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Issues in Nonprehensile Manipulation

Kevin M. Lynch, Northwestern University, Fvanston, IL, USA

This paper outlines geometric and algorithmic issues
common to vartous types of nonprehensile manipula-
tion and gives some results for planar dynamic manip-
ulation.

1 Overview

Nonprehensile manipulation is manipulation without a
form- or force-closure grasp. Examples include push-
ing, throwing, juggling, tapping, batting, and rolling
(Mason [24]; Higuchi [11]; Biihler and Koditschek [6];
Erdmann [8]; Huang et «l [12]; Zumel and Erd-
mann [40]; Aiyama et al. [1]; Trinkle and Zeng [37]).
In each of these examples, the robot takes advantage
of the natural task dynamics to help control the mo-
tion of the part. Nonprehensile manipulation occupies
the majority of the manipulation spectrum, compris-
ing everything between situations where the robot ex-
erts complete control to situations where the natural
dynamics exert complete control. During a baseball
throw, the ball is at first held firmly in the hand, then
is allowed to roll off the fingers, and finally follows a
free-flight trajectory determined by gravity and air re-
sistance. The nonprehensile manipulation problem 1s
to arrange the rolling motion on the fingers such that
the release state will allow the ball to reach the goal
state.

Nonprehensile manipulation allows a simple, low
degree-of-freedom robot to control more part freedoms
through relative motion (slipping, rolling, and free
flight) and to cause motion outside of its kinematic
workspace. One cost of using nonprehensile manipu-
lation, relative to pick-and-place manipulation, is that
motion planning and control are harder. A nonprehen-
sile manipulation planner must reason about dynamics.

Pick-and-place is usually concerned only with kinemat-
ics, and perhaps static friction for grasping (Lozano-
Pérez et al. [16]). Also, it is not obvious what tasks
are achievable by nonprehensile manipulation. With
pick-and-place, if the initial and goal configurations of
the part are within the robot’s kinematic workspace
and there 1s a free path connecting these configura-
tions, then the goal configuration is achievable.

Interesting geometric and algorithmic problems in
nonprehensile manipulation include

e generalizing the notion of a robot’s kinematic
workspace to consider the dynamically accessible
workspace of the manipulated object;

e developing controllability tests based on the geom-
etry, friction coefficient, and mass distribution of
the object (and kinematic and dynamic descrip-
tions of the manipulator when appropriate);

e characterizing classes of manipulator-object sys-
tems that are controllable;

e using properties of the system dynamics to derive
efficient and complete motion planners; and

e determining feedback laws that stabilize the mo-
tion plans.

We have studied many of these issues in quasistatic
pushing in (Lynch and Mason [20]; Lynch [17]). This
paper suminarizes our recent work on controllability
and motion planning for planar dynamic nonprehen-
sile manipulation, connects this work to control of an
underactuated manipulator, and introduces the notion
of dynamic workspaces in nonprehensile manipulation.



2 Example Systems

To motivate our discussion of controllability and mo-
tion planning, we will use the example of dynamic non-
prehensile manipulation of a planar rigid body B in zero
gravity. The body B moves like a puck on an air table.
Depending on the control inputs used, B represents

1. a hovercraft or planar spacecraft with unilateral
thrusters;

2. an object being pushed with point contact along
its boundary;

3. the third link of a 3R planar underactuated robot
with a passive third joint; or

4. an object being manipulated by a one joint robot.

The only constraints on the hovercraft thrusters are
that they are fixed in the body frame and provide uni-
lateral thrust. In the case of dynamic pushing, we as-
sume a two-degree-of-freedom point robot P which can
push B at any point on its closed, piecewise smooth
perimeter I'. If we think of I' as a pin-hole with P cap-
tured inside of it, we get the underactuated 3R robot,
where the pin-hole is the third joint. In the last case,
a one-degree-of-freedom revolute robot pushes B with
point contact. See Figure 1.

3 Controllability

The configuration space of B is C = SE(2), the set of
planar positions and orientations, and its state space 1s
the tangent bundle TC. A coordinate frame X is at-
tached to the center of mass of B, and its configuration
in an inertial frame X, is given by q = (zy, Yu, dw)’ .
The state of B is written (q,q) € TC. We define the
zero velocity section Z as the three-dimensional space
of zero velocity states (q, 0).

The manipulation system can be written as the non-
linear control system

(a,a) = Xo(q, @)+ Zw)@»(q, qQ), (1)
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Figure 1: Conitrol systems with the same dynamics but
different control inputs. (a) A planar hovercraft with uni-
lateral thrusters. (b) Dynamic pushing with a two-degree-of-
freedom point robot. (c¢) The third link of a 3R planar robot
with a passive third joint. (d) An object being manipulated
by a single joint robot.

where Xo(q, q) = (&4, Y, G, 0,0, 0)T is the drift vec-
tor field, u = (uy,...,u,)?

X;(q,q) is a control vector field. For systems 1-3,

is the control input, and

we choose the unit mass to be the mass of B and the
unit distance to be the radius of gyration of inertia
of B, and control forces are fixed in the body frame.
For these systems, X;(q,q) = (0,0,0, fy; cos ¢y —
Lyi SN oy fri SN oy + fyi 08 by, 1)L, where (fui, fyi)
is a unit force expressed in the body frame X (f2; +

yzl» = 1) and 7; is the torque about the center of mass.

We write £; = (fu;, fyi, )" and F = U;_, , £i.

We obtain each of the four systems (hovercraft, dy-
namic pushing, underactuated robot, and one joint
robot) by placing different constraints on the control
vector u and the forces F.

Hovercraft. The thruster forces must be unilat-
eral. We will also place the constraints that
only one thruster can be active at a time with
unit thrust magnitude. The control set is U; =

{0,(1,0,...,0)7,(0,1,...,0)7,... (0,0,..., )T}
The hovercraft has n thrusters providing forces F fixed
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in the body frame .

Dynamic pushing. This case is the same as the hov-
ercraft case, with the added restriction that each con-
tact force f; € F must be realizable from point contact
somewhere on the closed, piecewise smooth perimeter

I of B.

Underactuated robot. We choose n = 2, with f; =
(1,0,0)" and fo = (0,1, 7)T—the forces act along the
z-axis of X through the center of mass of B, and along
the y-axis of X with nonzero torque, respectively. The
control set is Us = [—1,1] x [=1, 1]. These controls are
realizable at all joint angles away from the singularity
sinfl; = 0, where 65 is the angle of the second link with
respect to the first link.

One joint robot. Weset n = 1 corresponding to the
single input, the angular acceleration 0 of the one joint
robot. The force f; 1s normal to the robot’s surface
at the point contact with the object, and therefore is
not fixed in the body frame X; as in the previous three
systems. By an input transformation we can treat the
control input as u =u € Uy = {0, 1}.

A feasible trajectory for the body B is a solution of
[0,T]—U;,i=1,...,4

(1) for a control function u :
for the systems 1-4 above.

Modifying notation from Nijmeijer and van der
Schaft [28], we define RY(qo, o, 7) to be the reach-
able set from (qp, qo) at time 7' > 0 by feasible tra-
jectories remaining in the neighborhood V of (qg, qo)
at times t € [0,7]. Define RV (qo,qo,< T) =
Uo<i<r BY (a0, o, t). Then (1) (or simply B) is small-
time accessible from (qo,qo) if RV (qo,qo, < T) has
nonempty interior on 7T'C for any neighborhood V of
(do,qo) and all T'> 0. B is accessible from (qo, qo) if
there exists a finite time 7" such that RT¢(qq, qo, < T
has nonempty interior. B is small-time locally con-
trollable from (qo,qo) if RY (qo,qo, < T) contains a
neighborhood of (qg, qo) for any neighborhood V' and
all " > 0. We define B to be simply locally control-
lable from (qo,qo) if there exists a T > 0 such that
RY(qo,qo, < T) contains a neighborhood of (qg, o)
for any neighborhood V. B is controllable from (qo, qo)

if, for any (q1,q:) € TC, there exists a finite time T
such that (qi,q1) € RT¢(qo, qo, 7). The phrase “from
(do,qo)” can be eliminated from each of these defini-
tions if the condition applies at all (qg, qo).

A second-order system can be locally controllable
only on the zero velocity section Z. (For any initial
nonzero velocity state (q,q) and any € > 0, there is an
open subset V' containing (q,q) and (q — €q, q) such
that the system cannot attain (q—eq, q) without leav-
ing V)

3.1 Hovercraft

Partial results for the hovercraft case have been re-
ported previously by Manikonda and Krishnaprasad
[22] and Lewis and Murray [15]. Manikonda and Krish-
naprasad [22] observed that the Hamiltonian dynamics
of the hovercraft on the cotangent bundle 7*C are in-
variant to the Lie group C, suggesting the study of the
reduced dynamics on the three-dimensional quotient
manifold T*C/C. They showed that the reduced dy-
namics of a hovercraft with a single bilateral thruster
(or two opposing unilateral thrusters) are controllable
on T*C/C—the hovercraft is controllable on its velocity

space TC/C.

Lewis and Murray [15] studied the set of reachable
configurations for mechanical control systems starting
at rest. For an initial configuration q at zero velocity
and neighborhood Vg of q on C, they define Rgc (q,7)
to be the set of reachable configurations (with any ve-
locity) at time T by trajectories remaining in the con-
figuration neighborhood V. They call a system small-
time locally configuration controllable if RCVC(q,g T)
contains a neighborhood of q on C for any neighbor-
hood V¢ and all T > 0. (This is a weaker condition
than small-time local controllability, which requires the
locally reachable set to be a neighborhood of (q,0)
on the full state space T'C, not just the configuration
space.) They showed that a hovercraft with two bi-
lateral thrusters (or four unilateral thrusters) is small-
time locally configuration controllable.

Here we give stronger results for the unilateral
thruster case (Lynch [21]). For a hovercraft with one to
three unilateral thrusters, we get a new property with



each additional thruster: one thruster yields small-time
accessibility on the hovercraft’s state space TC; two
thrusters yield global controllability on 7T'C; and three
thrusters yield small-time local controllability on the
zero velocity section 7.

Proposition 1 The hovercraft is small-time accessible
with a single thruster (n = 1) if and only if the line of
action of the thruster does not pass through the center

of mass.

Proof: To test for small-time accessibility we
examine the Lie algebra of the system vector
fields Xy and Xj. Without loss of general-

ity, assume the thruster is aligned with the y-
axis of ¥y (fi = (0,1,7)), yielding X; =
(0,0,0, — sin ¢y, cos dy,, 7). We define the Lie bracket
vector fields X2 = [Xo,Xl], X3 = [Xl, [Xo,Xl]], X4 =
[X1, [Xo, [Xo, Xulll, X5 = [Xuy, [Xy, [Xo, [Xo, Xa]]l],
X6 = [Xo, [Xl, [Xl, [Xo, [Xo, Xl]]]]] We find that

det(X; Xo X3 X4 X5 Xg) = —167°,

indicating that these six vector fields span the tangent
space 1{q,¢q)1C at any state (q, q), provided 7 # 0 (the
line of action of the thruster must not pass through
the center of mass). Therefore the system satisfies the
Lie Algebra Rank Condition (LARC) and the system

is small-time accessible (Hermann and Krener [10]). O

A single thruster is never sufficient for controllability,
as the hovercraft’s angular velocity is not controllable.
It turns out that two thrusters are sufficient.

Proposition 2 The hovercraft is controllable with two
thrusters (n = 2) if and only if the two thrusters pro-
vide torque of opposite signs (11 > 0,75 < 0).

The proof of this is given in (Lynch [21]). The ap-
proach is to find maneuvers that render the hovercraft
controllable on its velocity space (the quotient space
TC/C) and controllable on the zero velocity section Z.
These properties are sufficient to show global control-
lability.

Proposition 3 The hovercraft is small-time locally
controllable on the zero velocity section Z with three
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thrusters (n = 3) if their lines of action intersect at a
single point (which is not the center of mass) and the
linear components of £1,1, f5 positively span the plane.

Proof: Consider the system (Lewis and Murray [15])

(4,q) = Xo(q,q) Fu1 Xi1(q, q) Fu2Xo(q,q), |ui <1

(2)
We will also need the bracket terms X5 = [Xo, Xi],
Xy = [Xo,Xo], X5 = [X,[Xo, Xo]], Xs¢ =
[Xo, [X1, [Xo, X3]]].

Now we give some definitions necessary to apply
a version of Sussmann’s [36] sufficient condition for
small-time local controllability to a system such as (2).
For a bracket term B, we define 6;(B) as the num-
ber of times X; appears in B, and the degree of B is
Z?:o 8(B). B is called a “bad” bracket if §(B) is
odd and é;(B) is even for all i € {1,...,n}, and B is a
“good” bracket otherwise. A “bad” bracket B is “neu-
tralized” at a state p if B, evaluated at p, is the linear
combination of “good” brackets of lower degree evalu-
ated at p. Sussmann proved that if the system satisfies
the LARC at p and all “bad” brackets evaluated at p
are neutralized, then the system is small-time locally
controllable at p.

Assume X; = (0,0,0, cos ¢y, sin ¢y, 0)7 and Xy =
(0,0,0, — sin ¢y, cos ¢y, 7)T. The force f; acts through
the center of mass along the z-axis of ¥ and f; acts
along the y-axis with torque 7 about the center of mass.
The force lines intersect at a point C' not at the center
of mass. Calculating the brackets above, we find that
det(X; X2 X3 Xa X5 Xe) = 7% the LARC is satis-
fied provided 7 # 0. Because we only use brackets up
to degree four, the only “bad” brackets to be neutral-
ized are the drift field (which vanishes at ¢ = 0) and
the “bad” brackets of degree three [X71,[Xo, X1]] and
[X32, [Xo, X2]]. We have

[Xla [XOaXI]] = (0’ Oa Oa Oa OaO)T

[X2, [Xo, Xa]] = (0,0,0, =27 cos ¢y, —275in ¢y, 0)7

which are clearly neutralized (the latter being a mul-
tiple of X1), and the system is small-time locally con-
trollable. The two forces f; and f; span a body-fixed
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force/torque plane P which is neither the 7 = 0 plane
nor orthogonal to the 7 = 0 plane, and the controls
|u;] < 1 define a compact, convex subset of P con-
taining the origin in the interior (relative to P). By
Sussmann’s [36] Proposition 2.3, small-time local con-
trollability for this system implies small-time local con-
trollability for the bang-bang system with the extremal
controls uy,us € {—1,1}. Scaling, small-time local
controllability holds for any compact, convex set of con-
trol forces that contains a neighborhood of the origin
in P, and Sussmann’s proposition indicates that the
extremal forces alone are sufficient. Therefore, any set
of control forces that positively spans the plane P also
yields small-time local controllability. Any three uni-
lateral forces which intersect at C' and positively span
the (#,y) plane also positively span the force plane P.
O

3.1.1 Shape derivatives in grasping and motion
derivatives in local controllability

We can draw a parallel between form-closure grasp-
ing of a planar object and small-time local controlla-
bility of a planar body with unilateral thrusters. In
particular, a first-order analysis of form-closure grasp-
ing, considering only the contact normals at the fin-
ger locations, indicates that four fingers are necessary
to constrain a planar object (Reuleaux [30]). Simi-
larly, a first-order analysis can be used to show that
four unilateral thrusters are sufficient for small-time

In both

cases, the forces (from the frictionless fingers or the

local controllability at zero velocity states.

thrusters) must positively span the body-fixed three-
dimensional force-torque space (fz, fy, 7). Four is the
minimal number of vectors that can positively span a
three-dimensional space.

Higher-order analyses can be used to reduce the
number of fingers and thrusters needed. In Proposi-
tion 3 we proved that by using Lie brackets, i.e. motion
derivatives, the number of thrusters required for small-
time local controllability i1s reduced to three. Rimon
and Burdick [31] have recently shown that contact cur-
vature, i.e. shape derivative, may be used to decrease
the number of fingers required for complete immobiliza-
tion. In particular, they showed that three point fin-

x

@ (b)

Figure 2: Three finger grasps of two different objects. By
a first-order mobility analysis, the only free motion for both
objects is translation along the -azis. (a) The bottom finger
We have y'(0) =
y"(0) = y(S)(O) =0 and y(4)(0) = 24. A fourth-order test

18 required to determine that the object locally curves in the

contacts the curve y = et at x = 0.

+y direction, away from the finger, and motion along the
@-azis is possible. (b) The bottom finger contacts the curve
y=—z* at z = 0. A fourth-order test shows that motion
along the x-axis is impossible, and the object 1s completely

tmmobilized.

gers are sufficient for form-closure provided their con-
tact normals positively span the plane and intersect at
a single point C', and the centers of curvature of the
perimeter of the body at the contacts do not all lie at
C' ([31], Proposition 4.1).

Higher-order shape derivatives (not just curvature)
can be used in determining form-closure (Figure 2).
Bracket terms of higher-order than those used in the
proof of Proposition 3 do not create linearly indepen-
dent vector fields.

3.2 Dynamic pushing

Dynamic pushing is similar to the hovercraft, except
the control forces must be realizable by point contact
with the perimeter I' of B. We assume a two-degree-of-
freedom point pushing robot, and we place no restric-
tions on the motion of the pusher.

We can use Proposition 2 to show that any object is
controllable by a point robot pushing at a single point
of contact on the object, provided friction is nonzero.
See Figure 3.

Proposition 4 For any planar body B with a closed,
piecewise smooth curve I' of available contact points,
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Figure 3: The object is controllable by pushing at the con-
tact point shown for any nonzero friction coefficient. An
example friction cone s illustrated. Both positive and neg-
ative torques can be applied through the contact, making the

object controllable by Proposition 2.

there exists a pushing contact point on I' such that the
object is controllable provided the friction coefficient at
the contact is nonzero.

Proof: The radius function r : ' — R measures the
distance from the center of mass to points on the ob-
ject’s perimeter I'. Assume the curve I' is parameter-
ized by s. At each point T'(s) where dr(T'(s))/ds = 0,
the contact normal of I' passes through the center of
mass. (If dr(T'(s))/ds is discontinuous at s, such as at a
vertex of a polygon, the contact normal can be chosen
as any value in the range defined by the normals as we
approach s from both directions.) There are at least
two such points because T is closed and r(T") attains at
least one local maximum and one local minimum. If
T is not a single point, there is at least one point I'(s)
at which dr(T'(s))/ds = 0 and »(T'(s)) # 0 for any cen-
ter of mass location. If »(T'(s)) # 0, dr(T'(s))/ds = 0,
and the friction coefficient is nonzero, then the center
of mass is in the interior of the friction cone and pos-
itive and negative torques can be applied from T'(s).
Applying Proposition 2, the proof is complete. a

Proposition 5 Any planar object B with a closed,
piecewise smooth curve I' of available contact points s
locally controllable at all states (q,0), unless the con-
tact is frictionless and I is a circle centered at the 0b-
ject’s center of mass.

Remark. This property ensures that the object can
be dynamically pushed to follow any planar path ar-
bitrarily closely (at sufficiently slow speeds). This re-
quires the point robot to switch between distant con-
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tacts. Because switching contact points takes finite
time, B is simply locally controllable, not small-time
locally controllable. Note that the entire robot-object
system does not have this property—the robot must

make large motions.

Proof: If I' is not a circle, the set of frictionless forces
that can be applied through T' (the normals to T') pos-
itively span the three-dimensional force-torque space
(fe, fy,7) (Mishra et al. [25]; Markenscoft et al. [23]),
and the object is locally controllable by Proposition 3.
If ' is a circle, then the frictionless forces through T
intersect at C', the center of the circle. If the center of
mass of B is not located at C, then B is locally con-
trollable by Proposition 3. a

Dynamic pushing is, in one sense, a more complete
primitive for planar manipulation than pick-and-place
using a form- or force-closure grasp. No form- or force-
closure grasp exists for a frictionless disk—the disk can-
not be rotated by grasping and turning. On the other
hand, any frictionless disk not centered at its center of
mass 18 locally controllable by dynamic pushing.

3.3 Underactuated robot

We define R4 to be a fully-actuated 3R robot operat-
ing in a horizontal plane, and Ry to be the same robot
with a passive third joint. The configuration of the
robot is © = (#1,04,03)T € M = T3. The workspace
of the robot is populated with obstacles which include
their boundaries, yielding the closed configuration ob-
stacle set 'O C M. We define the collision- and
singularity-free configurations of the robot My... =
{© € M|sinfd, # 0,0 ¢ CO}. The robot is confined
to one of the two open sets #5 € (0,7) or 05 € (—m,0),
the RIGHTY and LEFTY configuration spaces.

Proposition 6 If there exists a trajectory in M.
from (©g, 0) to (©1,0) for the fully-actuated robot R4,
then there exists a trajectory in M. from (g, 0) to
(©1,0) for the robot Ry with the third joint passive.

Proof: This result follows directly from Proposition 3.
At any point of My,.., the robot can apply forces in any
direction through the joint of the third link, the condi-
tions of Proposition 3 are satisfied, and the third link
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is small-time locally controllable at zero velocity. Any
neighborhood of a configuration q € C of the third link
maps to a neighborhood of ©® = K~!(q) € M, where
K~ is the inverse kinematic mapping. This mapping
is smooth and one-to-one on the LEFTY and RIGHTY
configuration spaces, and K~1(q) € int(K =3V (q))),
where V(q) is any neighborhood of q, so small-time lo-
cal controllability of the third link on Z implies small-
time local controllability of the 3R robot on its zero
velocity state space {(0,0)|© € Mp..}. Therefore,
if there is a trajectory for R4 from (©g,0) to (©1,0)
which remains in My.., then Ry can follow the asso-
ciated path arbitrarily closely. The motion of Ry may
be much slower, since in general it must remain near
zero velocity to ensure that the path can be followed
closely. a

3.4 One joint robot

The results on dynamic pushing address the theoreti-
cal capabilities of dynamic nonprehensile manipulation
from the viewpoint of the object alone. Just as impor-
tant, however, are properties of the manipulator which
is controlling the object. While an object may be con-
trollable by point contact, the manipulator may not be
able to achieve the contacts and motions necessary to
bring the object to the desired state.

Consider the system of Figure 4. The manipulator
M is a single revolute joint, and the object B is a unit
mass rod in point contact with M. The distance from
the contact to the rod’s center of mass 1s r and the
rod’s radius of gyration of inertia i1s p > 0. The rod
represents an arbitrary polygon in vertex contact with
the manipulator. Because the contact is nonprehensile,
in any neighborhood of a manipulator-object state, the
best we can hope for is small-time accessibility.

The configuration of the manipulator-object system
is @' = (q,0) € €', where 6 is the angle of the revolute
joint. We constrain the manipulator to stay in contact
with the rod endpoint at all times, applying zero force
(simply “following” the rod) or applying a unit force.
Assuming the single link is thin, the three-dimensional
submanifold of contact configurations is given by {q’ €
C'| F(q') = cos Oy —rsin ¢y )+sin 0(r cos ¢y — 2y ) =

Figure 4: A one-degree-of-freedom revolute robot manipu-

lating a rod.

0}. The equations of motion are

¥y = —usind (3)
Yo = ucosfl (4)
qgw = _p%u COS(¢w - 9)’ (5)

where the contact force u 1s

P2 (6(=7 cos(¢u — 0) + 4 cos 0 + y, sin ) +
¢ (—rsin(¢y, — 0)) +

éz(—rsin(gbw —0) — zysinf + yy cosf) +
(/;wé(Qr sin(gy — 6)) +

éi‘w(Q cosfl) +

Hyw (2sin 9))/(r2 cosz(qbw —0)+ pz), (6)

u =

Rearranging Equation 6, we get the form 0= éd”ﬁ +
uécomml, where éd”ﬁ 1s the acceleration of the robot
needed to stay in contact with the rod while applying
zero force, and écomml 1s the additional acceleration
of the robot required to apply a unit force to the rod.
Treating the force u as the control input, the control
system on the state space TC' is (¢, q') = Xo(d', q') +
uX1(q',q’), where the drift and control vector fields
are written

XO(q/,q/) = (i‘w,y.w,Q;w,é,O,O,O,édrift)T
Xl(q/aq/) = (anaoaoa
—sin#, cosf, _r cos(¢y — 0), écomml)T

P2
By examining the Lie algebra of these vector fields,
we conclude that the rod is small-time accessible from
generic states provided r # 0. If the robot can also re-

lease the part, the entire robot-object system is small-
time accessible. The rod is not small-time accessible



if the contact point coincides with the pivot of the
manipulator—the robot can neither follow the motion
of the drifting rod nor apply a force.

3.5 Dynamic workspaces

We would like to characterize the set of robot-object
states reachable from another robot-object state. With
pick-and-place manipulation, the reachable object
states are limited by the reachable configurations of
When

we include dynamics, however, the robot is capable

the end-effector, the “kinematic workspace.”
of much more. Consider an object thrown to the
robot from outside its kinematic workspace. Although
the robot cannot initially affect the motion of the ob-
ject, we know that at some point the robot will be
able to contact it and, perhaps, throw it back outside
of its kinematic workspace. Given an initial state of
the robot-object system, we might define its “dynamic
workspace” to be the set of reachable states. This dy-
namic workspace 1s a function of the robot, the object,
and the initial state.

We illustrate the idea with an example. The two-
degree-of-freedom robot is a point which can move
freely inside a circle of radius R centered at (0,0). The
object being manipulated is a frictionless disk of radius
r which is not centered at its center of mass. For sim-
plicity, the configuration of the disk q = (2w, Yw, Pw)
is measured at its center. By Proposition 1, we have
small-time accessibility provided the robot can con-
tact the disk and act as a single thruster. Therefore
the disk’s small-time accessible workspace 1s defined by
(x2 +y2)/? < R+ r. For local controllability at zero
velocity states, Proposition 3 implies that the robot
must be able to contact the object at three points on
the disk which are not confined to any closed half-circle.
(Note that the robot does not have to be able to contact
the disk at all points on its perimeter.) For R > r, this
condition is satisfied by (z2 + y2)"/? < (R? — #?)!/2
which defines the disk’s locally controllable workspace.
The point robot can maneuver the disk to follow any
path inside this workspace arbitrarily closely. If » > R,
this workspace vanishes. See Figure 5.

Now assume a nonzero friction coefficient ¢ and fric-
tion angle o (¢ = tana) between the robot and the
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\ robot's kinematic
/ workspace
\\
\
\

(R2-ra)v2 L
e i disk'slocally
controllable workspace

/™ disk's small-time
accessible workspace

disk

Figure 5: The point robot, which can mowve freelyin a circle
of radius R, manipulates a frictionless disk (not centered at
its center of mass) of radius v. The disk is small-time ac-
cessible provided its center stays in a circle of radius R+,
and it is locally controllable provided its center stays in a
circle of radius (R*

boundaries of the small-time accessible and locally control-

— r2)1/2. Disks are shown near the

lable workspaces.

disk. (The center of mass can now lie at the center
of the disk.) With a nonzero friction coefficient, lo-
cal controllability can be obtained from contacts con-
fined to a closed half-circle (see Figure 6). As the
friction angle « increases, the overlap between the
robot’s workspace and the disk required for local con-
trollability decreases—the disk is locally controllable
if (l,%v 4 yg})l/z < (RZ 1/2
« approaches w/2 (infinite friction), the locally con-

—r?cosa)l/? 4+ rsina.  As
trollable workspace approaches the small-time acces-
sible workspace, which is independent of the friction
coefficient.!

Finally, we have accessibility if the disk can reach a
full-dimensional subset of its state space, not necessar-
ily in small-time. The workspace from which the disk
is accessible 1s the set of states that will carry the disk
into its small-time accessible workspace. An example

We assume that the robot can apply any force in the
friction cone. In some cases this may result in “pulling” —
the robot moves in a direction with a negative component
in the contact normal (Lynch and Mason [18]).
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Figure 6: Top: At the friction angle o, forces through the
three robot contact points pass through a single point and
positively span a half-plane. At any greater value of fric-
tion, the condition of Proposition 3 is satisfied, and the disk
18 locally controllable. Bottom: Determining the minimum
overlap of the disk and the robot workspace that allows the
disk to be locally controllable by robot pushing with a friction

angle .

is shown in Figure 7.

We call a system dynamically singular at any state
outside the small-time accessible workspace. The mo-
tion directions of the system are locally constrained to
a lower-dimensional submanifold of the state space.

Obtaining a precise characterization of the accessible
state space of an object during nonprehensile manipu-
lation appears to be a very difficult problem in general.

w A
isk's small-time

accessible workspace

|

|

|

|

|

|

|

|

|

|

| Rer Xw
1 >
|

|

|

|

|

|

|

|

[
]

disk's accessible
workspace

Figure 7: The (¢w,Zw) state space for a disk centered at its
center of mass, with 4y, = yuw = 0, ¢ and (;.Sw arbitrary, and
nonzero contact friction. The disk is small-time accessible
in the band defined by —R — r < ., < R+ r, and the disk
18 accessible from the other shaded regions. The disk drifts

into the small-time accessible band.

An approximate representation can be found by sam-
pling the possible controls, simulating the system, and
plotting the trajectories of the object.

4 Motion Planning

Nonprehensile manipulation is characterized by non-
holonomic equality and inequality constraints. The
former arise from using low degree-of-freedom robots
to manipulate objects with more degrees-of-freedom;
the latter arise from unilateral contact, friction con-
straints, and actuator constraints. We can distinguish
between three basic approaches to the motion planning
problem for nonholonomic systems (see also Popa and
Wen [29]):

1) Control-theoretic algorithms make significant use of
the structure of the system. Examples include sys-
tems without drift (Lafferiere and Sussmann [13]), sys-
tems which can be put into chained or differentially
flat form (Murray et al. [26]; Murray et al. [27]), and
Caplygin systems (Bloch et al. [4]). These approaches
typically do not incorporate nonholonomic inequality



constraints (as arise in nonprehensile contact) or con-
figuration constraints such as obstacles and joint limits.

2) Search-based algorithms sample the control space
and can easily incorporate nonholonomic equality, in-
Straightfor-
ward search can be quite general, requiring little in-

equality, and configuration constraints.

formation about the system, but as a result may suf-
fer from high computational complexity. Information
about the structure of the system can be used to per-
form a principled discretization of the control space
(based on a critical decomposition or extremal con-
trols), resulting in more efficient planners (e.g., the
shortest path information used in the mobile robot
path planner of (Laumond et al. [14])).

3) Gradient-descent algorithms attempt to use smooth-
ness in the input-output map to speed convergence to a
solution. Typically a finite-dimensional parameteriza-
tion of the control is chosen (for instance using Fourier
bases, polynomials, splines, or piecewise constant func-
tions), and the problem is cast as a constrained nonlin-
ear optimization problem. This approach suffers from
the same problems common to all gradient-descent op-
timization: local optima, possibly slow convergence,
and numerical instabilities (particularly when using
finite-difference gradients). Gradient descent for the
control of nonholonomic systems has been explored by
many (see, for example, (Divelbiss and Wen [7]; Suss-
mann [35]; Popa and Wen [29]; Sontag [34]; Fernan-
des et al. [9]; Zefran et al. [39])).

These methods can be used in concert; in particu-
lar, gradient descent can be used to locally optimize a
solution found by another method.

Below we briefly describe a search-based planner for
the underactuated robot and a gradient-descent ap-
proach to motion planning for a one joint robot (Lynch

and Mason [19]).

4.1 A search-based planner for the underactu-
ated robot

We would like to find fast, collision-free trajectories
from (©init,0) to (Ogoar,0) for the underactuated
3R robot.

Because the robot i1s small-time locally
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Arbi-
trary paths require the robot to stay near zero ve-
To find paths that can be exe-
cuted quickly, we prefer to minimize the use of Lie

controllable, it can follow any path closely.
locity, however.
bracket motions. We describe a planner that uses
primitive motions corresponding to f; = (1,0,0)7 and
fs = (0,1,7)T (X1 = (0,0,0,cos ¢y,sin ¢y, 0)T and
X2 = (0,0,0, —sin ¢y, cos ¢y, 7)) and minimizes the
number of switches between them, implicitly minimiz-
ing the use of Lie bracket motions. By bringing the link
velocity to zero at the switches, X; and X5 yield ve-
locity directions fixed in the frame of the passive link:
pure translation along the link and pure rotation about
the center of percussion of the link with respect to the
joint. The vector fields Xy and X5 are unique in this re-
spect, and for the purpose of path planning, this prop-
erty allows us to treat the system as a first-order system
with velocity vector fields X| = (cos ¢y, sin éy,,0)T
and X} = (—sin ¢y, cos ¢y, 7)7. This allows us to de-
couple the full trajectory planning problem into the
computationally simpler problems of path planning
and time-scaling the path according to the manipulator
dynamics and actuator constraints.

The planner is a modification of a path plan-
ning algorithm for mobile robots (Barraquand and
Latombe [3]) and robotic pushing (Lynch and Ma-
son [20]). Tt is a simple best-first search which min-
imizes the number of switches between vector fields.
Starting from the initial link configuration q;n;+ (and
corresponding initial joint configuration ©;p:), the
planner integrates forward along each of +X7{, —X7,
+X/), and —XJ for a time 6t, yielding four new link
configurations. Fach new collision-free configuration
Qnew (and corresponding joint angles O,y ) is added
to a search tree 7" and to a sorted list OPEN of configu-
rations in 7' whose successors have not yet been gener-
ated. Configurations in OPEN are sorted by the num-
ber of switches in their paths. The first configuration in
OPEN is then expanded. This process continues until
a path is found to a user-specified goal neighborhood
G(qgoar) or until OPEN is empty (failure). Note that
the planner is not exact, as it only finds a path to a
goal neighborhood.

For a small enough 6%, this planner will find a so-



Issues in Nonprehensile Manipulation

Encoder

Encoder

— 1

Figure 8: The MEL underactuated manipulator.

lution when one exists. The planner 1s resolution-

complete.

Once a path is found, we can apply the algorithms
proposed by Shin and McKay [32] or Bobrow et al. [5]
to find the time-optimal time-scaling of each motion
segment of the path. The concatenation of these tra-
jectories yields the time-optimal trajectory following
the path returned by the planner.

We implemented planner results on the Mechani-
cal Engineering Laboratory underactuated manipula-
tor shown in Figure 8. Nonlinear feedback control is
used to stabilize the motion of the third link during
the rotational and translational motion segments (Shi-
roma et al. [33]). Time-optimal trajectories cause actu-
ators to saturate, allowing no margin for error-recovery
in feedback control. In our experiments, times for each
motion segment were chosen experimentally for fast
but robust performance.

Figure 9 shows an 11 segment path successfully im-
plemented on the robot. The obstacles shown in the
figure have been grown by 2 cm in each direction over
the real experimental setup, providing room for error in
execution. Joint limits are —1.17rad < #; < 1.17rad
(where 0 is vertical on the page) and 0.5rad < 62 <
1.95rad.

4.2 Gradient-descent motion planning for the
one joint robot

A one joint robot such as that of Figure 4 can control
more degrees-of-freedom of an object by sequencing

Figure 9: A path found by the planner using grown obsta-

cles.

rolling, slipping, and free flight phases. We have pre-
viously described a motion planner for a 1 DOF robot
performing rolling and throwing manipulation (Lynch
and Mason [19]). This planner takes an initial guess for
the trajectory of the robot and a sequence of manipu-
lation phases (rolling, free flight, etc.) specified by the
user, simulates the motion of the object, and using the
results of the simulation, performs gradient-descent in
the space of robot trajectories to find a motion which
more nearly satisfies the goal state of the object and
other constraints, such as friction inequalities and ac-
tuator limits. The manipulation problem is cast as a
nonlinear optimization which is solved using sequential
quadratic programming. The result is a robot motion,
represented as a cubic spline, which takes the object
to the goal state and locally optimizes a cost function.
Several rolling and throwing tasks solved by the plan-
ner were successfully implemented on a real 1 DOF
robot (see Figure 10). Zefran et al. [39] described a
similar approach using nonlinear optimization for mo-
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Figure 10: A 1 DOF robot motion to roll the square from

one edge to another, found by the nonlinear optimization.

tion planning for systems with unilateral and changing
dynamic constraints.

This system has much less apparent structure than
the underactuated robot, so the gradient-descent plan-
ner assumes only smoothness in the input-output map.
A major limitation of this planner relative to the
planner for the underactuated robot is that it is not
complete—it may not find a solution when one exists.
Also, because the set of achievable tasks is not obvious,
it is not clear when the planner has failed and when the
desired goal state is unreachable. This problem points
out the need for a better understanding of the dynamic
workspace of the robot-object system. Also, the pres-
ence of inequality constraints due to unilateral contact
and bounded friction exacerbates convergence and lo-
cal minima problems. It appears that this gradient-
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descent approach is better suited for local tuning of a
rough solution than global motion planning.

5 Conclusion

Nonprehensile manipulation is a rich source of geo-
metric problems. Examples include determining con-
trollability (as discussed in this paper) and feedability
(Akella et al. [2]; van der Stappen et al. [38]) based on
the part geometry, contact friction, and mass distribu-
tion. These problems bear a resemblance to problems
in robot grasping—characterizing graspable and un-
graspable objects and determining the minimum num-
ber of fingers required for a grasp. The controllabil-
ity and feedability properties are also closely bound
up with characteristics of the manipulator, which may
have fewer degrees-of-freedom than the object.

Nonprehensile manipulation also poses challenging
problems for motion planning algorithms. We have de-
scribed a gradient-descent motion planner which finds
motion plans through a specified sequence of manip-
ulation phases. Future motion planners should auto-
matically determine a sequence of phases leading to
the goal state. Also, the current motion planner makes
very little use of the structure of the problem. Fu-
ture work should be towards identifying and using this
structure to derive complete motion planners. An ex-
ample of using the structure of a nonprehensile manip-
ulation problem is Erdmann’s [8] planner for two palm
manipulation based on a critical decomposition of the
control space.

Given the ubiquity of nonprehensile manipulation in
everyday tasks and industrial applications such as vi-
bratory parts feeding, a formal attack on the issues
outlined in this paper should go a long way toward
building a science of manipulation.
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