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Abstract— This paper presentsa method to determine whether
an assemblyof planar parts will stay assembledasit is pushed
over a support surface.For a given pushing motion, an assembly
is classi ed into one of three categories: (P = possible)any force
necessaryto assute stability of the assemblycan be generatedby
the pushing contacts; (I = impossible) stability of the assembly
is impossible; and (U = undecided) pushing forcesmay or may
not be able to stabilize the assembly This classi cation is made
basedon the solution of linear constraint satisfaction problems.
If the pushing contacts are frictionless, motions labeled P are
guaranteed to presewne the assembly The results are based on
boundson the possiblesupport friction acting on individual parts
in the face of indeterminacy in the distrib ution of support forces.
Experimental results supporting the analysis are given.

Index Terms— Stable pushing, friction, assemblies

I. INTRODUCTION

The planarassemblyof Figure1 is pushedby its partially-
constraining xture, or base,over a horizontalsupportplane.
Will the assemblyremainstableduring the motion, or will it
fall apart?

This paperaddressegjuestionssuch as this by testing if
the supportfrictional forcesactingon the parts,dueto sliding
over the plane,act to closethe partial kinematic constraints
provided by the contactsbetweerthe pusherandthe partsand
amongthe partsthemseles. If thereis friction at the pusher
part and part-partcontacts thenthe setof possibleconstraint
forcesat the contactsincreasesand the setof motionsof the
pusherthat presere the assemblymay increase.

The problem of determiningstable pushesof assemblies
is a memberof a classof problemswe call stabletransport
problems.Suchproblemsinclude determiningif an assembly
will be presered undera motion of the base; nding the set
of assembly-preservinmotions;using thesemotionsto plan
fast or short pathsfor the assemblybetweencon gurations;
anddesigningthe xture to facilitate stablemotion. Different
formulations of these problemsmay include inertial forces
of the parts, gravity, and/or sliding friction over a support
plane. We are motivated by the possibility of using a low-
degree-of-freedonmanipulatorto manipulateseveral partssi-
multaneouslyperhapsalsotaking advantageof ervironmental
constraintge.g.,a supportsurface)to reducemanipulatorsize,
strengthanddexterity requirementsStabletransporiproblems
alsoarisein parts-handlingand manufcturingtasks.

This paper provides the most complete answersto date
on problemsof stable pushing. Under the assumptionsof
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Fig. 1. If thefrictionlessL-shapedpushertranslatesn one of the directions
indicated,the assemblywill be presered during motion.

guasistaticmotion and planarcontact,this paperfor the rst
time addresseshe stability of arbitrary assemblieof parts
during pushing.This analysisis complicatedby the quasistat-
ically indeterminatedistribution of supportforcesacting on
each part, which yields uncertaintyin the support friction
wrench acting on the part. We provide methodsto bound
this uncertaintybasedon the known centerof massof the
partandits geometry With thesebounds,a pushingmotionis
eitherlabeledP (stablepushis possible) meaningthatpushing
contactscangenerateall wrencheghat might be necessaryo
balancethe parts' uncertainsupportfriction wrenches,or |
(stablepushis impossible) meaningthat the pushingcontacts
cannotgeneratary of the possiblesupportfriction wrenches.

We provide algorithms to classify all possible pushing
motionsinto the categyoriesP, I, or U (neitherP nor I) and
provide resultsof an experimentin pushinganassemblyThis
paperextendsour previous work on pushinga linear stackof
parts[2]. The algorithmsin that paperfound pushingmotions
guaranteeingstability, but applied only to a single straight-
edge pusherpushinga linear stack of partswith edge-edge
contactbetweenparts.In this paperwe allow arbitraryassem-
blies,includingloopsandtreesof parts.If the pushingcontacts
arefrictionless,thenpushingmotionslabeledP areguaranteed
to be stable.If the pushingcontactsare not frictionless,then
due to frictional ambiguity issues,some motions labeled P
may actually be unstable.

A. Related\Work

This paperfollows directly in a line of work begun by
Mason([8], who investigatedthe rotationdirectionof a planar



partpushedwith point contact,basedonly on the part's center
of masslocation. This was followed by work by Peshkinand
Sandersoifil4] on boundingthe speedof rotation.Lynch and
Mason [6], [7] usedtheseresultsto derive stable pushing
motionsfor a single part pushedwith edge-edgeontact.This
work was extendedby Bernheiseland Lynch [2] to a linear
stackof parts, possiblywith uncertaintyin the parts' centers
of mass.A similar problemwas studiedHaradaet al. [4].

Also relevant to the work in this paperis pastwork on
xturing and formulating complementarityproblemsto solve
for the motion of multiple partsin contact.We do not attempt
to review this work here, but mention a few particularly
relevantworks. Trinkle [17] usedlinearprogrammingo assess
the stability of a grasped,frictionless object. Mattikalli et
al. [12] provided linear programsto determinethe stability of
a frictionlessassemblyof polygonsin gravity, andto nd the
“most stable” orientationof an unstableassembly Mattikalli
etal. [11] extendedthatwork to nd all stableorientationsof
assemblieswith friction. Baraf et al. [1] proposedmethods
to design three different types of xtures for frictionless
assemblieof polyhedra.A xture that provides directional
stability balancesa given external wrench exactly. A xture
that provides robust directional stability balancesa given
external wrench plus a small perturbationof that wrench. A
form-closue xture balancesary externalwrench.Mosemann
etal. [13] computedstableorientation=of frictional assemblies
in uniform gravity. Romneg [16] developed an integrated
systemthat takes the geometryof a 2D assemblyas input
and devisesboth an assemblysequenceinda xture to hold
all the intermediatesubassembilies.

B. Outline

Section Il gives the de nitions and assumptionsused
throughoutthe paper Sectionlll de nes the typesof pushing
contactsconsideredin this paper Conserative boundson
the possiblesupportfriction wrenchesfor a sliding part are
developed in Section IV. The intersectionof the possible
supportand pushingwrenchesdetermineswhetheror not a
given motion could be stable.Algorithms for performingthis
intersectionare describedin Section V. Section VI gives
resultsof the algorithmson exampleassembliesSectionVII
reportsthe resultsof an experimenton stablepushingof an
assembly Finally, SectionVIIl briey discussedimitations
dueto rst-order contactmodelsignoring cunature effects.

Il. DEFINITIONS AND ASSUMPTIONS

Partsslide over a supportplanenormalto the gravity vector
The planar velocity of a part can be expressedas a three-
dimensionaltwist v = [vy;Vvy;! ,]7, representingthe two
componentsof translationalvelocity and the single angular
velocity in aframe x edto the part, often choserat the center
of mass(CM). This motion canalsobe expressedsa rotation
centerin the part frame, and COR(v) returnsthe rotation
center(vy=!,; Vvy=!,) in the partframe,aswell asthe sign
of rotationsgn(! ), for ! ; 6 0.

We assumeall motion is quasistatic:the pushing forces
appliedto apartareequalandoppositethefrictional forcesthe
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Fig. 2. (a) Thepartis beingrotatedaboutthe COR by two pushingcontacts.
Eachpushingcontactde nesa uniqueinward-pointingnormal,andthefriction
coefcient de nesa friction cone.The edgesof the friction conesde ne unit
wrenchesp?, p?, p3, andp*. (b) The setof all possiblepushingwrenches
thatcanbe appliedto the partis the setof all nonnejative linearcombinations
of thefriction coneedgepushingwrenchesde ning a polyhedralconein the
part's wrenchspace.

supportsurfaceappliesto the part to resistits motion. There
is no pushingforce “left over” to acceleratehe part. Coulomb
friction governsthe pushingcontactsandthe supportcontacts
betweenthe part and the surface. In particulay the support
frictional forcesareindependenof the speedf motionjjvjj of
the part. We also assumethat the friction coefcient between
eachpart andthe surfaceis uniform over the part. We do not
review the mechanicof quasistatiqushinghere;see[8], [9],
[10].

Both a pushingforce and a supportfriction force acting
on a part can be expressedas a three-dimensionaivrench
w = [fy;fy; .]", representinghe two linear forcesand the
single torque expressedin the part- xed frame. Throughout
this paperwe referto a pushingcontactforce appliedto a part
asapushingwrent p = [p,;py; p,]". We referto africtional
forcea part appliesto the supportsurfaceasa supportfriction
wrend, or simply supportwrend, s = [Sx;Sy;S,]". During
guasistaticmotion, the pushingwrench and supportwrench
for a part are equal; by our de nition, the supportwrenchis
the negative of the wrenchresistingmotion.

The pushingwrenchp acting on a part arisesfrom part-
part and pushefpart contact. In this paperwe assumeall
suchcontactscan be modeledas point contactswith a unique
inward normalactingon the parts.Thefriction coefcient  at
apointcontactde nestwo linesof forcethroughthe contactat
anglestan ! to the contactnormal. Theseforcesde ne the
edgesof the friction cone andary wrenchactingon the part
dueto this contactmustbe a nonneative linear combination
of thesetwo forces and their torque componentsThe total
pushingwrench acting on a part is the sum of the pushing
wrenchesat eachof the contacts,and thereforeit lies inside
a polyhedralcorvex conerooted at the origin of the part's
wrenchspace(Figure 2).

The supportwrenchs is determinedby the part motion v,
the part massm, the supportfriction coefcient ¢, andthe
distribution of supportnormal forces over the part. Because
the part may make morethanthreepointsof contactwith the
surface however, the distribution of supportforcesis statically
indeterminateThis meanghatthe exact supportwrenchfor a
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Fig. 3. For agivenvelocity v of a singlesliding part, the possiblesupport
wrenchesare representedby a closedregion in the wrench space,while

the pushingcontactgeneratesnin nite polyhedralcorvex coneof possible
pushingwrenches,rooted at the origin. (a) The cone completely contains
the possiblesupportwrenchesso the pushingwrenchconecangenerateary

wrenchthatwould be neededo move the partwith velocity v. (b) The cone
overlapsbut doesnot containthe possiblesupportwrenchesso the pushing
wrenchconemayor maynotbeableto generatéhenecessarwrench.(c) The

conedoesnot overlap the supportwrenchesat all, meaningthat the pushing
contactcannotmove the part with velocity v.

given part motion is fundamentallyunknavable. Nonetheless,
as we shav in Section |V, it is possibleto place bounds
on the set of possible supportwrenchesgiven the known

geometryof the part and its centerof mass.In the special
casethat the part is translating,this wrench set reducesto

a single force of magnitude smg, whereg is gravitational

acceleration,passing through the CM in the direction of

translation(Mason[8]). We assumethat the part's geometry
massm, CM location, and supportfriction coefcient ¢ are
known.

The questionof interestin this paperis the following: given
amotionof the pusherwill the partstay x edrelative to it? If
it does,we call this a stablepush.To answerthis questionwe

rst assumethat the pushis stable,meaningthat the motion

v of the partis knowvn. We usethis informationto compute
boundson the part's supportwrench.If every possiblesupport
wrenchcanbe generatedy the pushingcontacts then stable
pushing of the part is a consistentsolution. If none of the

possiblesupportwrenchescan be generatedthenthe pushis

unstable.

Figure 3 demonstratethis ideagraphically In Figure 3(a),
every possiblesupportwrenchcan be generatedyy the con-
tacts,so stablepushingcanoccur In Figure 3(c), noneof the
supportwrenchescan be generatedandthe pushis unstable.
In Figure 3(b), someof the possiblesupportwrenchescanbe
generatedso stablepushingcannotbe ruled out. The possible
supportwrenchescollapseto a single point for translationsso
only Figure 3(a) or Figure 3(c) will applyin this case.

In Figure 3(a), we might be temptedto say that stable

Fig. 4. Therigid jaw-shapedpushermalestwo points of contactwith the
triangular part, and the possible pushing wrenchesspanthe entire wrench
space(i.e., force closure).Becauseof this, all pushermotions are labeled
P: stable pushingis a consistentsolution. If the pushermoves away from
the part, however, simply breakingcontactis anotherconsistensolution.The
true answeris determinedby whetherthe partis wedgedinto the pushemwith
signi cant internalforces.This informationis not modeledin our rigid body
model.

pushingis guaranteedo occur This may not be the case,
however, due to ambiguitiesin the solution of rigid-body
mechanicsproblemswith Coulomb friction [3], [5]. Other
solutionsto the part's motion may alsobe possible(Figure4).
If the pushing contactsare frictionless, however, then the
frictional ambiguity problemgoesaway, andwe canguarantee
that the situationin Figure 3(a) is stable.

Our primary interestin this paperis not stable pushingof
a single part, but stablepushingof assemblief parts. The
classi cation in Figure 3 holds also for multiple parts. For
ary possiblecombinationof part supportwrenchestheremay
exist pushingwrencheghat cansimultaneouslhgeneratehem
(e.g.,Figure 3(a)); theremay exist no combinationof support
wrenchesthat can be generatedby pushingwrenches(e.g.,
Figure 3(c)); or neitherof thesecasesmay hold. To simplify
the discussionfor the rest of the paperwe refer to the case
in Figure 3(a) asP: a stablepushis possible meaningthatall
possiblesupportwrenchescan be generatecby the pushing
contacts.The casein Figure 3(c) is referredto as|: a stable
pushis impossible,as none of the possiblesupportsupport
wrenchescan be generatedy the pushingcontacts.The case
in Figure 3(b) is referredto as U (undecided)neitherP nor
I hold. Sincethereis no uncertaintyin part supportwrenches
during translation, translationalmotions (rotation centersat
in nity) arealwayslabeledeitherP or I.

I1l. PUSHING CONTACTS

We assumehat all part-partand pushefpart contactsin an
assemblycan be treatedas a discreteset of point contacts,
each with a friction coefcient and unique and opposite
inward-pointingcontactnormalson eachpartin the contact.
This allows modelingall vertex-edgecontactsin a polygonal
assembly Polygonal edge-edgecontactscan be modeledas
two point contactsat the endsof the commonedge,provided
the friction coefcient is constantalong the edge. Convex
vertex-vertex contactsare a degeneratecasewhere a unique
contactnormalis not de ned. Suchcontactscanbe accounted
for by in nitesimally “rounding the corners, providing a
uniquecontactnormal.Vertex-vertex contactis allowedif one
of the verticesinvolved is concae; in this case,the contact
is modeledastwo point contactswith normalsde ned by the
edgesadjacento the concae vertex. Contactdetweersmooth
cunescanalsoberepresentethy point contactsgxceptin the



Fig. 5. Modeling contactsas point contactswith uniquenormals.

casethat two nonlinearcurves make contactfor an extended
length. In this case,the contactmust be approximatedby a
set of points along the contact.All contactsinvolving more
thantwo partscanbe resolhed into a setof pairwisecontacts
(Figureb).

At a point contactbetweenparti and partj, choosethe
contactnormal pointing into parti, andlet p! andp? be the
unit wrenchesof the friction coneedgespointing into parti.
Thesewrenchesarerepresenteih a commonreferencérame
for thetwo parts,not necessarihyatthe CM of eitherpart. Then
thewrenchactingon parti dueto thecontactis b* *p+ b 2p2,
wheret’ ;b2 0. The wrench acting on partj is equal
and opposite,i.e., bilpt + B2p?, whereb! = B! and
b2 = B'2. The total pushingwrench acting on a part is
the sum of the pushingwrenchesfrom all its part-partand
pushetpart contacts.

IV. SUPPORT WRENCHES FOR A SINGLE PART

Let r be the distancefrom the part's CM to the most
distantpoint of its supportarea.For the purposeof deriving
conserative boundson the possible support wrenchesfor
a given motion of the part, we treat the part as a disk of
radiusr centeredat its CM (Peshkinand Sandersor{14]).
Without loss of generality assumethat the COR is located
at (d;0) in a part frame x ed to the CM, whered > r.
We also assumethat rotation is clockwise ( ); the caseof
counterclockwiserotation yields supportwrenchesopposite
of those found here. The support friction wrench applied
by the part to the support plane due to rotation about the
COR is written s = [s;Sy;s;]". The exact supportfriction
wrenchis unknavn, due to the static indeterminag of the
support.However, we canusethe methoddescribedn [14] to
nd boundson the setof possiblesupportfriction wrenches
associatedvith the given COR. This “dipod method, which
appliesfor d > r, modelsthe supportdistribution as two
pointsof supporton the circumferenceof the disk andradially
oppositeeachother eachwith supportforce mg=2. As these
two feetarerotatedaroundthe disk, we geta one-dimensional
curve of supportwrenches.

To representhesesupportfriction wrenchesnotethat ary
supportwrenchhasa correspondingine of actionin the plane.
The uniquepoint on the line closestto the COR is calledthe
effective centerof friction, or CF. (Lynch [6]). All support
can be consideredo be concentratedt the CF.  during the
motion (Figure 6). The dipod method constructsa curve of
CF. with the propertythatthe actualCF. (for the unknavn

Fig. 6. Thedisk s rotatingaboutthe COR shawvn. Two casesreillustrated:
the two supportfeetareeitherlocatedat the pointsmarked A or at the points
marked B . For both casesthe supportfriction force magnitudesare equalat
eachfoot andin the direction of motion of the foot. Summingthe support
forces,we gettheline of force L o for the caseof feetat A andtheline of
forceLg for the caseof feetat B. The CF. for eachcaseis the point on
the line closestto the COR andis marked by a

Fig. 7. Asthe CORmaovesout alongthe x-axis, the setof possibleeffective
centersof friction shrinks.As the COR approachedn nity , the CFe  region
approacheshe single point at the CM.

supportdistribution) mustlie on or insidethe curve (Figure7).
The curve shrinksto a point at the CM asthe COR goesto
in nity .

TheCF. boundsin Figure7, whencombinedwith bounds
on the magnitudeof the supportwrench,de ne a connected
region of possible support wrenchesin the part's wrench
space.We would like to nd a simple conserative convex
approximationto this region. “Consenative” meansthat the
approximationincludesall of the possiblesupportwrenches
(alongwith somethat may not be possible).

To nd suchanapproximationwe derive threebounds:(1)
boundsgn the magnitudeof the linear portion of the support
wrench  (sx)? + (sy)?, (2) boundson the moment-to-force
ratios,= (sx)?+ (sy)?, and(3) boundson the linear force
angle atan2(sy; syx). Theseboundsallow us to approximate
the true supportwrenchregion by a six-sidedpolyhedronin
the wrenchspace.



A. Boundson Force Magnitude

When the part is translating, let foax = smg =

(sx)? + (sy)? bethe magnitudeof the linear portion of the
supportwrench.In otherwords,whenthe CORIis at (1 ;0),
the supportwrenchis [0; f max ; O]" . The supportfriction forces
at each point of supportare acting in the samedirection,
so thereis no cancellationof forces, and the supportforce
magnitudeis maximal.

Whenthe COR is at (d;0), whered is nite, the support
friction vectors at each point of support may have some
cancellationwith eachother meaningthat the total support
friction magnitudemay be lessthan f 4« . This cancellation
is maximizedwhen the supportis distributed equally at the
points(0;r) and(0; r). A simplecalculationyieldsthelower
boundin the following boundson force magnitude.

f max

1+

q_
(5)%+ (8y)*  fmax @)

2

[oX i)

B. Boundson Moment-to-Brce Ratio

The magnitude of the ratio szzp (sx)? + (sy)? is also
maximized when the supportforce is equally distributed at
(O;r) and (0; r) on the disk. In this case,the CF, is
locatedat ( r2=d;0) in the part frame,andthe line of action
of the supportforce is parallel to ﬂiﬁ y-axis. Therefore,the
torque aboutthe CM is s, = 12 (s4)2+ (sy)2=d (note
it is negative). The maximumtorqueis s, = 0. Our second
boundsare

r2 S,

d (8:)? + (sy)? @

C. Boundson Force Angle

Again using the dipods,if we setthe anglefrom the CM
to one foot of the dipod as , then the two feet of the
dipodareat(r cos ;rsin )and( rcos ; rsin ). Sothe
vectorsfrom the CORto thetwo feetare(r cos  d;r sin )
and ( rcos d; rsin ). Rotatingtheseby 90, the
supportforcesat eachfoot are alignedwith the vectorsf; =
(rsin ;d rcos ) andf, = ( rsin ;rcos + d). The
angle ( ) of thetotal supportforce is given by

()= %(atanZ(fl) + atan2(f,));

whereatan2(f) givesthe anglein the planeof the vectorf.
We thensolve

using Mathematicato nd thevaluesof wherethe angleis

maximizedor minimized. This yields the four solutions
]
1 r2 + d2

with all four combinationsof the ™ . If we setboth of the
to be + andplug this solutionin to ( ), we nd thatthe

minimum angleis

- 0 " |4
= 1 tan2 d+ —p—r ot & r e
min = E ata d 2 y 2d2
" p r I #
+l atan?  d rr2+ dZ_r 1 re+d>
2 +32 202 ’

whereatan2(y; x) is the angleto a point (x; y) in the plane.
So our boundson the angleof the supportforce are
min  atan2(sy;sy) min »

®3)

dueto symmetry

D. Combiningthe Bounds

Now we cancombinethe boundsin wrenchspaceto geta
conserative approximationto the possiblesupportwrenches.
The force magnitudeboundsde ne two cylinderscenterecbn
the s,-axis: the wrench must be outside one and inside the
other The boundson the moment-to-forceratio say s, must
be negative but abore a right circular cone. The force angle
boundssaythe wrenchesmustbein a pie wedgeboundedby
planesperpendiculato the sy -s, plane.

This region is not a corvex polyhedronin the wrenchspace
due to the cylindrical force magnitudeboundsand the cone
moment-to-forcdbound.To nd asix-sidedcorvex polyhedron
containing the region satisfying the constraints(1)—(3), we
nd the eight wrenchess;k = 1:::8, at the “corners” of
the region, obtainedby the 22 = 8 combinationsof the
equalitiesat the extremesof the threesetsof constraintsThe
eightcornersof our polyhedralcorvex approximations¥; k =
1:::8, areobtainedfrom the s by taking the four wrenches
s¢ obtainedwith the upperbound on force magnitudesand
multiplying themby 1=sin( in ), while leaving the otherfour
unchangedThis guaranteeshat the corvex hull of the s¥,

xe

aksk

k=1

- where & 0, a“=1;

(4)

containsthe original non-cowex region. This six-sidedpoly-
hedronwill be our conserative approximationto the possible
supportwrenchedor a given COR.

All of the mechanicsof this sectionhasassumedhat the
CORis alongthe part's x-axis. If thisis not the case thenthe
analysisholds for the COR along an x%axis, and we simply
rotatethe s by the sameangleneededo rotatethe x-axis to
the x%axis.

For corveniencein comparingsupportwrenchego pushing
wrenches,in SectionV supportwrenchesfor a part are ex-
pressedn a commonreferenceframefor the entireassembly
not the individual part frame.

V. TESTING STABILITY OF AN ASSEMBLY

A pushedassemblyconsistof n partsandm point contacts.
Thesepushingcontactsgive riseto 2m wrenchegepresenting
the unit wrenchesat the friction coneedgesp’;j = 1:::2m,



expressedn acommonworld frame.Thetotal pushingwrench
actingon parti is

b pJ :

j=1

where b is the weighting coefcient of the wrenchp! on
parti. Since mary of the wrenchesdo not act on a given
part, mary of thesecoefcients are zero. Thesecoefcients
take nonn@ative valuesif the wrenchwas de ned as “into”
the part and nonpositie valuesif the wrenchwas de ned as
“away” from the part(i.e., into the otherpartin thecontact).In
addition,if pI actson partsi andk, thenwehaveb = i .
For agivenmotionof theassemblyeachparti hasa support
wrenchof the form
ai;k
k=1

Si;k .

whereeachs'’® is oneof the 8 cornersof the supportwrench
region for parti, representedn the wogd frame, and each
a’*  0is aweightingcoefcient, with = ©_, a* = 1.

We would like to know if the motion of the pusherfalls into
the cateyory P (stablemotion is a consistentsolution for all
possiblesupportdistributions)or | (stablemotionis impossible
for all possiblesupportdistributions). If neither of theseis
the case,the motion is labeledU. In SectionV-A we give
an algorithmto determineif a given pushingmotionis I. In
SectionV-B we give an algorithm to determineif a given
pushingmotion s P.

A. Testingfor Guaranteedinstability

For a given pushing motion of the assembly if it is
possibleto choosepart supportwrenchegfrom their bounded
uncertaintyregions) and pushingwrenchessuchthat thereis
force balancefor all parts,thenthe motionis labeledP or U.
If not, the motion is labeledl. For this problem,the design
variablesarethe supportwrenchweightsa™ andthe pushing
wrenchweightsb? | i = 1:::n;j = 1:::2m;k = 1:::8.

To simplify the descriptionof the linear constraintsatishic-
tion problem,we introducethe following notation.For parti,
de ne the columnvector of supportwrenchweightsa' 2 R®
to be

a = a'l;:::
For a given part motion, de ne S' to be the 3 8 matrix

de ning the cornersof the supportwrench region, obtained
by placingthe 8 columnvectorss'® ;k = 1:::8, sideby side:

S'= silgi2:::8"8
Then the supportwrenchfor parti is given by the column
vectorS'a' 2 RS.

Now de ne thecolumnvectora 2 R8" obtainedby stacking
the n vectorsa'

a= @) @7 ::: @) '

andthe 3n  8n block-diagonalmatrix S built from the n

3 8 matricesS'

2 3
st 0

s=9 .
0 Sn
Then the column vector Sa 2 R3" representshe support
wrenchof all n parts,wherethe rst threeelementsepresent
the supportwrenchfor part1, andso on.

Similarly, for part i, de ne the pushing wrench weight
vector

bi = gily2:::pg2m T o R2M

mutliplying the pushir_lgwrenchespj ;j = 1:::2m. Stacking
then columnvectorsb', we getthe2mn lengthcolumnvector

b= (bYT (627 ::: (b")T '
Now de ne the matrix P° to be the3 2m matrix obtained
by lining up the columnvectorsp! ;j = 1:::2m sideby side:
PO= (p1)T (pH)T i (p®™)T
andthe3n 2mn block-diagonaimatrix P with the matrices
P9 alongthe diagonal:

2 3
b

po 0
0 po
Then the column vector Pb 2 R®" representghe pushing
wrenchon all n parts,wherethe rst threeelementgepresent

the pushingwrench for part 1, and so on. To satisfy force
balancefor all the parts,the condition

Sa Pb=02R®

musthold.
The designvariablesa and b are not unconstrainedhow-
ever. The a vector mustsatisfy

Ca=[LL:::;1] 2 R";

wherethen 8n matrix C is
2 3
1 0 ::: O
0 1g 0
C= ;

0 ::: 0 15

wherelg is arow 8-vectorof 1's. The elementsf a arealso
constrainedo be nonngative,a 0.

To satisfythe constraintson b, we decomposet into three
componentsbg, the coefcients that mustbe zero; b, the
coefcients thatmustbe nonngative; andb , the coefcients
that must be nonpositve. Thus, perhapsafter permutingthe
elementsof the P matrix, the vectorb can be written b =
by bI bT]". The dimensionsof b, andb areequal,and
they mustsatisfy

b+ + b = 0,



indicating that contactforces on the two parts at a contact
must be equaland opposite,while by mustsatisfy

bo =0:
To summarizethe testto determinewhethera CORIis | is
nd a 2 R®
b 2 R2mn
sudhthat Sa Pb = 0
Ca = [1:::1]T )
a 0 '
b: +b = 0
b, 0
bo = 0

If thereis no solution to this linear constraintsatishction
problem,the motion is labeled!.

B. Testingfor Stability Consistentwith All SupportDistribu-
tions

To determineif an assemblyof n parts falls in the cat-
egory P under a given pushing motion, we must guaran-
tee that pushing wrenchescan be generatedthat yield all
possible combinationsof supportwrenchesin the n parts'
support wrench regions. To test this property however, it
is sufcient to testif pushingwrenchescan be generated
to yield eachof the 8" combinationsof supportwrenches
taken from the cornersof the supportwrench regions. (In
other words, for each part i, the support weight vector

[0;0;0;0;0;0;0;1]".) This holds dueto the corvexity of the
constraintsplaced on the design vector b by the contact
inequalityconstraintd,. 0, the contactequality constraints
b, +b = 0,andthelinearforcebalancesqualityconstraints.
More precisely if thereis a solutionto the pushingwrench
vector b, for a supportweight vector a; and a solution b,

for a supportweightvectora,, thena problemwith a support
weight vectorta; + (1 t)a;0 t 1 is solved by a
feasiblepushingwrenchvectortb; + (1 t)b,. By induction,
it sufces to testfor solutionsat the extremesof the a region

in its 3n-dimensionalspace.

We form 8" linear constraintsatishction problemslik e the
onedescribedabore, exceptthatthe Ca constraintis replaced
by an equalityconstrainton a choosingoneof the 8" extreme
points of the supportwrenchregions (i.e., a are no longer
designvariables).If for eachof the 8" problemsthereexists
a b that solvesit, thenthe motion is labeledP.

VI. RESULTS

The examplesin Figures8 and9 were analyzedby testing
CORsdrawn from an adaptve grid. For eachrotation sense
(clockwise and counterclockwise),a coarsegrid was rst
testedo nd theapproximatédoundarybetweenCORslabeled
I and CORsnot labeledl usingthe testof SectionV-A. No
CORsinside the circumscribedcircles were tested.Progres-
sively ner grids were usedto homein on the boundary A
similar procedurewas followed to identify the P region using
the testof SectionV-B.

y U

@)

(b)

Fig. 8. These plots shav I, U, and P regions of (a) clockwise and
(b) counterclockwiseCORsfor a three-partassembly The pushingfriction
coefcient is 0.5 at all contacts.The supportfriction coefcient is the same
for all parts,andtheratio of the massof the larger partto eachof the smaller
partsis 10/7.

It should be kept in mind that the P regions identi ed in
Figures8 and 9 actually correspondto a single connected
regionin thetwist spacetheseregionsareconnectedy CORs
atin nity , correspondingo translations.

The U regions separatingP and | regions are due to the
uncertaintyin the supportdistribution. As CORsmove off to
in nity , theboundariesf the P andl regionsbecomeparallel,
meaningthat CORs at in nity (translationalmotion of the
assemblypreuniquelymarkedaseitherP or I. Thisis another
way of saying that the uncertaintyin the supportwrenches
goesto zero. For a COR sufciently far from the assembly
we canapproximatelymodelthe supportdistribution for each
part as concentratedat the centerof massand solve a single
problemof the form in SectionV-B, insteadof 8" problems,
to testif a motionis P.

We usedMatlab's linprog functionto solve the constraint
satishiction problems.For the example problemwith 3 parts
and6 contactsa typical | testfor a given COR took approx-
imately 0.2 secondsanda typical P testtook 10 secondon a
2.8GHzPentium4 PC.

VIl. EXPERIMENT

Figure 10 shaws the predictedand actualresultsof an ex-
perimentwith two parts.The partswere placedon a turntable
andallowed to restagainsta x ed right angle pusher This is
guasistaticallyequivalentto pushingthe partsarounda COR
at the centerof the turntable.The partswere madefrom 2.5
cm thick plexiglass. The small part measured cm by 4 cm
andthe large part measured.2 cm by 8 cm. A binary search
was usedto nd the transition betweenstable and unstable
CORs.If the partsdid not move relative to the pusheror each



X By | I
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Fig. 9. This is a combinedplot of | and P COR regions for a two-part
assemblyOne part restsin an interior cornerof the other part. The pushing
contactsare frictionless, meaningthat CORslabeledP are guaranteedo be
stable. The supportfriction coefcient is the samefor both parts,andtheratio
of the massof the triangularpart to the otherpartis 5/9.

Fig. 10. Predictedand actualresultsfor a two part experiment.The dark
bandsare stableCORsandthe dashedines represenCORsthat could not be
testeddueto the size of the turntable.The analysiswasdonewith frictionless
contacts but the actual contactfriction coefcient was estimatedto be =
0:2.

other for one completerotation of the table then that COR
was deemedstable.

The algorithmsin SectionsV-A and V-B were usedto
determinethe | and P regions for the parts.In Figure 10 the
predictionswere madewith frictionlesscontacts.n this case
the stable CORs should all cover the P regions. There was
only oneinstancewherethey did not, andwe attribute this to
the table not being very at nearthe edgeswhich upsetthe
assembly

VIII. DiscussioON AND CONCLUSION

This paper describesalgorithms for deciding whether a
pushedassemblys or is not guaranteedbo fall apart.Precisely
thesealgorithmslabela givenpushingmotion P (stablemotion
is consistenfor ary possiblesupportwrench),l (stablemotion
is impossible),or U (neither P nor ). Pushingmotions are
labeledU dueto indeterminag of the supportfriction wrench
at eachpart. This paperhasdescribeda methodfor bounding

this indeterminag. These bounds are conserative; tighter
boundswould allow shrinkingthe setof motionslabeledU.

MotionslabeledP areguaranteedo be stableif the pushing
contactsare frictionless. If the pushingcontactsare not fric-
tionless stability is a consistensolutionfor motionslabeledP,
but othersolutionsmay exist dueto the possibility of multiple
solutions to rigid-body mechanicsproblemswith Coulomb
friction.

This paperusesa rst-order modelof point contact:contacts
are de ned completelyby their location and contactnormal.
Contactmodelsincorporatinghigherorder contactgeometry
(Rimon and Burdick [15]) could resultin motions labeled|
actually being stable.
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