(n 1) (p): (54)
i6i
It follows from (18) and the fact thdt has bounded patrtial
derivatives that there exist constak{s> 0 such that

iNijg 6 ki (p)ipij® (55)
for 16 i 6 n. Eachk; depends om, ", and the bounds
on the partial derivatives df. Let be a constant such that

() (56)
(+ +2"
Then the positive de nite matrices
_ I [ _ (+ ) o0
P= I Q= 0 "I (57)
satisfy
and @@ H)NeprPe6 @+ )l (58)
PF+FP+Q=
2LZ(p) +( N +2L7( 1+ Lip)
I+ LEm 2L 7(p)+ "l
1 2" | I L
6 (+ )7 ) p(P) 60 (59
I Lp(p) [
{z }
R(p)
because (56) implies th&(p) > 0. Let > 0 be such that
< min * D (60)
Then we have
e @ 3 o0
PHH™P =P 0 0 (61)
and thus also
:
Q 1TPHH P
- ++ @ ) o0 (62)
- 0 g v
>mn + + (1 );" | I =1



where =minf + ; g. It now follows that

PF+FP+ ——PHHP6 I (63)

We de ne the matrix

= P T+ EWIE"+WI1I'W’™ (64)

where > 0is a constant parameter. De ning
’(n+1)( +1)

(65)

we use (8), (42), (47), (50), (53), and (63) to obtain
X
= PF+FP ™+ NiH™P T+ PHN/
i=0
2E 1I'E"+ Z11'E" + E 11'Z" (66)
6 T E 11'E’
n T ><] T
—iwy 227+ NiN{ : (67)
i=1
BecauseES = XS we also have
T=XSS™XT+ YY" =ESS'ET +YY’ (68)

and therefore

+ max

X
_6 4EET  YY T+ ,ZZ7+ NiN{; (69)
i=1
1=min ;n (70)
n

where

2 = max e (72)

T2

De ning the Lyapunov functiorld = Tr() we see that
X h i

ue jYji + dei®+ 2jzi*+ ki (m)ipd?
i=1

Furthermore, we can bound (39) from above as

x h N
\L= pl Bi+ B p 2¢ (p)ipi
i=1 H

|
Zzi+ 4jej? 1 (72)

H|H

Finally, we assume that
24 10l< g g+ ! and ki< 2c (73)

for eachi. To combine the Lyapunov functiong and U,
we rst use (73) to choose> 0 such that

4 11+ )6 1 i+ ] (74)

ki(l+ )6 2g (75)

for eachi. Thus ( p;p;E; W)=V +(1+ )U satises
X h i

6 Y2+ P Bi+B m  ijej? : (76)

i=1

IX. FUTURE WORK

The controller extends trivially to the case in which
the robots are kinematic and holonomic, but more work
is needed for the nonholonomic and underactuated cases.
Also, although we expect the PI estimator to have better sen-
sor noise attenuation properties than the high-pass dstima
further analysis is needed. Similarly, we need to invegtiga
the effects of noise and time delay in the communication
channels between the robots. We may also consider adaptive
algorithms for adjusting the estimator gains. Finallytéasl
of the regulation problem, we could consider the tracking
problem in which the desired formation moment vedtdr
changes with time.
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