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Abstract— This paper presentsa method to determine whether
an assemblyof planar parts will stay assembledas it is pushed
over a support surface.For a given pushing motion, an assembly
is classi�ed into one of thr eecategories:(P = possible)any force
necessaryto assure stability of the assemblycan be generatedby
the pushing contacts; (I = impossible) stability of the assembly
is impossible; and (U = undecided) pushing forcesmay or may
not be able to stabilize the assembly. This classi�cation is made
basedon the solution of linear constraint satisfaction problems.
If the pushing contacts are frictionless, motions labeled P are
guaranteed to preserve the assembly. The results are based on
boundson the possiblesupport friction acting on individual parts
in the faceof indeterminacy in the distrib ution of support forces.
Experimental results supporting the analysis are given.

Index Terms— Stable pushing, friction, assemblies

I . INTRODUCTION

The planarassemblyof Figure1 is pushedby its partially-
constraining�xture, or base,over a horizontalsupportplane.
Will the assemblyremainstableduring the motion, or will it
fall apart?

This paperaddressesquestionssuch as this by testing if
thesupportfrictional forcesactingon theparts,dueto sliding
over the plane,act to close the partial kinematicconstraints
providedby thecontactsbetweenthepusherandthepartsand
amongthe partsthemselves.If thereis friction at the pusher-
part andpart-partcontacts,then the setof possibleconstraint
forcesat the contactsincreases,andthe setof motionsof the
pusherthat preserve the assemblymay increase.

The problem of determiningstable pushesof assemblies
is a memberof a classof problemswe call stable transport
problems.Suchproblemsincludedeterminingif an assembly
will be preserved undera motion of the base;�nding the set
of assembly-preservingmotions;using thesemotionsto plan
fast or short pathsfor the assemblybetweencon�gurations;
anddesigningthe �xture to facilitatestablemotion. Different
formulations of theseproblemsmay include inertial forces
of the parts, gravity, and/or sliding friction over a support
plane. We are motivated by the possibility of using a low-
degree-of-freedommanipulatorto manipulateseveral partssi-
multaneously, perhapsalsotakingadvantageof environmental
constraints(e.g.,a supportsurface)to reducemanipulatorsize,
strength,anddexterity requirements.Stabletransportproblems
alsoarisein parts-handlingandmanufacturingtasks.

This paper provides the most complete answersto date
on problems of stable pushing. Under the assumptionsof

Fig. 1. If the frictionlessL-shapedpushertranslatesin oneof the directions
indicated,the assemblywill be preserved during motion.

quasistaticmotion and planarcontact,this paperfor the �rst
time addressesthe stability of arbitrary assembliesof parts
during pushing.This analysisis complicatedby the quasistat-
ically indeterminatedistribution of support forces acting on
each part, which yields uncertainty in the support friction
wrench acting on the part. We provide methodsto bound
this uncertaintybasedon the known centerof massof the
partandits geometry. With thesebounds,a pushingmotion is
eitherlabeledP (stablepushis possible),meaningthatpushing
contactscangenerateall wrenchesthat might be necessaryto
balancethe parts' uncertainsupport friction wrenches,or I
(stablepushis impossible),meaningthat thepushingcontacts
cannotgenerateany of thepossiblesupportfriction wrenches.

We provide algorithms to classify all possible pushing
motions into the categories P, I, or U (neither P nor I) and
provide resultsof anexperimentin pushinganassembly. This
paperextendsour previous work on pushinga linear stackof
parts[2]. The algorithmsin that paperfoundpushingmotions
guaranteeingstability, but applied only to a single straight-
edgepusherpushinga linear stack of parts with edge-edge
contactbetweenparts.In this paperwe allow arbitraryassem-
blies,includingloopsandtreesof parts.If thepushingcontacts
arefrictionless,thenpushingmotionslabeledP areguaranteed
to be stable.If the pushingcontactsare not frictionless,then
due to frictional ambiguity issues,some motions labeled P
may actuallybe unstable.

A. RelatedWork

This paper follows directly in a line of work begun by
Mason[8], who investigatedthe rotationdirectionof a planar



partpushedwith point contact,basedonly on thepart's center
of masslocation.This wasfollowed by work by Peshkinand
Sanderson[14] on boundingthe speedof rotation.Lynch and
Mason [6], [7] used theseresults to derive stable pushing
motionsfor a singlepart pushedwith edge-edgecontact.This
work was extendedby Bernheiseland Lynch [2] to a linear
stackof parts,possiblywith uncertaintyin the parts' centers
of mass.A similar problemwasstudiedHaradaet al. [4].

Also relevant to the work in this paper is past work on
�xturing and formulating complementarityproblemsto solve
for themotionof multiple partsin contact.We do not attempt
to review this work here, but mention a few particularly
relevantworks.Trinkle [17] usedlinearprogrammingto assess
the stability of a grasped,frictionless object. Mattikalli et
al. [12] provided linear programsto determinethe stability of
a frictionlessassemblyof polygonsin gravity, andto �nd the
“most stable” orientationof an unstableassembly. Mattikalli
et al. [11] extendedthat work to �nd all stableorientationsof
assemblieswith friction. Baraff et al. [1] proposedmethods
to design three different types of �xtures for frictionless
assembliesof polyhedra.A �xture that provides directional
stability balancesa given external wrenchexactly. A �xture
that provides robust directional stability balancesa given
external wrenchplus a small perturbationof that wrench.A
form-closure �xture balancesany externalwrench.Mosemann
etal. [13] computedstableorientationsof frictional assemblies
in uniform gravity. Romney [16] developed an integrated
systemthat takes the geometryof a 2D assemblyas input
and devisesboth an assemblysequenceand a �xture to hold
all the intermediatesubassemblies.

B. Outline

Section II gives the de�nitions and assumptionsused
throughoutthe paper. SectionIII de�nes the typesof pushing
contactsconsideredin this paper. Conservative bounds on
the possiblesupportfriction wrenchesfor a sliding part are
developed in Section IV. The intersectionof the possible
supportand pushingwrenchesdetermineswhetheror not a
given motion could be stable.Algorithms for performingthis
intersectionare describedin Section V. Section VI gives
resultsof the algorithmson exampleassemblies.SectionVII
reportsthe resultsof an experimenton stablepushingof an
assembly. Finally, Section VIII brie�y discusseslimitations
due to �rst-order contactmodelsignoring curvatureeffects.

I I . DEFINITIONS AND ASSUMPTIONS

Partsslideover a supportplanenormalto thegravity vector.
The planar velocity of a part can be expressedas a three-
dimensionaltwist v = [vx ; vy ; ! z ]T , representingthe two
componentsof translationalvelocity and the single angular
velocity in a frame�x edto thepart,oftenchosenat thecenter
of mass(CM). This motioncanalsobeexpressedasa rotation
center in the part frame, and COR(v) returns the rotation
center(vy =! z ; � vx =! z ) in the part frame,aswell asthe sign
of rotationsgn(! z ), for ! z 6= 0.

We assumeall motion is quasistatic:the pushing forces
appliedto apartareequalandoppositethefrictional forcesthe
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Fig. 2. (a) Thepart is beingrotatedabouttheCORby two pushingcontacts.
Eachpushingcontactde�nesauniqueinward-pointingnormal,andthefriction
coef�cient de�nes a friction cone.The edgesof the friction conesde�ne unit
wrenchesp 1 , p 2 , p 3 , andp 4 . (b) The setof all possiblepushingwrenches
thatcanbeappliedto thepart is thesetof all nonnegative linearcombinations
of the friction coneedgepushingwrenches,de�ning a polyhedralconein the
part's wrenchspace.

supportsurfaceappliesto the part to resist its motion. There
is no pushingforce“left over” to acceleratethepart.Coulomb
friction governsthe pushingcontactsandthe supportcontacts
betweenthe part and the surface. In particular, the support
frictional forcesareindependentof thespeedof motionjjv jj of
the part. We alsoassumethat the friction coef�cient between
eachpart andthe surfaceis uniform over the part.We do not
review themechanicsof quasistaticpushinghere;see[8], [9],
[10].

Both a pushing force and a support friction force acting
on a part can be expressedas a three-dimensionalwrench
w = [f x ; f y ; � z ]T , representingthe two linear forcesand the
single torque expressedin the part-�xed frame. Throughout
this paper, we referto a pushingcontactforceappliedto a part
asa pushingwrench p = [px ; py ; pz ]T . We refer to a frictional
forcea part appliesto thesupportsurfaceasa supportfriction
wrench, or simply supportwrench, s = [sx ; sy ; sz ]T . During
quasistaticmotion, the pushingwrench and supportwrench
for a part are equal;by our de�nition, the supportwrenchis
the negative of the wrenchresistingmotion.

The pushingwrench p acting on a part arisesfrom part-
part and pusher-part contact. In this paper we assumeall
suchcontactscanbe modeledaspoint contactswith a unique
inwardnormalactingon theparts.Thefriction coef�cient � at
a point contactde�nestwo linesof forcethroughthecontactat
anglestan � 1 � to the contactnormal.Theseforcesde�ne the
edgesof the friction cone, andany wrenchactingon the part
due to this contactmustbe a nonnegative linear combination
of thesetwo forces and their torque components.The total
pushingwrench acting on a part is the sum of the pushing
wrenchesat eachof the contacts,and thereforeit lies inside
a polyhedralconvex cone rooted at the origin of the part's
wrenchspace(Figure2).

The supportwrenchs is determinedby the part motion v ,
the part massm, the supportfriction coef�cient � s, and the
distribution of supportnormal forces over the part. Because
the part may make morethanthreepointsof contactwith the
surface,however, thedistribution of supportforcesis statically
indeterminate.This meansthat theexact supportwrenchfor a
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Fig. 3. For a given velocity v of a singlesliding part, the possiblesupport
wrenchesare representedby a closed region in the wrench space,while
the pushingcontactgeneratesan in�nite polyhedralconvex coneof possible
pushing wrenches,rooted at the origin. (a) The cone completely contains
the possiblesupportwrenches,so the pushingwrenchconecangenerateany
wrenchthat would be neededto move the part with velocity v . (b) The cone
overlapsbut doesnot containthe possiblesupportwrenches,so the pushing
wrenchconemayor maynotbeableto generatethenecessarywrench.(c) The
conedoesnot overlap the supportwrenchesat all, meaningthat the pushing
contactcannotmove the part with velocity v .

given part motion is fundamentallyunknowable.Nonetheless,
as we show in Section IV, it is possible to place bounds
on the set of possible support wrenchesgiven the known
geometryof the part and its centerof mass.In the special
casethat the part is translating,this wrench set reducesto
a single force of magnitude� smg, where g is gravitational
acceleration,passing through the CM in the direction of
translation(Mason[8]). We assumethat the part's geometry,
massm, CM location,andsupportfriction coef�cient � s are
known.

Thequestionof interestin this paperis thefollowing: given
a motionof thepusher, will thepartstay�x edrelative to it? If
it does,we call this a stablepush.To answerthis question,we
�rst assumethat the pushis stable,meaningthat the motion
v of the part is known. We usethis information to compute
boundson thepart's supportwrench.If every possiblesupport
wrenchcanbe generatedby the pushingcontacts,thenstable
pushingof the part is a consistentsolution. If none of the
possiblesupportwrenchescanbe generated,then the pushis
unstable.

Figure3 demonstratesthis ideagraphically. In Figure3(a),
every possiblesupportwrenchcan be generatedby the con-
tacts,so stablepushingcanoccur. In Figure3(c), noneof the
supportwrenchescanbe generated,and the pushis unstable.
In Figure3(b), someof the possiblesupportwrenchescanbe
generated,sostablepushingcannotberuledout. Thepossible
supportwrenchescollapseto a singlepoint for translations,so
only Figure3(a) or Figure3(c) will apply in this case.

In Figure 3(a), we might be tempted to say that stable

Fig. 4. The rigid jaw-shapedpushermakes two points of contactwith the
triangular part, and the possiblepushingwrenchesspan the entire wrench
space(i.e., force closure).Becauseof this, all pushermotions are labeled
P: stablepushing is a consistentsolution. If the pushermoves away from
thepart,however, simply breakingcontactis anotherconsistentsolution.The
trueansweris determinedby whetherthepart is wedgedinto thepusherwith
signi�cant internal forces.This informationis not modeledin our rigid body
model.

pushing is guaranteedto occur. This may not be the case,
however, due to ambiguities in the solution of rigid-body
mechanicsproblemswith Coulomb friction [3], [5]. Other
solutionsto thepart's motionmayalsobepossible(Figure4).
If the pushing contactsare frictionless, however, then the
frictional ambiguityproblemgoesaway, andwe canguarantee
that the situationin Figure3(a) is stable.

Our primary interestin this paperis not stablepushingof
a single part, but stablepushingof assembliesof parts.The
classi�cation in Figure 3 holds also for multiple parts. For
any possiblecombinationof partsupportwrenches,theremay
exist pushingwrenchesthatcansimultaneouslygeneratethem
(e.g.,Figure3(a)); theremay exist no combinationof support
wrenchesthat can be generatedby pushingwrenches(e.g.,
Figure3(c)); or neitherof thesecasesmay hold. To simplify
the discussion,for the rest of the paperwe refer to the case
in Figure3(a) asP: a stablepushis possible,meaningthat all
possiblesupportwrenchescan be generatedby the pushing
contacts.The casein Figure 3(c) is referredto as I: a stable
push is impossible,as none of the possiblesupportsupport
wrenchescanbe generatedby the pushingcontacts.The case
in Figure 3(b) is referredto as U (undecided):neitherP nor
I hold. Sincethereis no uncertaintyin part supportwrenches
during translation,translationalmotions (rotation centersat
in�nity) arealways labeledeitherP or I.

I I I . PUSHING CONTACTS

We assumethat all part-partandpusher-part contactsin an
assemblycan be treatedas a discreteset of point contacts,
each with a friction coef�cient and unique and opposite
inward-pointingcontactnormalson eachpart in the contact.
This allows modelingall vertex-edgecontactsin a polygonal
assembly. Polygonaledge-edgecontactscan be modeledas
two point contactsat the endsof the commonedge,provided
the friction coef�cient is constantalong the edge. Convex
vertex-vertex contactsare a degeneratecasewherea unique
contactnormalis not de�ned. Suchcontactscanbeaccounted
for by in�nitesimally “rounding the corners,” providing a
uniquecontactnormal.Vertex-vertex contactis allowed if one
of the verticesinvolved is concave; in this case,the contact
is modeledastwo point contactswith normalsde�ned by the
edgesadjacentto theconcavevertex. Contactsbetweensmooth
curvescanalsoberepresentedby point contacts,exceptin the



Fig. 5. Modeling contactsaspoint contactswith uniquenormals.

casethat two nonlinearcurves make contactfor an extended
length. In this case,the contactmust be approximatedby a
set of points along the contact.All contactsinvolving more
thantwo partscanbe resolved into a setof pairwisecontacts
(Figure5).

At a point contactbetweenpart i and part j , choosethe
contactnormalpointing into part i , and let p1 andp2 be the
unit wrenchesof the friction coneedgespointing into part i .
Thesewrenchesarerepresentedin a commonreferenceframe
for thetwo parts,notnecessarilyat theCM of eitherpart.Then
thewrenchactingonparti dueto thecontactis bi; 1p1+ bi; 2p2,
where bi; 1; bi; 2 � 0. The wrench acting on part j is equal
and opposite,i.e., bj ;1p1 + bj ;2p2, where bj ;1 = � bi; 1 and
bj ;2 = � bi; 2. The total pushingwrench acting on a part is
the sum of the pushingwrenchesfrom all its part-partand
pusher-part contacts.

IV. SUPPORT WRENCHES FOR A SINGLE PART

Let r be the distancefrom the part's CM to the most
distantpoint of its supportarea.For the purposesof deriving
conservative bounds on the possible support wrenchesfor
a given motion of the part, we treat the part as a disk of
radius r centeredat its CM (Peshkinand Sanderson[14]).
Without loss of generality, assumethat the COR is located
at (d;0) in a part frame �x ed to the CM, where d > r .
We also assumethat rotation is clockwise (� ); the caseof
counterclockwiserotation yields support wrenchesopposite
of those found here. The support friction wrench applied
by the part to the support plane due to rotation about the
COR is written s = [sx ; sy ; sz ]T . The exact supportfriction
wrench is unknown, due to the static indeterminacy of the
support.However, we canusethemethoddescribedin [14] to
�nd boundson the set of possiblesupportfriction wrenches
associatedwith the given COR. This “dipod method,” which
applies for d > r , models the support distribution as two
pointsof supporton thecircumferenceof thedisk andradially
oppositeeachother, eachwith supportforce mg=2. As these
two feetarerotatedaroundthedisk, we geta one-dimensional
curve of supportwrenches.

To representthesesupportfriction wrenches,note that any
supportwrenchhasa correspondingline of actionin theplane.
The uniquepoint on the line closestto the COR is calledthe
effective centerof friction, or CFe� (Lynch [6]). All support
can be consideredto be concentratedat the CFe� during the
motion (Figure 6). The dipod methodconstructsa curve of
CFe� with thepropertythat theactualCFe� (for theunknown
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Fig. 6. Thedisk is rotatingabouttheCORshown. Two casesareillustrated:
the two supportfeetareeitherlocatedat thepointsmarkedA or at thepoints
marked B . For both cases,the supportfriction force magnitudesareequalat
eachfoot and in the direction of motion of the foot. Summingthe support
forces,we get the line of force L A for the caseof feet at A and the line of
force L B for the caseof feet at B . The CFe� for eachcaseis the point on
the line closestto the COR and is marked by a 
 .

Fig. 7. As theCORmovesout alongthex-axis, thesetof possibleeffective
centersof friction shrinks.As the COR approachesin�nity , the CFe� region
approachesthe singlepoint at the CM.

supportdistribution) mustlie on or insidethecurve (Figure7).
The curve shrinksto a point at the CM as the COR goesto
in�nity .

TheCFe� boundsin Figure7, whencombinedwith bounds
on the magnitudeof the supportwrench,de�ne a connected
region of possible support wrenchesin the part's wrench
space.We would like to �nd a simple conservative convex
approximationto this region. “Conservative” meansthat the
approximationincludesall of the possiblesupportwrenches
(alongwith somethat may not be possible).

To �nd suchan approximation,we derive threebounds:(1)
boundson the magnitudeof the linear portion of the support
wrench

p
(sx )2 + (sy )2, (2) boundson the moment-to-force

ratio sz=
p

(sx )2 + (sy )2, and (3) boundson the linear force
angle atan2(sy ; sx ). Theseboundsallow us to approximate
the true supportwrenchregion by a six-sidedpolyhedronin
the wrenchspace.



A. Boundson Force Magnitude

When the part is translating, let f max = � smg =p
(sx )2 + (sy )2 be the magnitudeof the linear portion of the

supportwrench.In otherwords,when the COR is at (1 ; 0),
thesupportwrenchis [0; f max ; 0]T . Thesupportfriction forces
at each point of support are acting in the samedirection,
so there is no cancellationof forces, and the support force
magnitudeis maximal.

When the COR is at (d;0), whered is �nite, the support
friction vectors at each point of support may have some
cancellationwith eachother, meaningthat the total support
friction magnitudemay be less than f max . This cancellation
is maximizedwhen the support is distributed equally at the
points(0; r ) and(0; � r ). A simplecalculationyieldsthelower
boundin the following boundson force magnitude.

f maxq
1 +

�
r
d

� 2
�

q
(sx )2 + (sy )2 � f max (1)

B. Boundson Moment-to-Force Ratio

The magnitude of the ratio sz=
p

(sx )2 + (sy )2 is also
maximizedwhen the support force is equally distributed at
(0; r ) and (0; � r ) on the disk. In this case, the CFe� is
locatedat (� r 2=d;0) in the part frame,andthe line of action
of the supportforce is parallel to the y-axis. Therefore,the
torque about the CM is sz = � r 2

p
(sx )2 + (sy )2=d (note

it is negative). The maximumtorque is sz = 0. Our second
boundsare

� r 2

d
�

szp
(sx )2 + (sy )2

� 0: (2)

C. Boundson Force Angle

Again using the dipods, if we set the angle from the CM
to one foot of the dipod as � , then the two feet of the
dipodareat (r cos� ; r sin � ) and(� r cos� ; � r sin � ). So the
vectorsfrom theCORto the two feetare(r cos� � d; r sin � )
and (� r cos� � d; � r sin � ). Rotating theseby � 90� , the
supportforcesat eachfoot are alignedwith the vectorsf1 =
(r sin � ; d � r cos� ) and f2 = (� r sin � ; r cos� + d). The
angle� (� ) of the total supportforce is given by

� (� ) =
1
2

(atan2(f1) + atan2(f2)) ;

whereatan2(f ) gives the anglein the planeof the vector f .
We thensolve

d�
d�

= 0

usingMathematicato �nd the valuesof � wherethe angleis
maximizedor minimized.This yields the four solutions

� = � cos� 1
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p
r 2 + d2

d
p

2

!

with all four combinationsof the `� .' If we set both of the
� to be + andplug this solution in to � (� ), we �nd that the

minimum angleis

� min =
1
2

"

atan2

 

d +
r
p

r 2 + d2

d
p

2
; � r

r

1 �
r 2 + d2

2d2

! #

+
1
2

"

atan2

 

d �
r
p

r 2 + d2

d
p

2
; r

r

1 �
r 2 + d2

2d2

! #

;

whereatan2(y; x) is the angleto a point (x; y) in the plane.
So our boundson the angleof the supportforce are

� min � atan2(sy ; sx ) � � � � min ; (3)

due to symmetry.

D. Combiningthe Bounds

Now we cancombinethe boundsin wrenchspaceto get a
conservative approximationto the possiblesupportwrenches.
The force magnitudeboundsde�ne two cylinderscenteredon
the sz -axis: the wrench must be outsideone and inside the
other. The boundson the moment-to-forceratio say sz must
be negative but above a right circular cone.The force angle
boundssaythe wrenchesmustbe in a pie wedgeboundedby
planesperpendicularto the sx -sy plane.

This region is not a convex polyhedronin thewrenchspace
due to the cylindrical force magnitudeboundsand the cone
moment-to-forcebound.To �nd asix-sidedconvex polyhedron
containing the region satisfying the constraints(1)–(3), we
�nd the eight wrenches~sk ; k = 1: : : 8, at the “corners” of
the region, obtained by the 23 = 8 combinationsof the
equalitiesat the extremesof the threesetsof constraints.The
eightcornersof our polyhedralconvex approximation,sk ; k =
1: : : 8, areobtainedfrom the ~sk by taking the four wrenches
~sk obtainedwith the upper bound on force magnitudesand
multiplying themby 1=sin(� min ), while leaving theotherfour
unchanged.This guaranteesthat the convex hull of the sk ,

8X

k=1

ak sk ; where ak � 0;
8X

k=1

ak = 1; (4)

containsthe original non-convex region. This six-sidedpoly-
hedronwill be our conservative approximationto the possible
supportwrenchesfor a given COR.

All of the mechanicsof this sectionhasassumedthat the
CORis alongthepart's x-axis. If this is not thecase,thenthe
analysisholds for the COR along an x0-axis, and we simply
rotatethe sk by the sameangleneededto rotatethe x-axis to
the x0-axis.

For conveniencein comparingsupportwrenchesto pushing
wrenches,in SectionV supportwrenchesfor a part are ex-
pressedin a commonreferenceframefor the entireassembly,
not the individual part frame.

V. TESTING STABILITY OF AN ASSEMBLY

A pushedassemblyconsistsof n partsandm point contacts.
Thesepushingcontactsgive rise to 2m wrenchesrepresenting
theunit wrenchesat the friction coneedges,p j ; j = 1: : : 2m,



expressedin acommonworld frame.Thetotalpushingwrench
actingon part i is

2mX

j =1

bi;j p j ;

where bi;j is the weighting coef�cient of the wrench p j on
part i . Since many of the wrenchesdo not act on a given
part, many of thesecoef�cients are zero. Thesecoef�cients
take nonnegative valuesif the wrenchwas de�ned as “into”
the part and nonpositive valuesif the wrenchwas de�ned as
“away” from thepart(i.e., into theotherpartin thecontact).In
addition,if p j actsonpartsi andk, thenwehavebi;j = � bk ;j .

For agivenmotionof theassembly, eachparti hasasupport
wrenchof the form

8X

k=1

ai;k si;k ;

whereeachsi;k is oneof the 8 cornersof the supportwrench
region for part i , representedin the world frame, and each
ai;k � 0 is a weightingcoef�cient, with

P 8
k=1 ai;k = 1.

We would like to know if themotionof thepusherfalls into
the category P (stablemotion is a consistentsolution for all
possiblesupportdistributions)or I (stablemotionis impossible
for all possiblesupportdistributions). If neither of theseis
the case,the motion is labeledU. In SectionV-A we give
an algorithm to determineif a given pushingmotion is I. In
Section V-B we give an algorithm to determineif a given
pushingmotion is P.

A. Testingfor GuaranteedInstability

For a given pushing motion of the assembly, if it is
possibleto choosepart supportwrenches(from their bounded
uncertaintyregions) and pushingwrenchessuchthat thereis
force balancefor all parts,thenthe motion is labeledP or U.
If not, the motion is labeledI. For this problem,the design
variablesarethesupportwrenchweightsai;k andthepushing
wrenchweightsbi;j , i = 1: : : n; j = 1: : : 2m; k = 1: : : 8.

To simplify the descriptionof the linear constraintsatisfac-
tion problem,we introducethe following notation.For part i ,
de�ne the columnvectorof supportwrenchweightsai 2 R8

to be

ai =
�
ai; 1; : : : ; ai; 8� T

:

For a given part motion, de�ne Si to be the 3 � 8 matrix
de�ning the cornersof the supportwrench region, obtained
by placingthe8 columnvectorssi;k ; k = 1: : : 8, sideby side:

Si =
�
si; 1 si; 2 : : : si; 8�

:

Then the supportwrench for part i is given by the column
vectorSi ai 2 R3.

Now de�ne thecolumnvectora 2 R8n obtainedby stacking
the n vectorsai

a =
�
(a1)T (a2)T : : : (an )

� T

and the 3n � 8n block-diagonalmatrix S built from the n
3 � 8 matricesSi

S =

2

6
4

S1 0
...

0 Sn

3

7
5 :

Then the column vector Sa 2 R3n representsthe support
wrenchof all n parts,wherethe �rst threeelementsrepresent
the supportwrenchfor part 1, andso on.

Similarly, for part i , de�ne the pushing wrench weight
vector

b i =
�
bi; 1 bi; 2 : : : bi; 2m � T

2 R2m

mutliplying the pushingwrenchesp j ; j = 1: : : 2m. Stacking
then columnvectorsb i , wegetthe2mn lengthcolumnvector

b =
�
(b1)T (b2)T : : : (bn )T � T

:

Now de�ne the matrix P 0 to be the 3 � 2m matrix obtained
by lining up thecolumnvectorsp j ; j = 1: : : 2m sideby side:

P0 =
�
(p1)T (p2)T : : : (p2m )T �

andthe 3n � 2mn block-diagonalmatrix P with the matrices
P0 along the diagonal:

P =

2

6
4

P0 0
...

0 P0

3

7
5 :

Then the column vector Pb 2 R3n representsthe pushing
wrenchon all n parts,wherethe �rst threeelementsrepresent
the pushingwrench for part 1, and so on. To satisfy force
balancefor all the parts,the condition

Sa � Pb = 0 2 R3n

musthold.
The designvariablesa and b are not unconstrained,how-

ever. The a vectormustsatisfy

Ca = [1; 1; : : : ; 1]T 2 Rn ;

wherethe n � 8n matrix C is

C =

2

6
6
6
4

18 0 : : : 0
0 18 : : : 0

...
0 : : : 0 18

3

7
7
7
5

;

where18 is a row 8-vectorof 1's. The elementsof a arealso
constrainedto be nonnegative, a � 0.

To satisfy the constraintson b, we decomposeit into three
components:b0, the coef�cients that must be zero; b+ , the
coef�cients thatmustbenonnegative; andb � , thecoef�cients
that must be nonpositive. Thus, perhapsafter permutingthe
elementsof the P matrix, the vector b can be written b =
[bT

0 bT
+ bT

� ]T . The dimensionsof b+ andb � areequal,and
they mustsatisfy

b+ + b � = 0;



indicating that contact forces on the two parts at a contact
mustbe equalandopposite,while b0 mustsatisfy

b0 = 0:

To summarize,the test to determinewhethera COR is I is

�nd a 2 R8n

b 2 R2mn

such that Sa � Pb = 0
Ca = [1: : : 1]T

a � 0
b+ + b � = 0

b+ � 0
b0 = 0:

:

If there is no solution to this linear constraintsatisfaction
problem,the motion is labeledI.

B. Testingfor Stability Consistentwith All SupportDistribu-
tions

To determineif an assemblyof n parts falls in the cat-
egory P under a given pushing motion, we must guaran-
tee that pushing wrenchescan be generatedthat yield all
possiblecombinationsof support wrenchesin the n parts'
support wrench regions. To test this property, however, it
is suf�cient to test if pushing wrenchescan be generated
to yield each of the 8n combinationsof support wrenches
taken from the cornersof the support wrench regions. (In
other words, for each part i , the support weight vector
ai is one of [1; 0; 0; 0; 0; 0; 0; 0]T ; [0; 1; 0; 0; 0; 0; 0; 0]T ; : : : ;
[0; 0; 0; 0; 0; 0; 0; 1]T .) This holds due to the convexity of the
constraintsplaced on the design vector b by the contact
inequalityconstraintsb+ � 0, thecontactequalityconstraints
b+ + b � = 0, andthelinearforcebalanceequalityconstraints.
More precisely, if there is a solution to the pushingwrench
vector b1 for a supportweight vector a1 and a solution b2

for a supportweight vectora2, thena problemwith a support
weight vector ta1 + (1 � t)a2; 0 � t � 1 is solved by a
feasiblepushingwrenchvectortb1 + (1 � t)b2. By induction,
it suf�ces to test for solutionsat the extremesof the a region
in its 3n-dimensionalspace.

We form 8n linear constraintsatisfactionproblemslike the
onedescribedabove, exceptthat theCa constraintis replaced
by anequalityconstrainton a choosingoneof the8n extreme
points of the supportwrench regions (i.e., a are no longer
designvariables).If for eachof the 8n problemsthereexists
a b that solves it, then the motion is labeledP.

VI . RESULTS

The examplesin Figures8 and9 wereanalyzedby testing
CORsdrawn from an adaptive grid. For eachrotation sense
(clockwise and counterclockwise),a coarse grid was �rst
testedto �nd theapproximateboundarybetweenCORslabeled
I and CORsnot labeledI using the test of SectionV-A. No
CORs inside the circumscribedcircles were tested.Progres-
sively �ner grids were usedto home in on the boundary. A
similar procedurewasfollowed to identify the P region using
the testof SectionV-B.

y PI
y U

(a)

x P
I

x U

(b)

Fig. 8. These plots show I, U, and P regions of (a) clockwise and
(b) counterclockwiseCORs for a three-partassembly. The pushingfriction
coef�cient is 0.5 at all contacts.The supportfriction coef�cient is the same
for all parts,andthe ratio of themassof the largerpart to eachof thesmaller
partsis 10/7.

It should be kept in mind that the P regions identi�ed in
Figures 8 and 9 actually correspondto a single connected
region in thetwist space;theseregionsareconnectedby CORs
at in�nity , correspondingto translations.

The U regions separatingP and I regions are due to the
uncertaintyin the supportdistribution. As CORsmove off to
in�nity , theboundariesof theP andI regionsbecomeparallel,
meaningthat CORs at in�nity (translationalmotion of the
assembly)areuniquelymarkedaseitherP or I. This is another
way of saying that the uncertaintyin the supportwrenches
goesto zero. For a COR suf�ciently far from the assembly,
we canapproximatelymodelthe supportdistribution for each
part as concentratedat the centerof massand solve a single
problemof the form in SectionV-B, insteadof 8n problems,
to test if a motion is P.

We usedMatlab's linprog function to solve the constraint
satisfaction problems.For the exampleproblemwith 3 parts
and6 contacts,a typical I test for a given COR took approx-
imately 0.2 secondsanda typical P testtook 10 secondson a
2.8GHzPentium4 PC.

VI I . EXPERIMENT

Figure 10 shows the predictedand actualresultsof an ex-
perimentwith two parts.The partswereplacedon a turntable
andallowed to restagainsta �x ed right anglepusher. This is
quasistaticallyequivalent to pushingthe partsarounda COR
at the centerof the turntable.The partswere madefrom 2.5
cm thick plexiglass.The small part measured8 cm by 4 cm
andthe large part measured12 cm by 8 cm. A binary search
was usedto �nd the transition betweenstableand unstable
CORs.If thepartsdid not move relative to thepusheror each



x P,y I

x I,y P
I

I

Fig. 9. This is a combinedplot of I and P COR regions for a two-part
assembly. Onepart restsin an interior cornerof the otherpart. The pushing
contactsare frictionless,meaningthat CORslabeledP are guaranteedto be
stable.Thesupportfriction coef�cient is thesamefor bothparts,andtheratio
of the massof the triangularpart to the otherpart is 5/9.

I

I y P

x P

Fig. 10. Predictedand actual resultsfor a two part experiment.The dark
bandsarestableCORsandthedashedlinesrepresentCORsthatcouldnot be
testeddueto thesizeof the turntable.Theanalysiswasdonewith frictionless
contacts,but the actualcontactfriction coef�cient was estimatedto be � =
0:2.

other for one completerotation of the table then that COR
wasdeemedstable.

The algorithms in SectionsV-A and V-B were used to
determinethe I and P regions for the parts.In Figure 10 the
predictionsweremadewith frictionlesscontacts.In this case
the stableCORs should all cover the P regions. There was
only oneinstancewherethey did not, andwe attribute this to
the table not being very �at near the edgeswhich upsetthe
assembly.

VI I I . DISCUSSION AND CONCLUSION

This paper describesalgorithms for deciding whether a
pushedassemblyis or is not guaranteedto fall apart.Precisely,
thesealgorithmslabelagivenpushingmotionP(stablemotion
is consistentfor any possiblesupportwrench),I (stablemotion
is impossible),or U (neither P nor I). Pushingmotions are
labeledU dueto indeterminacy of thesupportfriction wrench
at eachpart.This paperhasdescribeda methodfor bounding

this indeterminacy. These bounds are conservative; tighter
boundswould allow shrinking the setof motionslabeledU.

MotionslabeledP areguaranteedto bestableif thepushing
contactsare frictionless.If the pushingcontactsare not fric-
tionless,stability is a consistentsolutionfor motionslabeledP,
but othersolutionsmayexist dueto thepossibilityof multiple
solutions to rigid-body mechanicsproblemswith Coulomb
friction.

Thispaperusesa �rst-order modelof point contact:contacts
are de�ned completelyby their location and contactnormal.
Contactmodelsincorporatinghigher-order contactgeometry
(Rimon and Burdick [15]) could result in motions labeledI
actuallybeingstable.
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