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Abstract— Many multi-agent coordinated behaviors can be
achieved using decentralized estimation-and-control, where
each agent uses limited communication with neighbors in a
network to estimate global properties of the performance of
the group. This global information is used in each agent’s
local motion controller, creating a feedback connection between
the estimators and controllers. To ensure the stability of the
coupled system, we derive a small-gain condition that can
be roughly expressed as a bound on motion control gains
as a function of the estimator gains and a lower bound on
the algebraic connectivity of the communication network. The
condition is derived for systems of agents with first-order
dynamics implementing gradient controllers based on averages
of the group sensor inputs. The condition is applied to two
very different tasks: formation control and cooperative target
localization.

I. INTRODUCTION

Centralized control of multi-agent systems, where a single
agent has access to each agent’s sensory information and can
issue motion commands to each agent, offers the possibility
of optimal motion coordination for mobile sensor networks
and swarming applications. Because this approach is not
robust to faults in the central agent and does not scale well
with increasing numbers of agents, most recent research in
multi-agent systems has focused on decentralized reactive
control. This paradigm, inspired in part by biological ex-
amples of coordinated control such as schooling fish and
flocking birds [5], [12], [14], [15], has each agent make
control decisions based on its own state and information
it senses from the environment and nearby agents. Often
the control law is based on simple gradient descent; each
agent moves locally to minimize a cost J which encodes
the desired group behavior. If the gradient of the objective
function is spatially distributed over the sensing network,
meaning that the local gradient can be calculated using
only sensed information on neighbors, then simple gradient
following can effectively yield the desired behavior [3],
[4]. The set of group behaviors that can be achieved by
local controllers using only immediate information about
neighbors is limited, however.

We are developing a framework where each agent has
access to global information on the performance of the
group, allowing it to make more informed local control
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decisions [8], [18]. Each agent may still implement a local
gradient controller, but we can now use cost functions .J
with local gradients that depend on global information. This
vastly increases the set of desired group behaviors that
can be encoded in J. The necessary global information is
estimated by local estimators using limited communication
from neighbors in a (usually sparse) communication network
that may be changing with time. The amount of information
communicated by each agent is independent of the number
of agents. This retains the full scalability and robustness
of decentralized reactive control, while gaining one of the
advantages (global information) of centralized control.

The multi-agent system, then, consists of a time-varying
communication network of agents each running an estimator
and motion controller in parallel. This raises the question of
how to ensure the stability of a network of coupled estimators
and controllers. There is no simple separation principle that
guarantees the stability of the entire system when the coupled
estimators and coupled plant dynamics and controllers (using
correct estimates) are individually stable. Instead, we need to
find a time-scale separation (estimator dynamics much faster
than motion dynamics) or small-gain condition to ensure the
stability of the entire system.

In this paper we derive a small-gain condition for semi-
global coupled stability for systems satisfying the following
conditions:

« agents have single-integrator motion dynamics;

« agents implement identical gradient control laws; and

o evaluating the gradient control law requires averages
of measurements over all the mobile sensors, obtained
by dynamic average consensus estimators [7], [8], [16],
which are time-varying extensions of the static average
consensus estimator in [11].

Example tasks that fit this framework, and that are not
solvable using decentralized reactive control, include con-
trolling a swarm formation to achieve a set of geometric
moments [8] and controlling mobile sensors to maximize
their fused sensory information on the location of a moving
target. Thus the formulation applies to both action tasks like
the formation control task and mobile sensing tasks like the
cooperative target localization task.

The small-gain condition roughly takes the form of a
bound on motion control gains as a function of the estimator
gains and a lower bound on the algebraic connectivity of
the communication network. We believe such bounds are
fundamental to a theory of decentralized coordinated control
of multi-agent systems.



We describe our general design approach in Section II and
the small-gain stability condition is derived in Section III.
In Section IV, we apply it to the formation control and
cooperative target localization examples. Future work is
briefly described in Section V.

II. DISTRIBUTED DESIGN
A. Cost Function

We have n kinematic agents, and the configuration of
agent ¢ is written p; = [p}...p{]” € RY. The total system
configuration is p € R™. The cost J encoding the desired
group behavior is a function of global properties f of the
system. Specifically, we consider cost functions that can be
written

J(p) = J(f(p), ), (1
where
)= Y ) = [f e e R @)

are m pieces of global information. These are simply the
average over each agent’s local information g(p;), obtained
from internal state and sensor measurements. Examples of f
include the center of mass of a swarm in formation control
[8], average sensor readings (temperature, gas concentration,
etc.) in sensor networks [1] and global estimate uncertainty
in target localization [2]. The constant vector 3 is known to
each agent, and may represent common goals or controller
gains. We require J to be nonnegative and proper in p (i.e.,
radially unbounded) so that it is a global storage function.

B. Centralized Design

In the centralized design, each agent implements a gradient

controller
oJ

opi’
Note that the control gains are present in the definition of

the cost J; a cost aJ with oo > 1 would give agent motions
in the same direction, but at a higher speed. Notice that
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with D; = 37{- € R™*4, In general this is a centralized

design; althougfl D; can be obtained locally for each agent 1,
the value of g—; depends on f. This is in contrast to spatially
distributed objective function gradients where % depends
only on p; and its sensed neighbors.

This design guarantees J to be nonincreasing along trajec-
tories in forward time. When J is nonnegative and proper,
we know every trajectory is bounded. Based on LaSalle’s
theorem we further conclude that every trajectory converges
to an equilibrium set at which % = 0. In general this set
may contain local minima which are not globally minimum.

C. Consensus Estimators

Each agent can dynamically estimate the average in-
formation in (2) using a Proportional Average Consensus
Estimator [16], [7] with local input ¢; = g(p;). Given inputs,
internal states and outputs ¢;, w;, w; € R™, the P estimator
is given by the following equations (see [7] for details):

—yw; — K Z [z; — z;] “4)
JEN;
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Here v > 0 is a forgetting factor, NV; contains all one-hop
neighbors of agent ¢ in the communication network, and
K, > 0 is the estimator gain. When the network is connected
over time, each estimator output y; will track the global
signal % >, @i with zero steady-state error for v = 0 and
no agents entering or leaving the system, or small steady-
state error if the number of agents is changing and v > 0.
[7]. Since each agent only exchanges information with its
neighbors, the estimation process is scalable.

W =
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D. Distributed Design

We obtain a decentralized version of the gradient control
law in (3) as follows. Each agent estimates the global
information f by running a P average consensus estimator
with local input ¢; = g¢(p;), then replaces the f in the
controller with its estimator output x; = [z} - - - 2]7. After

K3

that we scale the control effort by [I + DI A;D;]~1, yielding
oJ
1

pi = ui = —[I + D \;D;]~ ap; :
vif=wx;

(6)

where D; = g—; € R™*4 [ € R™*™ is the identity matrix
and A; > 0.

The foremost concern of this new distributed design is
stability issues: In a stable centralized controller, when we
replace the global information f with an estimator output
x;, the introduced estimation error e; = f — x; may drive
the system unstable. The positive-definite matrix D] A; D; in
(6) dynamically changes the control gains to guarantee the
overall stability of the feedback-connected estimation and
control process. For this reason, we refer to A; as a nonlinear
damping matrix [10]. Larger damping, i.e., smaller control
gains, improve the stability of the system, possibly at the
expense of performance. Our small-gain condition specifies
a lower bound on A; that guarantees semi-global stability of
the coupled system. The full stability analysis is presented
in the next section.

ITI. STABILITY ANALYSIS
We define the estimator input and output variables Z, E:

Z = [21...Zn]:[%g(pl)...%g(pn)]
E = [e1-en=[ffl—[x1 ]

Let U = tr(EE™) be the measure of the estimation error,
the behavior of the estimator is characterized in [8]:
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where ¢(t) = KpA2(t) and Ao(¢) is the algebraic connec-
tivity [9] of the underlying communication graph Laplacian.
Here we use the undirected graph given by the neighbor
relations A; with unit weights. For a connected network with
n nodes, Ay reaches its minimum A, = 2 — 2 cos(w/n) [6]
when the communication topology is a line graph.

Now we characterize the input-output relationship of the
controller. First we find out how much the control effort
changes when we replace the global information f with x;
in the controller. We can use the Mean Value theorem:
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where each

fij=F—aj(f —a) = f — aje

is on the line segment between f and x;. Denote the row

0<a; <1 (9)

vector %‘ LA C;; and we call the assembled matrix
=fi
C; =[C}; --- C}]" the Hessian matrix of the system. With
this notation, the change in control effort is written
oJ _ oJ
Opilp—y  OPilf—s,
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which is the error between the centralized design and the
distributed design. Then the input-output relationship of the
controller is given as
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A. The Small-Gain Condition
To combine J and U together, we define a storage function
Y(p, B) = J + (1+p)U (1)
with ¢ > 0. The dissipation inequality looks like:

. N CiCr + (1 +p)I
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Below we present main stability result of this paper.
Theorem 1: Given task J = J(f,3) and we assume its
centralized gradient design is stable and the possibly time-
varying communication network remains connected. If either
one of the following conditions holds:
1) the cost function J is smooth and proper in f, or
2) the global information f is globally bounded,
Then there exists a corresponding distributed design: Each
agent constructs a P estimator to estimate the required global
information and closes the feedback loop by adding nonlinear
dampings with gains
Q+(A+pl
)\minKp -
(Q is an upperbound of C;C] defined in below.) The
resulting system is stable and each trajectory converges to
the same equilibrium set as in the central design.

Proof: We use T to denote the initial value of the
storage function Y. Based on its definition in (11), we know

Yo
| < <Ty.
el €\ 1350 I <o

In either J is proper in f or f is globally bounded, we have

A > (13)

(14)

To
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for some scalar a. From (9) the triangle inequality gives

T Ty
175 <15 (16)
Additionally we have
C,Cr<Q= sup C;Cl < o0 17
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with U = [—, / 1&);1 —a, 4/ 11—?# +al. @ is a function of the

C;, which is a function of the control gains. Now we choose
o Q+ 1+l < Q4+ (1+pu)I

A 18
‘= AminFp - ek, (18)
so that the small gain condition in (12)

is satisfied at ¢ = 0. From the Lyapunov stability theorem,
T(t) < Yo and therefore (15), (16) remain satisfied. Because
(9) holds over time, we know (16) still holds and the domain
U will not increase. Therefore by satisfying (18), the small
gain condition (19) is automatically satisfied over time and
Y(t) < 0 from (12). By LaSalle’s theorem, every trajectory
converges to an equilibrium set at which p = 0 and £ =
0. So in steady state the estimation error vanishes and the
trajectory will converge to the same equilibrium set as in the
centralized design. [ ]

When C;C}" is globally bounded (e.g. J is a quadratic cost
function) we get a global stability result, otherwise the result
is semi-global. In general, the value of () is obtained from a



Fig. 1. (Left) The initial configuration of a swarm, a uniform-density ellipse
with the same mass and first- and second-order moments as the swarm, and
the goal formation of the swarm represented as another uniform-density
ellipse. (Right) The swarm converges to a configuration having the desired
first- and second-order moment statistics.

standard nonlinear optimization solver. It is also possible to
bound C; by taking advantage of special problem structure.
We use the second approach in our case studies.

IV. CASE STUDIES
A. Formation Control

The problem of controlling the formation shape a group
of n robots is considered in [8], where moment statistics are
used to characterize the shape of the group. In the case of 2-
d robots (Fig 1), denote the robot positions as p; = (p¥,p}).
The first-order moments
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give the center of mass of the formation, and the second-

order moments
n

=130,

n -
=1
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give the moment of inertia of the group. Here the global
information is f = [f1--- f°]7 and the goal is to move the
robots to satisfied certain desired formation statistics f* €
R®. A centralized design uses

J=(" = DT - 1) 20)

as the cost function and the gradient-based controller is:

pi=—D{T(f" = f) 2y

In problem formulations quadratic costs are especially fa-
vored by this design approach. First the function J as in (20)
is radially unbounded and therefore proper. Additionally,
C; =T is a constant matrix and the nonlinear optimization
procedure is saved. () can be chosen as Q = I'?. Applying
Theorem 1 we choose the following control law:

T m—1(172
DK, (T >\+ (1+ M)I)Dl]_lDiTF(f* )

min (22)
Theorem 1 guarantees that this coupled estimate and control
system will be stable.

For the centralized design, appropriate I' is chosen in [8]
such that the equilibrium set contains only global minimum
points. This implies our distributed design will also converge
to the global minimum points.

pi=—[I+

M Target
pi @ Sensor

v

Fig. 2. Schematic of the sensor model.

B. Active Localization

The problem of active sensing using n 2-d mobile sensor
nodes to estimate the state of a dynamic target is consid-
ered in [2]. The sensors and target positions are written:
Pl s Pn.xy € R, The i sensor takes a measurement:
zi = o +v;,i = 1,...,n and v; ~ N(0,%;) is the
measurement noise with standard Gaussian distribution. The
standard range-finding sensor model [13] was used, so the
covariance matrix ; assumes a diagonal structure in the
sensor’s local range/bearing frame:

(ange)? 0

range

Ri = .
0 (‘Téearing)2

(23)

The range measurement noise variance (ar’,dnge)2 is commonly
represented by a function h,.(r;) of the distance r; from the
target to sensor ¢. The bearing noise variance (af;earing)Q also
depends on the range and can be modeled as hy(r;). We use

the following form:

(24)
(25)

(Ufange)2 = hT(Ti) = CLQ(’/}; - a1)2 + ag

(O-lz)earing)2 = hb(”) = ah, (Tz) )

where ag, a1, ag, @ are model parameters. This measurement
uncertainty model assumes the existence of a “sweet spot”
location r; = a; at which the noise is at its minimum value.
In practice, when the target is out of the sensing range, we
can initialize the diagonal entries of R; to be oc.

We use 6; = Z(p; — x¢) as the angle from the target to
the agent ¢, and the rotation matrix

cos(6;)
— 5111(9,)

sin(Qi)

Ti= cos(6;)

(26)

transforms R;, the uncertainty matrix in the local frame, to
the uncertainty matrix in the global Cartesian frame:

¥ = T;RT}. 27)
In order to fuse the local target position measurements z;

and error covariances R; to obtain a global target position
estimate Zgopa1 and global error covariance Fijobal, the fol-
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Fig. 3. Sensors move to their sweet spots and scatter around the target to
get better estimates.

lowing relationships were used [2], [13]:

n

Pg?o%)al‘%gbbal = Z(T R; TT Z T; R ITTZZ (28)
=1 =1
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i=1

(29)

Pyova gives a global characterization of the uncertainty of
the estimate, and each sensor moves to reduce the fused
uncertainty. The cost function J = det(Pyoba) is used
and this leads to the following gradient controller (in polar
coordinates):

Lo
i o (’m
5] 1 0 T
= J'H‘(QCLQ(TZ' — al)ﬂRi |: 0 « :| Ti Pglobal)
1 0J
uf = —r—i aGZ = Jtr((A +A ) global)/rz
with
_ 0 —1  p—1pT
A,_[l O]TzRiTi. (30)

As shown in [2], this centralized controller drives the sensors
to their sweet spots and space themselves from each other
by 60 degrees relative to the target.

1) Choosing the global information f: Plugging (23)
and (26) into (29), we get

globdl Z T R 1TT

n 0052(01-)+E sin?(6;)

_ sin(26;) 1
_ lz 700 27 (L~ o)
n _sin@0:) () 1 sin® (0:)+ 5 cos*(0:)
i=1 2F,(r:) a Fr(ra)

= [f1 2 F2]" with

Now we define the global information f

1
fro= - (31)
PN
1 & 20;)
o= Ly (32)
n i= 1 fr (rl
1 29
? = (33)
n ’I‘ Z
=1
Using triangular equalities, we obtain:
1 = oc+1 fl a 1 r2 1—a r3
7 L atobal = { Lo 3> o] f12‘¥_ a1 g2 (34)
Then the cost function can be written as
1
J = det(Pglobal) = n(a—1)2 -
G (e 712 = ()2 = (%))
(35)

2) Bounding the global information f: From the sensor
model given in (24), it is easy to see f,(r;) > ag. Therefore
£l < V3IfY < ‘a/—og So we can apply Theorem 1 to
find the nonlinear damping gain A; and next we give a
conservative lower bound on A;.

3) A lower bound on the nonlinear damping gain: We
start by giving an alternative strategy to bound the matrix
product C;CT without solving any optimization problem.
Given a square matrix C; € R™*™ let A} be its eigenvalue
with the largest absolute value. It is easy to verify that

Ci;CT < (A\})?I. Furthermore, we have
02J
A7l < |Cilloo = max oo
ML < G = me 'aﬁaff:ﬁ]
2
< sup max (36)
fev J afjaf =floo fG\II 8f2

From that we obtain the following theorem:
Proposition 1: Using local information, each agent ¢ can
calculate a lower bound of the Hessian matrix:

(@? = 1) f2(ri)[n(3a? — 4o+ 1) f- (1) + aad]

J57l..<

- 20a3
(37
Proof: See appendix. [ ]
Applying Theorem 1, we use the following control law:
ar (L+p+n7)DF K, Di o [ wr
with
~_ n@® = DfAr)[n(Ba® —da +1) i (ri) + caf]
= 20a3
T -2 10 T
up = det(x;) - tr(2a2(r; — a1) T R; 0 o T x;)
uf = det(x;) (A + AT ) ;) /i

Theorem 1 guarantees the stability of the coupled system.



V. SUMMARY AND FUTURE WORK

We have presented a small-gain condition ensuring the
stability of cooperative multi-agent control based on decen-
tralized estimate-and-control. This condition provides semi-
global stability guarantees provided the motion control gains
are sufficiently small relative to estimator gains and the
algebraic connectivity of the communication network. The
condition applies to systems of kinematic agents following
gradients of J, where the gradient of J requires averaged
information over all the agents. Example applications include
formation control and cooperative target localization.

Faster convergence of the estimators permits more aggres-
sive control gains without inducing instability. This can be
achieved by increasing the estimator gain K. If there is
communication delay, however, large estimator gains may
result in estimator instability. Instead of using a single
estimator gain K, we can assign each communication
link its own gain, based on the communication network
topology, to maximize the convergence rate while ensuring
stability [17], [19]. Future work will explicitly incorporate
bounded communication delay in the formulation of the
small-gain condition.

The results in this paper assume a proportional (P) dy-
namic average consensus estimator. The improved PI esti-
mator [7], [8] provides zero steady-state estimator error even
when agents enter or leave the network. Future work will
derive small-gain conditions using a PI estimator.

Finally, we would like to find more general small-gain
conditions that apply to vehicles with second-order or under-
actuated dynamics and different types of objective functions.

APPENDIX
Here we derive an upper bound of H o7z
From (35), straightforward calculation glvgg :
0*J 273, T 2
87]‘2 = 8p°Jvv —2pJ°K (39)
with
n(a—1)32
= 40
p i (40)
o T
vo= [e5hH —fo —fs] (41)
atl 0 0
K = 0 -1 0 (42)
0 0o -1
Therefore,
0%J
‘ o < 802 T3 vv™ ||oo + 20T K || 0o 43)
(42) gives
a+1
HKHOO = 1 (44)
Using the fact |f;| < _-, we get
DBa—-1
o7l < DGO D) (45)

(0 17a

To bound the global uncertainty, each agent can relate J to
its own measurement uncertainty. Based on (28) we have

1
P T,R'TF > ——1. 46
global > i 7 > Olfr("'i) ( )
Therefore
J = det(Pglobal) < 042]? (Ti). “n

Plugging (44), (45) and (47) into (48) gives

n(e? — 1 f(ri)[n(3e? — da + 1) fr(ri) + aag]
20a3 )

|571.:
(48)

For each agent i, this bound only requires local information
to calculate.

REFERENCES

[1] J.-Y. Chen, G. Pandurangan, and D. Xu, “Robust computation of
aggregates in wireless sensor networks: Distributed randomized algo-
rithms and analysis,” IEEE Transactions on Parallel and Distributed
Systems, vol. 17, no. 9, pp. 987-1000, 2006.

[2] T. H. Chung, J. W. Burdick, and R. M. Murray, “Decentralized motion
control of mobile sensing agents in a network,” in Intl. Conf. on
Decision and Control, 2005.

[3] J. Cortés, “Characterizing robust coordination algorithms via proximity
graphs and set-valued maps,” in American Control Conference, 2006,
pp. 8-13.

[4] J. Cortés, S. Martinez, and F. Bullo, “Analysis and design tools for
distributed motion coordination,” in American Control Conference,
2005, pp. 1680-1685.

[5] 1. D. Couzin, J. Krause, R. James, G. D. Ruxton, and N. R. Franks,
“Collective memory and spatial sorting in animal groups,” Theoretical
Biology, vol. 218, pp. 1-11, 2002.

[6] S. Fallat and S. J. Kirkland, “Extremizing algebraic connectivity
subject to graph theoretic constraints,” Electronic Journal of
Linear Algebra, vol. 3, pp. 48-74, 1998. [Online]. Available:
http://math.technion.ac.il/iic/ela

[7]1 R. A. Freeman, P. Yang, and K. M. Lynch, “Stability and convergence
properties of dynamic consensus estimators,” in IEEE International
Conference on Decision and Control, 2006.

, “Distributed estimation and control of swarm formation statis-

tics,” in American Control Conference, 2006.
[9] C. D. Godsil and G. F. Royle, Algebraic Graph Theory.
Verlag, 2001.

[10] H. K. Khalil, Nonlinear Systems, 3rd ed. Upper Saddle River, New
Jersey: Prentice Hall, 2002.

[11] R. Olfati-Saber and R. Murray, “Consensus problems in networks of
agents with switching topology and time-delays,” IEEE Transactions
on Automatic Control, vol. 49, no. 9, pp. 1520-1533, Sep 2004.

[12] J. K. Parrish, S. V. Viscido, and D. Grunbaum, “Self-organized fish
schools: An examination of emergent properties,” Biol. Bull., vol. 202,
pp. 296-305, June 2002.

[13] K. Ramachandra, Kalman Filtering Techniques for Radar Tracking.
New York, NY: Marcel Dekker, 2000.

[14] C. W. Reynolds, “Flocks, herds, and schools: A distributed behavioral
model,” Computer Graphics, vol. 21, no. 4, pp. 25-34, 1987.

[15] B. Schechter, “Birds of a feather,” New Scientist, pp. 30-33, Janurary
23 1999.

[16] D. P. Spanos, R. Olfati-Saber, and R. M. Murray, “Dynamic consensus
on mobile networks,” in IFAC, 2005.

[17] L. Xiao and S. Boyd, “Fast linear iterations for distributed averaging,”
Systems and Control Letters, vol. 53, pp. 65-78, Sept. 2004.

[18] P. Yang, R. A. Freeman, and K. M. Lynch, “Multi-agent coordination
by decentralized estimation and control,” 2006, submitted to IEEE
Transactions on Automatic Control.

, “Optimal information propagation in sensor networks,” in /EEE

International Conference on Robotics and Automation, 2006.

Springer-

[19]




